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Abstract: The fractional models have emerged as powerful tools for analyzing the behavior of complex 

systems with applications of memory effects, nonlocality and hereditary consequences. The fractional 

models offer excellent accuracy between experimental and theoretical results across different physical, 

thermal, industrial and biological problems. In current analysis, a fractional model has been developed for 

analyzing the thermal impact of hybrid nanofluid with enhanced heat transfer features. A suspension of 

water and human blood with carbon nanotubes has been considered. The thermal discretization of hybrid 

model is attributed with utilization of single wall carbon nanotubes (SWCNT) and multi wall carbon 

nanotubes (MWCNTs). An accelerating porous plate induces the flow. The problem is further updated by 

utilizing the magnetic force effects, porosity medium and ramped temperature constraints. Ramped thermal 

constraints at different time instant are considered. The fractional simulations are performed with help of 

Prabhakar fractional approach. Comparative thermal results for SWCNT-MWCNT/blood and SWCNT-

MWCNT/H2O have been prepared. The physical insight of parameters in fluctuating the heat transfer rate 

is observed. The comparative outcomes reveal that water-based CNTs demonstrate a stronger thermal 

response than blood-based suspension. It has been observed that Grashof number plays effective role in 

enhancing the heat transfer impact. Presence of porous medium increase the thermal profile, justifying 

applications in petroleum engineering and soil sciences. The claimed results present novel applications in 

heat transfer systems, extrusion processes, energy-efficient chemical engineering operations, heat transfer 

devices, extrusion processes, energy growth, solar systems, chemical processes, fission reactions etc. 
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1. Introduction 

Recent advancements in nanotechnology have engaged significant applications of nanomaterials in 

renewable systems and thermal management systems. The nanofluids exhibit superior thermal properties 

and stable mechanical properties as compared to conventional base liquids. The primarily mechanisms 

contributes to boosted thermal impact include thermophoretic motion, Brownian diffusion and liquid 

layering around the particles. Various applications of nanofluids are observed in recent days including 

cooling of various electronic devices, automotive engineering, aerospace thermal systems, solar collectors, 

chemical and nuclear reactors etc. The contribution of nanomaterials is also observed in medical sciences 

like drug delivery systems, medical imagining and hyperthermia treatment. The pioneer investigation 

disclosing thermal aspects of nanofluid was claimed by Choi [1]. Salhi et al. [2] focused to evaluation of 

heat transfer due to nanofluid in wavy channel. Reddy et al. [3] explored the heat transfer effects due to 

micropolar fluid with suspension of magnesium oxide nanoparticles. Hassan et al. [4] discussed the role of 

variable viscosity in thermal aspects of nanofluid under the assumptions of high shear constraints. Waini et 

al. [5] examined the thermal onset of various nanoparticles in porous medium subject to mixed convection 

phenomenon. The study exploring the free convection flow of nanofluid in a porous medium was conducted 

by Babazadeh et al. [6]. Asadi et al. [7] proposed the thermal influence and stability of titanium dioxide and 

copper nanoparticles for consideration of heat transfer impact. Dhif et al. [8] focused to applications of 

nanomaterials in solar collectors. Huminic et al. [9] predicted various thermal structures subject to physical 

conditions and entropy generation due to nanofluids. Nadeem et al. [10] studied the thermal characteristics 

of nanofluid associated to exponentially curved surface. Song et al. [11] examined Marangoni convection 

in hybrid nanofluid by entertaining additional heating source. Shoaib et al. [12] investigated the applications 

of ohmic dissipation in nanofluid flow with optimized performances. The behavior of Williamson nanofluid 

around a stretched cylinder, influenced by mixed convection, was focused by Song et al. [13]. Kumar et al. 

[14] analyzed the dynamics of dust particles in the presence of hybrid nanoparticles by employing a 

modified heat flux approach. Gowda et al. [15] applied Stefan thermal constraints to evaluate the heat 

transfer characteristics due to Sutterby nanofluid. Prasannakumara [16] responded the influence of magnetic 

dipoles in Maxwell nanofluid flow accurse a stretched surface. Nagapavani et al. [17] claimed thermal 

effects in study of heat transfer in presence of various nanoparticles. Mahanthesh's [18] determines the 

hybrid nanofluid thermal evaluation by entertaining water and ethylene glycol as a base fluid. Acharya [19] 

predicted the thermal behavior of hybrid nanoparticles through micro-wavy channel. Mackolil and 

Mahanthesh [20] pointed out the thermal dynamics of Casson nanofluid with impact of thermal radiation. 

