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This paper examines the existence and asymptotic stability of orbital attractors
for a class of non-autonomous thermal equations. The study employs the attrac-
tor theory in non-autonomous infinite-dimensional dynamical systems, in con-
junction with the energy method, compression function method, and Kuratowski
non-compactness measure theory. Verification of the existence of the orbital ab-
sorption set allows us to conclude that the orbital attractor exists when the non-
linear term is independent of time and dependent on time.
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Introduction

The reaction-diffusion equation [1] is a complex mathematical model that has been
applied to a wide range of problems in various fields, including thermal sciences, physics, bi-
ology, and chemistry. Its applications extend to the fields of non-Newtonian fluid dynamics,
soil mechanics, and heat transfer. Investigations have been conducted to a certain extent from
various perspectives, including the uniqueness of the solution to the reaction-diffusion equa-
tion, the global attractor, the consistent attractor, and so forth. With regard to the non-
autonomous reaction-diffusion equation, the study of orbital attractors has attracted consider-
able interest among scholars.

Chepyzhov et al. [2] studied the existence of tight attractors for non-autonomous re-
action-diffusion equations. The existence of pullback consistent attractors when g(x, t) satis-
fies the translational tightness condition, i.e., g(x,t) e LE[R: L2(©)], was further studied in
[3] by certain tricks. Caraballo et al. [4] studied the existence of pullback consistent attractors
when g(x, t) satisfying polynomial growth in L2(Q2) with orbital attractors. Khan and Khalid
[5] considered the existence of orbital attractors for another class of problems using the Ku-
ratowski non-tightness measure theory proposed by Tao et al. [6]. In recent years, there has
been a proliferation of articles on the study of orbital attractors for this equation, as evidenced
by [7]. A class of systems in nature, such as those pertaining to thermal science and fluid mo-
tion, that vary with time are referred to as dynamical systems. Dynamical systems represent
one of the most active and rapidly evolving areas of contemporary mathematical research.
The French mathematician Poincaré pioneered the theory of stability of differential equations,
and the branch of mathematics of dynamical systems originated from the topics they dis-
cussed, including the existence and stability of equations, the periodicity of the system, the
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existence of orbital attractors, and other theories. Poincaré's early studies were primarily fo-
cused on the theory of dynamical systems of finite dimensions, with fewer studies conducted
on infinite-dimensional dynamical systems. Subsequently, Bradshaw and Tsai [8] proposed
the concept of fractal sets, while authors in [9-11] conducted a study on some non-linear sys-
tems concerning dissipative properties. Their findings included inertial manifolds of the sys-
tem, the existence of attractors, and other related topics. Additionally, they explored
Hausdorff dimensionality and other dimensionality estimation, non-linear Galerkin's method,
inertial sets, and other related subjects.

In reaction-diffusion systems, the solution is contingent upon the state at the initial
and final times. Consequently, for a given initial value, the solution orbits diverge when the
initial moment varies, and the dissipative nature of the system alters with the distinct assump-
tions of the non-autonomous terms in the equations, which directly impacts the existence of
the orbital attractor and its structure [12-14]. Consequently, for reaction-diffusion equations,
the primary focus is on the study of consistent attractors and orbital attractors. In this paper,
we investigate the existence and stability of orbital attractors for this class of non-autonomous
reaction-diffusion equations by applying the Kuratowski non-tightness measure theory and
conditions [15].

U, —VvAu = f(x,t), (x,t)eQx[r,o)
U], g = VUKD g T27 (1)
u(x,7)=us,u(x,7)=u;, VYu eR
where Q is a bounded smooth region in RV, g()e L3, [R,L2(Q)], feC'R),v,6>0 —a
constant, and f satisfies the following conditions:
f(s)s=0, f(0)=0, f'(s)=4,

Clul’ -G, < fuu<Cs|ul® -C,
u=Au=0, (xt)edx(0,0)

u(x,7)=u.(x), t>r

FU<Cs@Hul),  f.(uD)<Cor|ulz+1)

t
I e | f(x,t)[4 ds<w, VteR, o isaconstant.

