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a new subclass of analytic functions. The various results obtained here for this 
function class include coefficient bounds and Fekete-Szego inequality. 

Key words: analytic functions, differential operator, Fekete-Szego  

Introduction  

Let  denote the family of functions f of the form: 
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f z z a z

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that are analytic in the open unit disk { : 1}.z z=   A function f   is said to be star-

like of order α(0 ≤ α < 1) if and only if: 
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We denote by *( ),  the class of all such functions. On the other hand, a function 
f   is said to be convex of order α(0 ≤ α < 1) if and only if: 
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Let ( )  denote the class of all those functions which are convex of order α in 
. 

Note that * *(0) =  and (0) =  are, respectively, the classes of starlike and 
convex functions in . 

Silverman [1] proved the following result. If:  
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is analytic and starlike of order α(0 ≤ α < 1) which is defined by *( )  in , then: 
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
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From this result, it can be written: 

 
2

1
‍.

2
n

n

b






=

−


−
  

Owa was defined in [2] the following class: 

 ( ) ( )*( ) ( )
, , : , 0 1, 0 1,
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f z g z
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In his paper, Owa [3] obtained the upper bounds for the coefficients |a2|, |a3|, and |a4| 

of the functions belonging to ( , , ).    In addition, he also obtained for the coefficients an 

in this class. 
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Then, Altintas [4] generalized the result of Owa [3]. 

Recently, Kamali and Kadioglu [5] have defined the class *( , ) :   

 ( ) ( )* *( ) ( )
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and obtained for the coefficients an in this class: 
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2
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For a functions f in , Deniz and Ozkan [9] differential operator Dm
  as follows. 

Definition 1 Let f  . For the parameters λ ≥ 0 and 0 {0}m   define the 

differential operator Dm
 on : 

 0D ( ) ( )f z f z =  

 1 3 2D ( ) ( ) (2 1) ( ) ( )f z z f z z f z zf z  = + +  +  

 1D ( ) [ ( )]m mf z D D f z
−=  

for .z   
For a function f in , from definition of the differential operator Dm

 , we can easily 

see that: 

 
2

D ( ) ( , )m m n
n

n

f z z B n a z 
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where B(λ, n)m = n2m[λ(n – 1) + 1]m. 

It should be remarked that the operator D ( )m f z  is a generalization of the Sălăgean 

differential operator, see [10, 11]. 
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Making use of the operator D ( )m f z , we introduce the following subclass. 

Definition 2 By * ( , , ),m     we denote class of functions (1):  
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which are analytic in  and satisfy the condition: 
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where  
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is analytic and starlike of order α(0 ≤ α < 1). 

In this paper, we obtain the upper bounds for the coefficients of the operators be-

longing to the general class * ( , , ).m     

Lemma 1 Let the function D ( )m f z  be defined by (2). The function D ( )m f z is an-
alytic and starlike of order α(0 ≤ α < 1) in , if and only if:  
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From this result, it can be written: 

 
2

1
( , )

2

m
n

n

B n b







=

−


−
  (3) 

The result is sharp. 

Proof. Assume that the inequality (3) holds and let |z| = 1. Then we have: 
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This shows that the values of { [D ( )] }/D ( )m mz g z g z  lies in a circle centered at w = 1 

whose radius is 1 – α. Hence D ( )mg z  is starlike of order α. 
Conversely, assume that the function D ( )mg z  defined by (2), then: 
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for z . Choose values of z on the real axis so that { [D ( )] }/D ( )m mz g z g z   is real. Upon 

clearing the denominator in (4) and letting z = 1– through real values, we obtain: 
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which gives (3). Finally the result is sharp with the extremal function D ( )mg z  given by: 
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Theorem 1 Let * ( , , ),m    we denote class of functions (1): 
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is analytic and starlike of order α(0 ≤ α < 1), B(λ, n) = n2[λ(n – 1) + 1]. Then: 
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Proof. If ( )* , ,mf    , then we have: 
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by (5), where the function ( ) 1
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Equalizing the coefficients of zn in the last equality, we obtain: 
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On the other hand, we obtain: 
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Now, we prove the following inequality: 
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by using mathematical induction. We have: 
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which implies that: 
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By Theorem 1, it can be written that if ( )* , ,mf    , then: 
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with equality only for function of the form: 
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Corollary 1 If * ( ,0, ),mf    then: 
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Remark 1 Taking m = 0 in Theorem 1, we obtain Theorem 4 given by Kamali and 

Kadioglu [5].  

Now, we give sharp upper bounds for 2
3 2| |a a−  for the class * ( , , , ).m      To 

prove our main result, we need the following lemmas. 

Following first lemma is special case of Theorem 1 in [12]. 

Lemma 2 If:  

*

2
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and if v is a complex number, then: 
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The Lemma 2 is general case of Theorem 1 in [4]. 

Lemma 3 If: 
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For n = 2, we get: 
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Lemma 4 [2, 13] If w Î Ω, then: 
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When t < –1 or t > 1, the equality holds if and only if w(z) = z or one of its rotations. 

If —1 < t < 1, then equality holds if and only if w(z) = z2 or one of its rotations. Equality 

holds for t = – 1 if and only if:  
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Proof. From Lemma 4, (12) and choosing: 
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in the inequality (11), the proof is completed.  
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