Acharya [21] depicted the hybrid nanofluid thermal prospective for buoyancy driven flow confined by 

annular enclosure. Acharya et al. [22] predicted the entropy generation in hybrid nanofluid in annular 

enclosure.  

Carbon nanotubes (CNTs) is made of carbon atoms organized in hexagonal lattice with cylindrical 

nanostructures. Subject to more stable mechanical and electrical properties, the carbon nanotubes are highly 

involved in nanotechnology, energy systems and materials sciences. The CNTs are further characterized 

into single-walled carbon nanotubes (SWCNTs) and multi-walled carbon nanotubes (MWCNTs). The 

SWCNTs consisting of single graphene sheet rolled into tube while the structure of MWCNTs is 

represented via multiple concentric graphene cylinders. The significance of SWCNTs and MWCNTs is 
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observed in sensors, transistors, energy storage systems, polymer and metals, super-conductors, fuel cells, 

drug delivery etc. Acharya et al. [22] observed the buoyancy flow of carbon nanotubes in circular chamber. 

Mahmood et al. [23] address the slip flow of carbon nanotubes by using the Yamada-Ota model. Farooq et 

al. [24] explained the contribution of bioconvection while addressing the thermal impact due to carbon 

nanotubes. Thermal evaluation due to SWCNTs and MWCNTs for rotating flow has been identified by 

Khan et al. [25]. 

Fractional models have engaged as powerful tools in mathematical modelling due memory effects and 

hereditary features inherent in various physical and engineering systems. In category of fractional models, 

the Caputo, Caputo-Fabrizio and Atangana-Baleanu are famous fractional tools with diverse kernel 

functions [26-28]. Prabhakar model is also famous fractional technique which has been implemented in 

various physical models. The motivations for implementing the Prabhakar model are associated to non-

local behavior, memory features and hereditary features inherent in various complex fluid and thermal 

systems. Unlike traditional integral order models, the Prabhakar model provides more impressive and 

generalized framework by combining various parameters like order and kernel which collectively presents 

greater flexibility in physical systems. This model provides modified definitions to different fractional 

operators like Caputo, Caputo-Fabrizio and Atangana-Baleanu tools. Various mathematical models have 

been presented by using Prabhakar derivatives [29-34]. 

Mixed convection phenomenon refers to simultaneous appearance of free convection and forced convective 

within flow system, where buoyancy forces and external forces contribute to heat and momentum transport. 

The significance of mixed convection is observed in cooling and heating of vertical surfaces, thermal 

collectors, nuclear systems, electron devices. The thermal behavior and fluid nature in such systems are 

impacted by interplay between the buoyancy and inertial forces. Haris et al. [35] studied the mixed 

convection flow for dual cavity with implementation of lattice Boltzmann technique. Hussein et al. [36] 

presented a research review on significance of mixed convection in trapezoidal enclosures. Investigation 

for mixed convection in cubic cavity, comprising the hybrid nanofluid was visualized by Bahoum et al. 

[37]. Khan et al. [38] responded the Ohmic dissipation in mixed convection flow of hybrid nanofluid via 

computational approach. 

1.1 Proposed fractional model 

The motivated research presents a novel fractional model for buoyancy driven flow of carbon nanotubes 

(CNTs) due to inclined oscillating plate. A uniform suspension of single wall carbon nanotubes (SWCNT) 

and multi wall carbon nanotubes (MWCNTs) with blood and water is considered to inspects the heat 

transfer phenomenon. A natural convective flow of CNTs has been studied with applications of magnetic 

force effects and mixed convection applications. The ramped temperature at various flow instants is taken 

into observations. The impact of porous space and magnetic force along inclined direction is presented. The 

interesting aspect of current analysis is the implementation of new fractional technique namely Prabhakar 

fractional scheme. The Prabhakar fractional model was introduced by Prabhakar in 1971. This fractional 

model contains more generalized Mittag-Leffler function as compared to other fractional algorithms. 

Moreover, this scheme successfully treated the issue of local and non-local kernels. It is remarked that the 

observations based on current hybrid nanofluid model can report applications in the thermal industry and 
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engineering systems. Moreover, the implementation of new Prabhakar fractional model can direct the 

researchers to implement it for many other physical and scientific problems. 