—00

Fu,s)<Af(u,s)+z, V(u,r)eRxR

u
F(u,r)= j f(&,r)d&, the external force term f(x,t) € L2, (R; L%(Q) .
0
where Q is a bounded set of R"(n < 3), and g(x, t) — an external force term dependent on time t
and an almost periodic function on t. When f (x, t) = 0, it is the autonomous Cahn-Hilliard
equation. For the non-linear term f (u), there exists 0 < y < 8 < oo, satisfying the following
conditions:

f'(u)>—k, F(u)>u
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[FU) <k @ ul), [fr) <k @+lul)

where u € X, X is some taken Banach (or metric) space. For the unique solution u(t) that ex-
ists for this system, it can be expressed:

ut)=S(t)u,, Vvt=0, ut)=U(,ru, t=>z, zeR

s(t): X > X, U,7):X—>X is a family of parametric (non-linear) operators
[U(t,7),t =7, z € R] that satisfy the semigroup property:

S(t+t)=S(t)S(t), Vt,z=>0
U(t,s)N(s,t)=U(t,z), Vt>s>7, 7eR
s(0) = 1d, U(z,7) = Id (I is the constant operator in X)

The semigroup of solutions, designated S(t), corresponds to the system (1). The
phase space is denoted by X, and the trajectory of u(t) in the phase plane is referred to as the
solution orbit. The objective of this study is to demonstrate the existence of a solution to the
thermal science system and to illustrate the phenomenon of orbital attraction.

When studying the asymptotic behavior of such systems, the main characteristic is
that they may not have forward dissipation, but when the initial time tends to —o, and the ter-
mination time is fixed at an arbitrarily determined moment, the system has pull-back dissipa-
tion. These problems are widespread in the equations of thermal science systems. For example,
the orbital attractor of a non-autonomous dynamical system and the orbital attractor of the non-
autonomous N-S equation in V-space over a bounded region 2-D. Existence of consistent or-
bital attractors for the non-autonomous heat equation for non-autonomous infinite-dimensional
dynamical systems with non-linear damping terms. Existence of orbital attractors for the non-
-autonomous reaction-diffusion equation in H(l, space. Existence of orbital attractors for the B-
F equation on the bounded open region Q in R® when the external force term f satisfies:

t
[e £ (0] ds <+
0

The methods used include the energy method, the method of compression function,
Kuratowski's non-tightness measure theory and so on, which provide us an effective way to
study the dynamical behavior of orbital attractors.

Background knowledge

Let X be a Banach space, and Q a metric space, often called a symbol (or parameter)
space. €=(6,);.r IS @ one-parameter homotopy group acting on Q, and has the following
properties:

(1) &(@=a. vqeQ
(2) Ht+s (Q) = Ht(es)v vt,seR
(3) The mapping (t,q) — 6,(q) is continuous

The co-circle mapping ¢:R* xQx X — X induced by @ has the following proper-
ties.

4 #(0,0,x)=x%, V(9,x)eQxX
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(5) d(s+t,0,X) =4[s,6(a) #(t,q,X)], VtseR"
(6) The mapping (t,q,x) — ¢(t,q,x) is continuous
It follows that (6, ¢) constitutes a non-autonomous dynamical system on Q x X.

A family of sets:
D= (Dq)qu

is orbitally absorbing if for any q € Q, BeB(X), there exists to = to(q, B) > 0 such that

At 0.(0),Blc D, Vt=t,.
A family of nonempty compact subsets in the space X, A = (A,)qq, is an orbital at-

tractor of the non-autonomous dynamical system (6, ¢), which satisfies:
(7) ¢—invariance, i.e.: g(t,q, Ay) = A

(8) Orbital attraction is satisfied for all bounded sets B in X, i.e.
Jim d{lt,0..(q),B], A} =0

To prove the conclusions of this paper, we first introduce the following two lemmas:
Lemma 1. (Young's inequality with &) Leta>b,b>0,¢>0,p>1,q> 1, and:

i.}.i:l
p q
then
p ~q/pp P
ab< & L E 0T gy g
p

In particular, when p = g = 2, it becomes:

2
ab<ea’® + Z— (Cauchy's inequality with &).
&

Lemma 2. (Consistent with Gronwall's inequality) Let X, ¢, y be three locally cumu-
lative functions on [t,,c0), and dx/dt be locally cumulative on [t,,o0) as well, and satisfy:

dx
— <X+ 2
2 2

when t > to then:
t+r t+r t+r
j o(s)ds <k, j v(s)ds <k,, j x(s)ds <k,

t t t

where r, ki, kz, ks, are positive constants, then:

X(t+r)< (kT?’ + kzjekl (3)
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Main results

Theorem. If A ={A;}, satisfies the attraction to all bounded sets B in X in ad-
dition to ¢ invariance, i.e.:

lim dg(t,,B), Ay )] =0 Q)

Let the external force term f(xt) e LfOC(Q;H), hold, then the non-autonomous
dynamical system corresponding to problem (1) has orbits Ds, in Q, that are orbit-
absorbing sets, D ={Ds}s. € D.

