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By means of the Deniz-Ozkan differential operator, we introduce and investigate
a new subclass of analytic functions. The various results obtained here for this
function class include coefficient bounds and Fekete-Szego inequality.
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Introduction
Let A denote the family of functions f'of the form:

f(z)zz+ianz" €))

n=2

that are analytic in the open unit disk U ={z: |Z| <1}. A function f €A is said to be star-
like of order (0 < a < 1) if and only if:

%{zf'(z)} >a, (zel)
f(2)

We denote by S*(«), the class of all such functions. On the other hand, a function
f e A is said to be convex of order a(0 < a < 1) if and only if:

9‘{{1+%}>a, (zeld)
z

Let C() denote the class of all those functions which are convex of order a in

u.

Note that S (0)=S" and C(0)=C are, respectively, the classes of starlike and
convex functions in U .

Silverman [1] proved the following result. If:

g(z)=z- ibnz" (b, 20)

n=2

* Author’s e-mail: nuyanik@anadolu.edu.tr
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is analytic and starlike of order a(0 < a < 1) which is defined by 7" () in U , then:
Z(n—a)bn <l-a
n=2
From this result, it can be written:
z b < 1—_0!
— 2-«a
Owa was defined in [2] the following class:

S(p,a,ﬂ):{feA'M<ﬂ, 0<p<l, 0<p<I, geT*(a)}

1pf(2)+g(2)
In his paper, Owa [3] obtained the upper bounds for the coefficients |a2|, |a3|, and |a4|

of the functions belonging to S(p,a, ). In addition, he also obtained for the coefficients a,
in this class.

|an|S’B(3_2a)+ -«
2—«a n-o

Then, Altintas [4] generalized the result of Owa [3].
Recently, Kamali and Kadioglu [5] have defined the class S™(p,a):

#'(2) -~ g(2)

S (p,a)= A:
(p.a) {f @+

<1, 0<p<l, geT*(a)}
and obtained for the coefficients a, in this class:

|a,| < %{(1 er)”_1 +(1 +p)"_2 (;:—ZH, for n=2,3,..

For a functions fin A, Deniz and Ozkan [9] differential operator D’ as follows.
Definition 1 Let f € A. For the parameters A > 0 and me Ny, NU {0} define the
differential operator D7 on A :

D} f(2)=f(2)
D! f(2)= Az’ f"(2) + QA+ )22 f"(2) + zf(2)

D} f(z)=D[D"" f(2)]

for zelU.
For a function fin A , from definition of the differential operator D}, we can easily
see that:

D} f(z)=z+) B(A,n)"a,z"
n=2
where B(A, n)" = n*"[A(n— 1)+ 1]™.
It should be remarked that the operator D f(z) is a generalization of the Salagean
differential operator, see [10, 11].



Uyanik, N.: Coefficient Imbalances of Certain Subclasses of Analytic Functions ...
THERMAL SCIENCE: Year 2025, Vol. 29, No. 4B, pp. 3023-3031 3025

Making use of the operator D’} f(z) , we introduce the following subclass.
Definition 2 By &" (4, p,a), we denote class of functions (1):

D} f(z)=z+ Y B(A,n)"a,z"

n=2

which are analytic in ¢/ and satisfy the condition:

ADY/N -Dig) |
paAD} f(2)] +Dje(2)

0<p<l, zel)

where

D} g(z)=z- Y B(A,n)"b,z" (b, 20) )
n=2
is analytic and starlike of order a(0 < a < 1).
In this paper, we obtain the upper bounds for the coefficients of the operators be-
longing to the general class S (4, p,a).
Lemma 1 Let the function D7 f(z) be defined by (2). The function D7 f(z) is an-
alytic and starlike of order a(0 <a <1)in U, if and only if:

> B(A,n)"(n-a)b, <1-a
n=2

From this result, it can be written:

> B(A,nm)"b, < ;_“

n=2

3)

