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The present research paper will demonstrate the variational principle and peri-
odic wave solutions of the elastic rod equation. First, we will illustrate the gener-
alized variational principle in two examples. Secondly, we consider a fractal non-
-linear elastic rod equation with an unsmooth boundary. Based on two-scale
fractal theory and the semi-inverse method, we successfully establish the fractal
variational principle for the non-linear elastic rod equation. This is helpful for
studying symmetry, finding conserved quantities, and revealing possible traveling
solution structures of the equation. Finally, we investigate periodic wave solu-
tions of the non-linear elastic rod equation.
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Introduction

Non-linear PDE are the gold standard for describing complex phenomena in the real
world. They are used to model everything from the vibration of an atom to the big bang. Peo-
ple are fascinated by how PDE can be analyzed and solved, and they believe that finding the
exact solutions is extremely difficult, if not impossible.

The exact solutions, especially the solitary wave solutions of the PDE, can be found
using various powerful methods, including the homotopy perturbation method [1-3], the var-
iational iteration method [4-6], the integral transform method [7-10], Taylor series method
[11-13], and the exp-function method [14-16]. Each of these methods has its own set of ad-
vantages and disadvantages. The Taylor series method is simple, but its low convergence hin-
ders its wide applications. The exp-function method can lead to exact solutions, but its com-
plex calculation makes it inaccessible to those who are not familiar with some mathematical
software.

There is no doubt that variational methods [17-23] offer significant advantages over
other approximate analytical methods. They can help us to study the symmetries and reveal
the possible conserved quantities for complex models. They play a key role in the numerical
and analytical analysis of PDE, and the solutions obtained are the best among all possible trial
functions. They can be used for the discussed problems from a global perspective and provide
physical insight into the nature of the solutions. This paper demonstrates the efficacy of the
two-scale fractal theory [24, 25] and the semi-inverse method [26] in establishing the general-
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ized variational principle. The fractal variational principle is successfully established for the
elastic rod equation, and soliton wave solutions are obtained via the Ritz-like method.

Problem statement

Consider the general non-linear wave equation of longitudinal oscillation of non-
linear elastic rod with lateral inertia is [27]:

ou au\" e vA, @t
ot OX OX S oOt°ox

where s, J o c§ =E/p,v,E, and p are the cross-section area of the rod, the polar moment of
inertia, the square of the linear elastic longitudinal wave velocity, Poisson ratio, the Young’s
modulus, and the density of the rod, respectively. While a, is the material constant, n is a
positive integer. For the soft non-linear materials such as rubbers and polymers, a, <0.For
the hard non-linear materials, a, > 0, for example, majority of the metals.

For the sake of convenience, denoting thata=c>, b=na,c; and c= szp /s, then
we obtain the equation:

Uy —au,, —bul U, —cu, =0 )

where n is a positive integer, the parameters a,b,ce R and abc =0 are arbitrary constant re-
al numbers.

Variational principle: method and examples
in fractal space

Variational principle is the theoretical bases for many kinds of variational methods,
and the core problem is to seek variational formulations. In this section, fractal variational
principles are established for the Sharma-Tasso-Olver equation [28] and the parametric cou-
pled KdV system [29] based on the two-scale fractal theory and semi-inverse method.

Variational principle for
Sharma-Tasso-Olver equation

Consider the Sharma-Tasso-Olver equation [28]:
Uy —3UU,, — Uy, —3uZ —3u®u, =0 ©)
In the fractal space, eq. (3) can be modified:
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where du/at”, oul/ox” are He’s fractal derivatives defined as [30, 31]:
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The following chain rules hold:
2
2 _ 0 o -
ox*F oxP ox”P
¢ _ 0 0 o @®
¥ ox? oxP oxP

In the fractal space, all variables depend upon the scales used for observation and the
fractal dimensions of the discontinuous boundary. Now, we use the two-scale transforms in
the fractal time and spatial, respectively [32, 33]:

T =t“ 9)
X =x# (10)

where x,t are for the small scale and X,T for large scale, «, S are the two-scale dimensions
[34]. Applying egs. (9) and (10) to eq. (4), we have:

Ur —3Ulyy —Uyyy —3U% —3u%Uy =0 (11)

We rewrite eq. (11) in conservation forms:

Up + (=3Ully —Uyy —U%)y =0 (12)

According to eg. (12), we can introduce a special function defined:
wr ==3Uly —Uyy —U> (13)
Yy =-Uu (14)