At this point A ={A,},.q is the orbital attractor of the non-autonomous dynamical
system (6, ¢).

Suppose (6, ¢) is a non-autonomous dynamical thermal system defined on Qx X,
and D ={Dg},q is a family of sets in X, if for any sequence t, —oo,X, €D, (q,), the se-
quence ¢5(tn,6'_t ,X,) is column-tight in X, at which point ¢ is D - asymptotlcally orbital tight.

For this conclusion, we first verify the existence and uniqueness of the solution of
this non-autonomous system, then we prove the existence of orbital absorbing sets in LZ( )
for this equation, and finally we prove the existence of orbital attractors for this equation.

Using u as an inner product for both sides of eq. (1), we obtain:

%%w ? +v| Au [P=[Af (u),u] + [ f (x,t),u] (5)
[Af (u),u]s—j f'(u)|vu? dx<k|vu? (6)
Q
By Young's inequality and Holder's inequality we know that:
2
[AF (@01 <k VuP< T AU+ uf? ™
Combined with Poincare's inequality, this yields:
1 1
[P IT U TP o +2Iul A ®)
Therefore:
1 , C? 2 1 ¢ 1.
[Af (U),U]+[U(X,t),U]£§VIAUI +— % lul +§| f O*1+§IUI P! )

Substituting the previous equation into eq. (4) we have:

2
%|u|2+v|Au|Zs%v|Au|2+m7|u|2 |f2| e |u|2“ (10)
2
di|u| +v|Au? <2 |ul? +|2f| +z|ul? (11)
7

Continuing the simplification leads to:

—|u| +A|AUP - m lul -9|uf<p|f} (12)
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Choosing the appropriate A, there exists any constant wi> 0 such that
A=V} —vk? - 6.
Combined with Poincare's inequality, eq. (11) reduces to:

i|u|2 +o|uP< | f?+eC, [ Flu(x.t),t]dx (13)
dt 0
Q

Applying Gronwall's Lemma to the previous equation shows that
D'(t) ={D(t) :t e R} is the bounded orbital absorption set for the process.
Using w =u, + ¢u with the previous equation as an inner product in H yields:

L@l +1y P +qvuP —p)? ]+ sluf’ <

<e(|vup —p)2 — &l + pe(|Vu P —p)+ 2 (u,p) <
<|w P+t p) —ely P<[F@)w]-[f U t),pl<

2 2
S(u+,y/)+%k utl +elut| <

<[f(t),w] +%/1|y/|2 +%z’| f ) (14)

Also from Young's inequality and Holder's inequality we have:

[f(ut),y]=[f(u,t),u +eu]+[f(ut),u]=

d
_ af[ Flu(xt),t]dx + gg[ Fu(x, 1), tlu(x, Hydx <

< &Cy [ Flu(x,t), tldx - [ Fg[u(x.t),t]ox <
Q Q

<& Flu(xt),tu(x,t)dx - £Cy [ Flu(x,t), tldx <
Q Q

< —g(l‘T‘L'"llull2 + KzJ—gJ Flu(x,t),tldx - C, | Q<
Q
<@-g)eful- & Jul’ +1w P [ Fs[u(xt), tdx <
Q

<elly P +2up)+(Vul —p) + pe(Vup —p) <

<@-&e|ulP +(22 -¢)|w ] + 2] Flv()dx <
Q
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3
<@U-oe|uP +(A2-&)ly I —%||u||2|w|+|f|2—ez||u||2s
<e(VuP —p)2+ pe(|Vul —p)’ +@-e)elu|P<
G-y o] -S|l +Z(vup —p)f ~22 <
< 5 . aE

)2 B A%m
A-¢)

< lulP (15)