1.2. Research gap and novelty of work 

Despite the increasing attention in nanomaterials for thermal and biomedical applications, available 

investigations have primarily concentrated on the conventional nanofluids in base materials with standard 

flow constraints. Very few studies have addressed the magnetized flow of hybrid carbon nanotubes, 

particularly with suspension of human blood and water which are relevant to biomedical and engineering 

systems. The objective of current analysis to develop a fractional model for carbon nanotubes (CNTs) 

containing both single wall carbon nanotubes (SWCNT) and multi wall carbon nanotubes (MWCNTs) with 

blood and water base liquid. The source of flow is porous oscillating plate. A nonlinear model is used which 

captures the both viscous and elastic features with complex rheology. The fractional simulations are 

performed with applications of Prabhakar fractional derivatives, which precisely scrutinize the memory and 

hereditary features. The implementation of such advanced fractional tool is interesting and remains 

underexplored in such complex flow scenarios. Furthermore, the thermal problem is tackled with ramped 

thermal constraints. The existing literature also lacks a thorough exploration of such SWCNTs and 

MWCNTs suspensions with blood and water base liquids associated to accelerating porous plates flow with 

ramped temperature boundary conditions, which are more realistic for applications involving biological 

tissues, energy systems, and porous media. This investigation aims to address such gaps by developing a 

comprehensive model that integrates all these critical physical aspects to provide new insights into heat and 

momentum transport in hybrid nanofluid systems. 

2. Problem description 

In current flow model, the thermal control of carbon nanotubes (CNTs) is observed due to inclined surface. 

The enhancement in thermal impact of water and blood has been focused by utilizing the single wall carbon 

nanotubes (SWCNT) and multi wall carbon nanotubes (MWCNTs). An oscillation flow of carbon 

nanotubes is associated to inclined surface. The nature of flow is time dependent.  

In order formulate the governing equations, following assumptions have been followed: 

 An unsteady mixed convection flow of single wall carbon nanotubes (SWCNT) and multi wall 

carbon nanotubes (MWCNTs) with suspension of water and blood base fluids have been 

considered. 

 The inclined oscillating plate induced the flow for 𝑡 > 0. Let 𝑈𝑜𝐻(𝑡)𝐶𝑜𝑠(𝜔𝑡) be oscillation 

velocity with amplitude 𝑈𝑜 .  

 The velocity component is denoted with 𝑤(𝑦, 𝑡). 

 The magnetic force impact is suggested in inclined direction and results for induced magnetic force 

are not entertained under low magnetic Reynold number approach. 

 It has been assumed that the interaction between fluid particles is small so that Joule heating effects 

have been neglected. 

Following such assumptions, the equations for governing model are presented as [34]: 

𝜌𝑛𝑓 (
𝜕𝑤(𝑦,𝑡)

𝜕𝑡
+ 𝛽∗𝑤(𝑦, 𝑡)) = 𝜇𝑛𝑓

𝜕2𝑤(𝑦,𝑡)

𝜕𝑦2 + 𝑔(𝜌𝛽𝑇)𝑛𝑓𝐶𝑜𝑠(𝜃2)𝑇(𝑦,𝑡) − 𝑔(𝜌𝛽𝑇)𝑛𝑓𝐶𝑜𝑠(𝜃2)𝑇∞(𝛿) −

𝜇𝑛𝑓𝜑

𝐾
𝑤(𝑦, 𝑡) − 𝜎𝑛𝑓𝐵𝑜

2𝑆𝑖𝑛(𝜃1)𝑤(𝑦, 𝑡)        (1) 
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(𝜌𝐶𝑝)
𝑛𝑓

𝜕𝑇(𝑦,𝑡)

𝜕𝑡
= −

𝜕𝛿(𝑦,𝑡)

𝜕𝑦
,         (2) 

𝛿(𝑦,𝑡) = −𝑘𝑛𝑓
𝜕𝑇(𝑦,𝑡)

𝜕𝑦
.          (3) 

with:  

𝑤(𝑦,0) = 0, 𝑇(𝑦,0) = 𝑇∞        ;          ∀𝑦 ≥ 0 

𝑤(0,𝑡) − h
𝜕𝑤

𝜕𝑦
|
𝑦=0

= 𝑈𝑜𝐻(𝑡)𝐶𝑜𝑠(𝜔𝑡), 𝑇(0,𝑡) = {
𝑇∞ + (𝑇𝑤 − 𝑇∞)

𝑡

𝑡𝑜
,          0 ≤ 𝑡 ≤ 𝑡𝑜

 
𝑇𝑤 ,                                            𝑡 > 𝑡𝑜

  

𝑤(𝑦,𝑡) → 0, 𝑇(𝑦,𝑡) → 𝑇∞     ;    𝑦 → ∞  ,   𝑡 > 0. 