Our aim to structure a variational formulation for eq. (11):
Juy)=|[[Ldx dT (15)

where L is a trial-Lagrange function.
According to the semi-inverse method, we suppose the trial-Lagrange function with
the following form:

L =uyq + (=3Uly —Uyy —U )y +F (16)

here Fis an unknown function of u, and/or y , and/or their derivatives.
Taking a variation on eq. (16) with respect to v, yields:

oF _

—Up +(3uUy +Uyy +U%)y + 0 (17)

where SF/dy is called the variational derivative, which takes the following form:
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SF _oF o oF ), & [ oF
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Adding both sides of eq. (17) and eq. (12), we have:

SF _
oy

0

Making a variation on eq. (16) with respect to u, yields:

oF
W =3y Wy —¥xx —3UWy +E:0

where 6F / Su is the variational derivative, it can be written:
OF _OF_0(oF) o (oF
Su ou oX|auy | ax?| duyy
In the view of egs. (13) and (14), we have:

oF
ou

=~y +3Uxx + Wk + 30wy =

= (BuUy +Uyy +U%)—3uuy —uy, —3u®=-2u°
From eq. (22), F can be identified:

Fo_ly
2

Finally, the following Lagrange function can be obtained:

L= Uy +(=3uUy —Uyx —U%)yy _%U4

Then we get the variational formulation for eq. (11):

J(u,p) :H[u% +(=3UUy —Uyy — Uy —%u“}dx dT

Proof. The Euler-Lagrange equations of eqg. (25) are:

Up + (=3UUy —Uyy —U%)y =0

wr =3y —Wxxx — Uy —2u° =0

(18)

(19)

(20)

21

(22)

(23)

24

(25)

(26)

(27)

In view of the constraint condition given by eq. (14), it is easy to prove that egs. (26)

and (27) are equivalent to egs. (12) and (13), respectively.

In the fractal space (X £ T%), the variational formulation can be written:
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Ju,p) = {u—+[—3u————u —— —=u" |dx” dt* 28
” a” oxP ox*P xF 2 (28)
which is subject to eq. (4).
Variational principle for the parametric
coupled KdV system
Consider the parametric coupled KdV system [29]:
U, +Uuu, +U,, +Aw, =0 29)
Vi +UuV+Vvu+v,, =0 (30)

where / is a real parameter and u, v are rapidly decreasing real valued functions depending on
the temporal and spatial variables and respectively. When egs. (29) and (30) with unsmooth

boundaries, the fractal derivative will be adopted to describe the model:

a_u +Uu a_U + @ ﬂ — O
a*  oxf ox®# oxP
o au ov o%v 0
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where au/at”, ou/ox” are defined as eqs. (5) and (6).
By using the two-scale transforms:

T=t*
X =xP
Equations (29) and (30) become:
Up +UUy +Uyyy + AWy =0
Vi Uy V+HVyU+Vyyy =0

We rewrite egs. (35) and (36) in conservation forms:

1, 1 2)
Ur +| =U" +Uygy +—AV =0
T (2 Xx T «

Vr +(UV+vyy)x =0

According to eq. (37), we can introduce a special function y defined as:

1,5 1. -
==—U" +Uyy +—AV
YT 2 XX 2

Yx =-u

similarly, from eq. (38), we can introduce another special function @ defined as:

(€2))

(32)

(33)
(34)

(35)
(36)

37)

(38)

(39)

(40)
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By =V (42)

Our aim is to establish some variational formulation whose stationary conditions sat-
isfy for egs. (35), (41), and (42), or egs. (36), (39), and (40). To this end, we will apply the
semi-inverse method to construct a trial functional:

J(u,v,p) :ij dX dT (43)
where L is a trial-Lagrange function defined:

Here F is an unknown function of u, v and/or y , and/or their derivatives.
Taking a variation on eq. (44) with respect to u and v, yields:

oF
Viyy +—=0 45
¥V Su (45)
oF
Y Uy + ek +——=0 (46)
ov
where 6F/du takes the following form:
2
OF _OF_o(oF) o (oF -
Su ou aT(our ) oX2( duyy
In view of egs. (39) and (40), we set:
oF
— =V =UV 48
Su 8% (48)
oF 1, 1 2) 2 1, 1,5,
— =y —Uyy — =—| —U 4+ Uyx +=AV" |[+U +Uyy =—U " —=AV 49
Sv Y1 —U¥x —¥xxx (2 xx T Xx =5 2 (49)
From egs. (48) and (49), F can be determined:
Fotua_lae (50)
2 6

Finally, we obtain the following Lagrange function:
J(u,v,p) = ”[v% +(UV +Vyy Dy + %uzv —%M}dx dT (51)

Proof. The Euler-Lagrange equations of eqg. (51) are:

Viyy +uv=0 (53)
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Equation (52) is equivalent to eq. (38), eq. (53) is equivalent to eq. (40), in view of
the constraint eq. (40), eq. (54) becomes eq. (39).