3e(l-¢&) 2 & 2
ull +=(|vul -
2 &llufl 2(| I“—p

From (5)-(8) and (14)-(15), it follows that:

d 2 (1-¢) 2 | (t) ]
L@ P+|vuf —pP <= Eeuf +pe(vuf - p)+ 17 <

<K2(u*, ) =&l f P —(|vuf - p)2 + e[ Fu()Jdx <
Q

<eK, +C,Q+&2(u, f) (16)

Let 5= max[gCl,%,g,%, 3(1; £) g}, then we have:

u+

%{(1—g)llu||2 Ty P +§(| vul —p) + k2| + 2!2 F[u(x)]dx} <

< 5{(1—3)||u||2 +§(| vu? —p)2 +2f F[u(x)]dx} Al E) s
Q

< 2K+ |y 2 +k% Ut P<C, | Q| +£%p? (17)
For the inner product of eq. (1) with —Auy, then:

%"uz"2 +V[ VAU, |? = [AF (U),~Au,] + [ f (x,t),~AU,] = [Af (U),~Au,]+[VF (u), VAU,] <
< j f'(u)Vu,VAu,dx < yj VU,VAULOX + +2vo? |Vu2|2 < g|VAu2|2 (18)
Q Q
1 1
Lf(xt),~Au,] = E9|Auz|2 +2811 () 2< o[ VAU, [+ f (x,t), AU, ] (19)

(8 @) Aup) +2v[Vu, o] £ ()P <7 (VAL +2i| F (1) (20)
4
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Substituting the previous equation into eq. (17), we have:
S +v[vau[ < 2170, + 2{vau + 5| k0P 1)
That is:
d 2 2 _ U 2 1 2
a||u2|| +V|VAU,| £V|Vu2| +;| f(x,0)| (22)
Organizing the previous equation gives:

d
el el < FxO P+ [vau (23)

There exists a positive constant &, and ¢ = V5> —cﬁ—cf/v, , applying Poincare's In-
equality, we get:

d c?
a||u2||2 + A ||u2||2 <c, | f(xt)] +?2|Vu2|2 (24)
For eq. (22), it follows from Gronwall's lemma that:
t
o, @ <Jup (@) e e +ci [e 9 £(s) 2 ds +%3|VAu2|2 (25)
2 ¢

The two terms on the right-hand side of eq. (25) are estimated below, where we bor-
row a priori estimation methods.
For the first term, when k + 1 is sufficiently large, for any ¢ >0, there are:

i &2 <2 (26)

For item 2, since:

t
[e 7 1t (s ds<

t t-r
< [ e i) ds+ [ eA D f(s)ds<

t-o, t-o,

t
< [ e D1 ()P ds++ 4| VAU[ <

t—r

t S
< j e 4t | £ (s) ]2 dsxsup j | f(s)]P ds <
1

t—-o seR 5—

<e A T(l+eH +ePhn 4..)<
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t t

< j e D | f(s) P ds+e 7 (L—e ™ )sup j | f(s)[? ds (27)
t—o seR T

For the previous equation, when z is sufficiently small and Ak is sufficiently large,
there holds:

t
[e 1T ()P ds< %g (28)
From egs. (26)-(28), one can get:
2 . T
o O <7 @—e")sup [| f () ds <& (29)
seR T

It follows that the non-autonomous dynamical system in Q, has an orbital attractor
and is stable.

Conclusions

The non-self-contained heat equation, as previously described, was initially pro-
posed in the context of thermodynamics, specifically in the study of two substances. Since
then, similar equations have emerged in an increasing number of mathematical models. The
study of dynamical systems is derived from the understanding of the natural world and is
summarized by two major problems: non-linear dynamics in celestial mechanics and turbu-
lence in fluid mechanics. In the case of non-autonomous systems, the problem of the exist-
ence and stability of the orbital attractor is solved by the aforementioned analysis. The more
established theories employed in this study include the existence theory of global attractors,
dimension theory, inertial manifolds, and exponential attractors. It has been demonstrated that
there exists a bounded, open region @ on R?, when the external force term f satisfies:

t
[er[f(s) ds<oo

—00

This shows that for a non-autonomous system defined on Qx X, if D ={D,},.o is
a family of sets in X, for any sequence t, — oo, x, € D, (9,), then u(t,,6 ,x,) is column-
tight in X, while u is orbitally asymptotically tight.
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