It has been remarked that boundary constraints for velocity represents oscillatory nature of inclined plate 

and raped thermal conditions have followed to inspect the thermal profile. Various physical phenomena 

involve such constraints like rotating machinery, nano-scale thermal actuators, thermal management 

systems, extrusion processes, food technologies, processing systems and biomedical devices.  

The nonlinear flow model (1) is converted into traditional viscous model when 𝛽∗ = 0. 
The new variables are [34]: 

𝑤∗ =
𝑤

𝑈𝑜
, 𝑦∗ =

𝑈𝑜

𝜐𝑓
𝑦, 𝑡∗ =

𝑈𝑜
2

𝜐𝑓
𝑡, 𝑇∗ =

𝑇(𝑦,𝑡) − 𝑇∞

𝑇𝑤 − 𝑇∞
,    𝑞∗ =

𝑞

𝑞𝑜
 

𝑓(𝑡∗) = 𝑓 (
𝑈𝑜

2𝑡

𝜐𝑓
) ,   𝑃𝑟 = (

𝜇𝐶𝑝

𝜅
)
𝑓
, 𝐺𝑟 =

𝑔(𝜌𝛽𝑇)𝑓(𝑇𝑤 − 𝑇∞)

𝑈𝑜
3 , 𝛽1

∗ =
𝜐𝑓

𝑈𝑜
2
𝛽1 

Following above variables, the dimensionless system is: 

𝜕𝑤(𝑦,𝑡)

𝜕𝑡
+ 𝛽1𝑤(𝑦,𝑡) =

1

Π𝑜Π1

𝜕2𝑤(𝑦,𝑡)

𝜕𝑦2 +
Π2

Π𝑜
𝐺𝑟𝑇(𝑦,𝑡)𝐶𝑜𝑠(𝜃2) − (K𝑝 +

1

Π1
M𝑆𝑖𝑛(𝜃1))𝑤(𝑦, 𝑡) (4) 

Π3𝑃𝑟
𝜕𝑇(𝑦,𝑡)

𝜕𝑡
= −

𝜕𝛿(𝑦,𝑡)

𝜕𝑦
,         (5) 

𝛿(𝑦,𝑡) = −Π4
𝜕𝑇(𝑦,𝑡)

𝜕𝑦
.          (6) 

with: 

𝑤(𝑦,0) = 0,         𝑇(𝑦,0) = 0        ;          ∀𝑦 ≥ 0       (7) 

𝑤(0,𝑡) − h
𝜕𝑤

𝜕𝑦
|
𝑦=0

= 𝐻(𝑡)𝐶𝑜𝑠(𝜔𝑡)  ,     𝑇(0,𝑡) = {
𝑡,          0 < 𝑡 ≤ 1

 
1,                 𝑡 > 1

    (8) 

𝑤(𝑦,𝑡) → 0, 𝑇(𝑦,𝑡) → 0     ;    𝑦 → ∞  , 𝑡 > 0       (9) 

In order to present the thermal properties of base liquids along with hybrid nanofluids table 1 has been 

presented. Table 2 justifies numerical values of hybrid nanofluid. 

Table 1: Mathematical expressions for hybrid nanofluid [21, 22, 34]. 

Physical properties Mathematical representations 

Density 𝜌𝑓 =  (1 − 𝜑)𝜌𝑓 +  𝜑𝜌𝑠 

Energetic Viscosity 𝜇𝑛𝑓 = 𝜇𝑓 /  (1 − 𝜑)
5

2⁄  

Electrical conductivity 
𝜌𝑛𝑓 𝜌𝑓⁄ = 1 + 3 (𝜎𝑠 𝜎𝑓⁄ − 1) 𝜎 (𝜎𝑠 𝜎𝑓⁄ + 2) 𝜎⁄

− (𝜎𝑠 𝜎𝑓⁄ − 1)  𝜎 

Heat  conductivity 𝜅𝑛𝑓 𝜅𝑓 ⁄ =  𝜅𝑠 + 2𝜅𝑓 − 2𝜑 (𝜅𝑠 − 𝜅𝑓) 𝜅𝑠⁄ + 2𝜅𝑓 +  𝜑(𝜅𝑠 − 𝜅𝑓) 
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Temperature capacitance (𝜌𝐶𝒫)𝑛𝑓 = (1 −  𝜑)(𝜌𝐶𝒫)𝑓 +  𝜑(𝜌𝐶𝒫)𝑠 

Thermal Expansion Factor (𝜌𝐵𝑇)𝑛𝑓 = (1 −  𝜑)(𝜌𝐵𝑇)𝑓 +  𝜑(𝜌𝐵𝑇)𝑠 

Table 2: Numerical values for base fluids and nanoparticles [19, 21]. 