Solutions of model problem

Variational theory [35-40] is a powerful mathematical tool to finding a suitable soli-
tary waves, however a hon-smooth boundary [41] will greatly affect the solitary wave proper-
ties, so the smooth space (x, t) should be replace by a fractal space (¥*, t%), where $ and « are-
fractal dimensions in space and time, respectively. In the fractal space, eg. (2) can be modi-
fied:

o°u o’u  _ou"t o o*u
o o ol P arad? (59)
where du/ét® oulox” are defined as egs. (5) and (6).
Based on the two-scale transform method, and assume:
T=t* (56)
X =xP (57)
Applying egs. (56) and (57) to eq. (55), we have:
Urp —aUyy —bUY TUyy —Clyyrr =0 (58)
Using the traveling wave variable:
E=X VT (59)
Equation (58) is transformed into the following ODE:
(v? —a)u"—bu)"tu"—cviu® =0 (60)
Taking u'(£) = (&) and integrating the obtained equation, we have:
(v - a)(p—%(pn —ov?p"=0 (61)
Denoting that:
vi-a b
T A= nev?
then we obtain:
ap-Pop" —¢"=0 (62)

By the semi-inverse method, we can obtain the following variational formulation:
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Io)=] (—o«oz ——— pp"* ——((p)zjdf (63)
0 2 n+1 2

For the sake of convenience, we only consider n = 2, other values of n can be dealt
with in a similar way.
Case A. According to [41, 42], we search for a soliton solution in the form:

@(&) = Asech(¢) (64)
By substituting eq. (64) into eq. (63), we obtain:
J :—$A2(2—6a+Aﬁﬁ) (65)
To find the constant A, we need to solve the following equation:
aJ 1., 1
— =——Anf-=AQR2-6a+Arf)=0 66
A 12nﬁ6(a+nﬁ) (66)
From eq. (66), we obtain:
poM1430) (67)
3np
Therefore, the solitary wave solutions to eq. (62) are:
4(-1+3a
o) =23 oo (68)
3z
Hence, we obtain:
8(-1+3a) [ 5)
u) = dé =————=arctan| tanh = 69
©=[0() de==7 : (69)
Case B. According to [41, 42], we search for a soliton solution in the form:
u(&) = Asech(&)tanh($) (70)
By substituting eq. (70) into eq. (63), we obtain:
J= —9—10 A2(21-15¢ + 4AS) (71)
To find the constant A, we need to solve the following equation:
al  2A*B 1
—=———-—A21-15a+4ApL)=0 72
oA 45 45 ( “ 2 (72)

From eq. (72), we obtain:

_ —T+5a

2p

A

(73)
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Therefore, the solitary wave solutions to eq. (62) are:
—7+5a
P(8) = Tsech(f)tanh(é) (74)

Hence, we obtain:

7 sech($)  5a sech(<)

25 25 (75)

u(&) = [ (&) dé =

Conclusion

In this paper, the generalized variational principles are illustrated step by step via
two kinds of non-linear equations with fractal derivative. Then, the fractal variational princi-
ple for the non-linear elastic rod equation is successfully established via the two-scale fractal
theory and the semi-inverse method, which can help us to understand the solution structures
of the fractal model. Furthermore, solitary wave solutions of the non-linear elastic rod equa-
tion are obtained by the Ritz-like method [42]. The results in this thesis will undoubtedly have
significant implications for the study of variational theory and periodic wave theory of physi-
cal equations, as well as the Hamilton principle and the least action principle. These concepts
have a wide range of applications in engineering, for examples, Ma suggested a modification
of Hamiltonian-based frequency-amplitude formulation [43], and the minimum condition for
a variational principle was given [44] for fractal variational principles [45], applications of the
variational principles to complex engineering problems are referred to references [46-48].
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