The result is sharp.
Proof. Assume that the inequality (3) holds and let |z| = 1. Then we have:

i(l —n)B(A,n)"b,z"" i|n —1|B(4,n)" |b,|
==l - <zl — <l-«a
1->B(4,n)"b,z"" ‘ 1-> B(A.n)"|b,|

n=1

n=1

AD; g
D7 g(2)

This shows that the values of {z[D} g(z)]'}/D g(z) lies in a circle centered at w = 1
whose radius is 1 — a. Hence D’ g(z) is starlike of order a.
Conversely, assume that the function D} g(z) defined by (2), then:

. ' 1- i nB(A,n)"b,z""
Re {—Z[Drj 8()] } = Re{—=2 >a (4)
Dﬂ, g(Z) 1— ZB(ﬂ’n)mann—l

n=2

for ze U . Choose values of z on the real axis so that {z[D}g(z)]'}/D7 g(z) is real. Upon
clearing the denominator in (4) and letting z = 1~ through real values, we obtain:
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1- inB(/l, n)"b, >2a {l - iB(i, n)"b, }

n=2 n=2
which gives (3). Finally the result is sharp with the extremal function D} g(z) given by:

-
Djg(z)=z————Z2", (n22)
4 B(A,n)"(n—a)
Theorem I Let 8" (A, p, &), we denote class of functions (1):
D} f(2)=z+ ) B(A,n)"a,z"
n=2

and satisfy the condition:

ADF /() -Dfe( | _,
pe[D2 /()] 4 Dg(2)|

(OSpSI, zel/l) %)

where

D}g(z)=z- Y B(A,n)"b,z" (b, 20)

n=2

is analytic and starlike of order a(0 < a < 1), B(4, n) = n*[A(n — 1) + 1]. Then:

n—1 n-2 l-a _
|Cln| <W|:(l p) +(1+p) (r]:|, for n=23,.. (6)
Proof. If f e 8" (4, p,a), then we have:
(D2 (2)) - Dye(z) - [pz(D; /() +Dj1"g(z)}w(z) ™

by (5), where the function w(z) =3 c,z" is analytic in & and |w | <1. We can write:

z{l+§3(l,n)mnanz :|—I:Z—ZB(1 n)"b,z" |=
n=2 n=2

= [pz[l + iB(/i,n)’" nanz"_lj +z-— iB(/l, n)"b,z" |w(z)

n=2 n=2

by (7) or:

iB(l,n)m(nan+bn) {(ler Z+ZB(/1 n)" (pna, —b,)z" Zw:

n=2 n=2 n=1
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Equalizing the coefficients of z” in the last equality, we obtain:

B(A,n)" (na, +b,)=(1+ p)c,, + B(A,2)" (2pa, —b,)c,_, +

+..+B[2,(n-D]"[p(n-Da,_, b, ]q (8)

Since |Cn| <1 for every n, from (8), we have:

I+p

|2612 +b2| SW

Now, by using the inequality:

n=2 -
we obtain:
1
Zpﬂ—wﬁsp%+bA§BCng
Thus:
1 l-a
<—(1 _— 9
|a2|<23(/1,2)'" {( +p)+(2—aﬂ 2
On the other hand, we obtain:
1+p B(1,2)" B(1,2)"
3la,|—|b| <3 b,| < 2 b
jas| = |bs| < [3a; + b4 B(A3)" + B(A3)" |"2|+B(/1’3)m| 2|

which implies that by (8):
|as|
Now, we prove the following inequality:

0, < {@+py4+@+py*(llﬁl

" nB(A,n)" 2-«a

2—-«a

{(1+p)2 +(1+p)(1_—aﬂ (10)

< 1
3B(1,3)"

by using mathematical induction. We have:
B[/l’ (I’l + 1)]'” [(l’l + l)an+1 + bn+1 ] = (1 + p)cn + B(/l’ 2)”1 (2pa2 - b2 )cnfl

+..+ B(4,n)" (pna, —b, )c,
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which implies that:

B[A,(n+D]" (n+1)

a,,|<(1+p)+[2pB(2,2)"

a2| +3pB(1,3)" |a3|
ot npB(Am)"a,| |+ B(A,2)" b

b

n+l

oot B(A,n)" |b, |+ B(A,(n+1))"

<)o () (122 e 7 412 p) 122
AR (NI

(1 p) + (14 )" [;‘_“]

-a
Thus:

il e () (1) (55
ovor o (2]

<
(n+1DB[A,(n+1)]" 2-a

By Theorem 1, it can be written that if f € S, (/1, P, (Z) , then:

1 n-1 2 1-a
= e (o 2o (55

with equality only for function of the form:

1 n-1 21— n
+—nB(/1,n)’" |:(1+,0) +(1+p) (—z_aﬂz

Corollary 1 If f e &"(4,0,a), then:

|a |< 1 (3—20!)
" nB(An)"\ 2-a

Remark 1 Taking m = 0 in Theorem I, we obtain Theorem 4 given by Kamali and
Kadioglu [5].

Now, we give sharp upper bounds for |a, —i]a§| for the class S (4, u, p,a). To
prove our main result, we need the following lemmas.

Following first lemma is special case of Theorem I in [12].

Lemma 2 If:

f(z)=z

f(z)=z+ ianzn eS(a)

n=2
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and if v is a complex number, then:

2(1-a)2v-1-1|f

‘a3 - va%‘ <(I-a)max {1,
Note that, if we choose:
D} ,g(2)=z-Y B(A,n)"b,z" €S (a)
n=2
we obtain from Lemma 2:

B(A,2*" ,|  (1-a)
by | < LI20l-a)2v-1)-1
v B3 5| < BL3)" max{ ,| (I-a)2v-1) |}

3

The Lemma 2 is general case of Theorem I in [4].
Lemma 3 1If:

f(@)=z+>a,z" €S (@)
n=2
then:

Note that, if we choose:
Djg(z)=z- B(A,n)"b,z" €S (a)
n=2

we obtain from Lemma 3:

n—1
[Tl +20-a)]
[ e — N\{1}={2,3,4,...
o B(A,n)" (n-1)! meN {1} =1 }
Forn=2, we get:
2(0-a)

b|< =X
| B(4,2)"

Lemma 42, 13] If we Q, then:

—tif t<-1
wy =<4 1 it 1<)
toif =1

(11)

(12)
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When t <-1 or ¢ > 1, the equality holds if and only if w(z) = z or one of its rotations.
If —1 < ¢ < 1, then equality holds if and only if w(z) = z? or one of its rotations. Equality
holds for # = — 1 if and only if:

Z(z + /1)

w(z)=——=(0<A<L))
or one of its rotations, while for =1 the equahty holds if and only if:
w(z) = — Z(Z”) 22T 0<a<)
+

or one of its rotations.
Theorem 4 Let me Ny =NU{0},7eR,b, >0, and 0< < A.If f of the form (1) is
in 8" (4, p,), then:

‘03 —7705‘ <
(1+p) _3nB(4,3)" A+p) |, |20+ p)-a) nd+p)l-a) +Cpma)ifn<o
3B(1,3)" 4B(2,2)™" 3B(1,3)" B(1,2)*" T -
L) _(+p) +{2(l+p)(l—a) B 77(1+p)(12_a)}+C(/1,77,m,a) if o <n<o,
3B(1,3)" 3B(4,3)" B(4,2)*"
(+p) |37B(A3)"(1+p) Lnd+p)i-a) 21+ p)l-a) +CLnma)ifn>o
3B(A,3)"|  4B(1,2)™" B(1,2)*" 3B(4,3)" B -
where
_ 4(p—1)B(A,2)*" o = 4B(1,2)*"
3(p+DBAL3)" 0 3B(A,3)"
and:

C(A,n,m,a) = Mmax{l,

3B(A,3)"

2(1-«a) n%—l -1
2B(1,2)™"
Proof. From Lemma 4, (12) and choosing:

3B(1,3)"
4B(1,2)*"

in the inequality (11), the proof is completed.
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