Physical quantities 𝐵𝑙𝑜𝑜𝑑 Water 𝑆𝑊𝐶𝑁𝑇𝑠 𝑀𝑊𝐶𝑁𝑇𝑠 

𝜌(𝑘𝑔/𝑚3) 1053 997.1 2600 1600 

𝐶𝜌(𝐽/𝑘𝑔𝐾) 3594 4179 425 796 

𝑘(𝑊/𝑚𝐾) 0.492 0.613 6600 3000 

3. Prabhakar fractional model 

Prabhakar fractional model is selected to perform analytical simulations of the problem. The choice of 

Prabhakar model is subject to its capability of memory features. The understanding of such memory features 

are predicted through three parameter Mittag-Leffler kernel. This fractional tool is more flexible as 

compared to other fractional schemes like AB and CF. Prabhakar model is effective for analyzing the 

anomalous transport phenomena, multi-scale flows, thermal prediction of nanomaterials and various 

bioengineering applications. 

Following the extended form of Fourier theory, the Prabhakar derivative is given by: 

𝛿(𝑦,𝑡) = −Π4 𝔇𝛼,𝛽,𝛼
𝛾

 
𝐶 𝜕𝑇(𝑦,𝑡)

𝜕𝑦
   (10) 

where  𝔇𝛼,𝛽,𝛼
𝛾

 
𝐶    be Prabhakar derivative which has been given below [29-31]: 

𝔇𝛼,𝛽,𝛼
𝛾

 
𝐶 ℎ(𝑡) = 𝐸𝛼,𝑛,−𝛽,𝛼

−𝛾
ℎ𝑛(𝑡) = 𝑒𝛼,𝑛,−𝛽

−𝛾 (𝛼; 𝑡) ∗ ℎ𝑛(𝑡) 

= ∫(𝑡 − 𝜏)𝑛−𝛽−1

𝑡

0

𝐸𝛼,𝑛,−𝛽
−𝛾 (𝛼(𝑡 − 𝜏)𝛼)ℎ𝑛(𝜏) 𝑑𝜏 

Now definition of 𝐸𝛼,𝛽,𝛼
𝛾

ℎ(𝑡) leads to: 

𝐸𝛼,𝛽,𝛼
𝛾

ℎ(𝑡) = ∫(𝑡 − 𝜏)𝛽−1

𝑡

0

𝐸𝛼,𝛽
−𝛾 (𝛼(𝑡 − 𝜏)𝛼)ℎ(𝜏) 𝑑𝜏 

where 

𝐸𝛼,𝛽
𝛾 (𝑧) = ∑

Γ(𝛾 + 𝑚)𝑧𝑚

𝑚!  Γ(𝛾)Γ(𝛼𝑚 + 𝛽)

∞

𝑚=0

 

where 𝑒𝛼,𝛽
𝛾 (𝛼; 𝑡) = 𝑡𝛽−1𝐸𝛼,𝛽

𝛾 (𝛼𝑡𝛼) be Prabhakar kernel. Defining Laplace transform of 𝔇𝛼,𝛽,𝛼
𝛾

 
𝐶  as: 

ℒ [ 𝔇𝛼,𝛽,𝛼
𝛾

 
𝐶 h(𝑡)] = ℒ [ℎ𝑚(𝑡) ∗ 𝑒𝛼,𝑚−𝛽

−𝛾 (𝛼; 𝑡)] = ℒ{ℎ𝑚(𝑡)}ℒ {𝑒𝛼,𝑚−𝛽
−𝛾 (𝛼; 𝑡)} 

= ℒ{ℎ𝑚(𝑡)}𝑠𝛽−𝑚(1 − 𝛼𝑠−𝛼)𝛾   (11) 

Above model is deduced into Fourier results when 𝛽 = 𝛾 = 0. 

3.1. Simulations for temperature profile 

The implementation of Laplace technique on Eqs. (5-10) yield: 

Π3 Pr 𝑠 𝑇̅(𝑦,𝑠) = −
𝜕𝛿̅(𝑦,𝑠)

𝜕𝑦
     (12) 

𝛿(̅𝑦,𝑠) = −Π4(𝑠
𝛽(1 − 𝛼𝑠−𝛼)𝛾)

𝜕𝑇̅(𝑦,𝑠)

𝜕𝑦
    (13) 
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𝑇̅(𝑦,𝑠) =
1−𝑒−𝑠

𝑠2 ;               𝑇̅(𝑦,𝑠) → 0,   𝑦 → ∞    (14) 

with 

𝜕2𝑇̅(𝑦,𝑠)

𝜕𝑦2 −
Π3 𝑃𝑟 𝑠

Π3 𝑠𝛽(1−𝛼𝑠−𝛼)𝛾
𝑇̅(𝑦,𝑠) = 0    (15) 

Following Eq. (14) in Eq. (15) give: 

𝑇(𝑦,𝑠) =
1−𝑒−𝑠

𝑠2 𝑒
−𝑦√

Π3 𝑃𝑟 𝑠

Π3 𝑠𝛽(1−𝛼𝑠−𝛼)𝛾      (16) 

3.2 Limiting case for Fourier Law 

By utilizing Eq. (11), It’s clear that  

ℒ [𝑒𝛼,𝛽
−𝛾 (𝛼; 𝑡)] = ℒ {𝑡𝛽−1𝑒𝛼,𝛽

−𝛾 (𝛼𝑡𝛼)} = 𝑠𝛽(1 − 𝛼𝑠−𝛼)𝛾   (17) 

For case 𝛽 = 𝛾 = 0, Eq. (17) yields: 

ℒ[𝑒𝛼,0
0 (𝛼; 𝑡)] = 1 = 𝛿(𝑡) 

The result for temperature profile are: 

𝑇(𝑦,𝑠) =
1−𝑒−𝑠

𝑠2 𝑒−𝑦√Π3 𝑃𝑟 𝑠     (18) 

with its Laplace inverse 

𝑇(𝑦,𝑡) = ℎ1(𝑡) ∗ ℎ2(𝑡) 

ℎ1(𝑡) = ℒ−1 {
1 − 𝑒−𝑠

𝑠
} = 1 − 𝐻(𝑡 − 1) 

ℎ2(𝑡) = ℒ−1 {
𝑒−𝑦√Π3 𝑃𝑟 𝑠

𝑠
} =

𝑒𝑥𝑝 [−
Π3 Pr 𝑦2

4𝑡 ] 𝑦√Π3Pr 𝑡

2√𝜋 𝑡
 

3.3. Simulations for velocity profile 

After entertaining the Laplace definition on Eq. (4), one gets: 

𝑠 𝑤̅(𝑦,𝑠) + 𝛽1𝑤̅(𝑦,𝑠) =
1

Π𝑜Π1

𝜕2𝑤̅(𝑦,𝑠)

𝜕𝑦2 +
Π2

Π𝑜
𝐺𝑟𝑇̅(𝑦,𝑠)𝐶𝑜𝑠(𝜃2) − (K𝑝 +

1

Π1
M𝑆𝑖𝑛(𝜃1))𝑤(𝑦, 𝑠)  (19) 

𝑤̅(0,𝑠) − h
𝜕𝑤̅

𝜕𝑦
|
𝑦=0

=
𝑠

𝑠2 + 𝜔2
   ;     𝑤̅(𝑦,𝑠) → 0    𝑎𝑠    𝑦 → ∞ 

The solution in view of (17) is: 

𝑣(𝑦,𝑠) =
1

1 + ℎ√Π𝑜(Ω6 + Π1𝑠)

[
 
 
 
 
 

Ω2(1 − 𝑒−𝑠)

𝑠2

1 + h√
Ω7 𝑠

Π4𝑠𝛽(1 − 𝛼𝑠−𝛼)𝛾

Ω7 𝑠
Π4𝑠𝛽(1 − 𝛼𝑠−𝛼)𝛾 − Π𝑜(Ω6 + Π1𝑠)

+
𝑠

𝑠2 + 𝜔2

]
 
 
 
 
 

𝑒−𝑦√Π𝑜(Ω6+Π1𝑠) −
Ω2(1 − 𝑒−𝑠)

𝑠2

𝑒
−𝑦√

Ω7 𝑠

Π4𝑠𝛽(1−𝛼𝑠−𝛼)𝛾

Ω7 𝑠
Π4𝑠𝛽(1 − 𝛼𝑠−𝛼)𝛾 − Π𝑜(Ω6 + Π1𝑠)

 

where 

Ω1 = Π1Π2         Ω2 = Ω1 𝐺𝑟 𝐶𝑜𝑠(𝜃2),      Ω3 = Π1𝛽1 

Ω4 = Π1K𝑒𝑓𝑓 ,         Ω5 = Ω4 + M𝑆𝑖𝑛(𝜃1) 



8 
 

Ω6 = Ω4 + Ω5,      Ω7 = Π3𝑃𝑟 

. The mathematical forms of both schemes can be distinct as: 

𝑤(𝑦, 𝑡) =
𝑙𝑛(2)

𝑡
∑ 𝑣𝑛𝑤 (𝑦, 𝑛

𝑙𝑛(2)

𝑡
)

𝑁

𝑛=1

 

where 𝑁 is a positive integer. 

𝑣𝑛 = (−1)𝑛+
𝑁
2 ∑

𝑟
𝑁
2(2𝑟)!

(
𝑁
2 − 𝑟) ! 𝑟! (𝑟 − 1)! (𝑞 − 𝑟)! (2𝑟 − 𝑞)!

𝑚𝑖𝑛(𝑞,
𝑁
2)

𝑟=[
𝑞+1
2 ]

 

and 

𝑤(𝜉, 𝑡) =
𝑒4.7

𝑡
[
1

2
𝑤̅ (𝑟,

4.7

𝑡
) + 𝑅𝑒 {∑(−1)𝑘𝑤 (𝑟,

4.7 + 𝑘𝜋𝑖

𝑡
)

𝑁

𝑗=1

}] 

The fractional model is verified via numerical computations in table 3. Table 3 presents comparative 

analysis of results with investigation of Khan et al. [40]. A fine agreement is observed between both studies.  

Table 3: Comparison of results for velocity profile 𝑤(𝑦, 𝑡) with analysis of Khan et al. [40].  

𝑦 Khan et al. [40] Current results  CPU Time(sec) 

0.1 0.8608 0.8610 2.54 

0.5 1.0424 1.0426 3.83 

0.7 0.9392 0.9393 7.72 

1.1 0.6633 0.6635 10.55 

1.5 0.4398 0.4399 11.75 

4. Results and discussion 

Physical interpretation and significance of results is graphically predicted against different flow parameters. 

The graphical simulations are performed comparatively for water-based single wall carbon nanotubes 

(𝑆𝑊𝐶𝑁𝑇𝑠 − 𝑀𝑊𝐶𝑁𝑇𝑠/𝐻2𝑂) and blood-based multi wall carbon nanotubes (𝑆𝑊𝐶𝑁𝑇𝑠 − 𝑀𝑊𝐶𝑁𝑇𝑠/

𝑏𝑙𝑜𝑜𝑑). Fig. 1 explores the evaluation of temperature profile 𝑇(𝑦, 𝑡) due to Hartmann number 𝑀. With 

increasing 𝑀, the thermal profile grows gradually. The improvement in temperature profile is larger for 

𝑆𝑊𝐶𝑁𝑇𝑠 − 𝑀𝑊𝐶𝑁𝑇𝑠/𝐻2𝑂. Physically, such improvement in heat transfer is associated to applications of 

Lorentz force. Fig. 2 explores the change in temperature profile 𝑇(𝑦, 𝑡) due to higher Prandtl number 𝑃𝑟. 

A declining change in assessment of 𝑇(𝑦, 𝑡) has been examined for larger values of 𝑃𝑟. The physical aspects 

behind control of 𝑇(𝑦, 𝑡) is justified due to smaller thermal diffusivity against higher 𝑃𝑟. Furthermore, the 

control of temperature rate is relatively slower for 𝑆𝑊𝐶𝑁𝑇𝑠 − 𝑀𝑊𝐶𝑁𝑇𝑠/𝐻2𝑂. In order to check the 

importance of Grashof number 𝐺𝑟 on 𝑇(𝑦, 𝑡), Fig. 3 has been plotted. It is noticed that , upon increasing 

𝐺𝑟, the transfer of heat grows for both suspensions. Such outcomes are physically associated buoyancy 

forces. Fig. 4 notifies the results for fractional parameter 𝛼 on profile of 𝑇(𝑦, 𝑡). The simulated results 

showing a reverse trend in profile of 𝑇(𝑦, 𝑡). In order to observe the effects of porosity parameter 𝐾𝑝 on 

𝑇(𝑦, 𝑡), Fig. 5 is plotted. The presence of porous medium boosted the transfer of heat and enriches 
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temperature profile. The enhancement in temperature rate is more progressive for 𝑆𝑊𝐶𝑁𝑇𝑠 −

𝑀𝑊𝐶𝑁𝑇𝑠/𝐻2𝑂. These observations are important for petroleum engineering and soil sciences.  

 
Fig. 1: Variation of temperature for  𝑀. 

 
Fig. 2: Variation of temperature for  𝑃𝑟. 
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Fig. 3: Variation of temperature for  𝐺𝑟. 

 
Fig. 4: Variation of temperature for 𝛼. 

 
Fig. 5: Variation of temperature for 𝐾𝑝. 
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Fig. 7 aims to highlight the profile of velocity 𝑤(𝑦, 𝑡) when the effects of Grashof number 𝐺𝑟 are prominent. 

Physically 𝐺𝑟 represents the ratio between buoyancy to viscous forces. Larger 𝐺𝑟 enhances the buoyancy 

forces which leads to be increment of velocity profile. Fig. 8 determines the influence of fractional 

parameter 𝛼 on velocity profile 𝑤(𝑦, 𝑡). Slower change is exhibited in profile of 𝑤(𝑦, 𝑡) by increasing 

fractional parameter. Fig. 9 comprises the features of porosity parameter 𝐾𝑝 on 𝑤(𝑦, 𝑡). The resulting results 

conveying a decrement in velocity due to higher 𝐾𝑝. Physical aspects of such decrement in fluidic velocity 

is due to permeability of porous media.  

 
Fig. 6: Variation of velocity for 𝑀. 

 
Fig. 7: Variation of velocity for 𝐺𝑟. 
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Fig. 8: Variation of velocity for 𝛼. 

 
Fig. 9: Variation of velocity for 𝐾𝑝. 

5. Conclusions 

This investigation presents fractional simulations thermal flow of carbon nanotubes with suspension of 

human blood and water base liquids. Realistic ramped thermal constraints are used to analyze the thermal 

phenomenon. The comparative thermal evaluation of model are addressed for 𝑆𝑊𝐶𝑁𝑇𝑠 − 𝑀𝑊𝐶𝑁𝑇𝑠/𝐻2𝑂 

and 𝑆𝑊𝐶𝑁𝑇𝑠 − 𝑀𝑊𝐶𝑁𝑇𝑠/𝐵𝑙𝑜𝑜𝑑. The concluded observations are:  

 The heat transfer enhances due to Hartmann number subject to applications of Lorentz force. The 

improvement in heat transfer is more impressive for water-based nanofluid compared to the blood-

based carbon nanotubes. 

 Higher Prandtl number effectively reduces the temperature field due to low thermal diffusivity. The 

cooling features are more pronounced for blood based carbon nanotubes. 

 An enhancement in temperature and velocity profiles is examined due to higher Grashof number, 

indicating the significance of buoyancy forces. 
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 By increasing porosity parameter, the temperature profile increase by fascinating the transfer of 

heat in porous medium, especially for 𝑆𝑊𝐶𝑁𝑇𝑠 − 𝑀𝑊𝐶𝑁𝑇𝑠/𝐻2𝑂. 

 A declining trend in temperature and velocity profiles has been examined due to fractional 

parameter, comprising the memory effects that controls the thermal transport phenomenon. 

 The proposed model provides direction to develop advanced models for various transport 

phenomena in complex systems like bio-fluids, thermal management systems, flow through porous 

media, energy systems etc. This model also encourages the future studies on designing efficient 

numerical schemes and machine learning algorithms. 
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Nomenclature 

𝜌𝑛𝑓 density 𝛽∗ Viscoelastic coefficient  

𝑤 Velocity component 𝑡 Time 

𝑔 gravity 𝜃2 Inclined angle  

𝑇∞ Ambient temperature  𝜑 Porous Medium  

𝜇𝑛𝑓 Dynamic viscosity  𝜎𝑛𝑓 Electrical conductivity  

(𝜌𝐶𝑝)
𝑛𝑓

 Specific heat 𝐵0 Magnetic force strength  

𝐾 Permeability medium  𝑘𝑛𝑓 Thermal conductivity  

𝑇 Temperature 𝑈𝑜 Surface velocity 

𝜔 Angular frequency 𝑇𝑤 Convective temperature 

𝐺𝑟 Thermal Grashof number  𝑃𝑟 Prandtl number 
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