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This paper focuses on the variational approach to a time-space fractional cou-
pled Boiti-Leon-Pempinelli equation. The fractional system can be transformed 
into the original coupled Boiti-Leon-Pempinelli equation by using the fractional 
complex transformation. The variational approach provides three new types of 
soliton solutions. 
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Introduction 

Fractional calculus has been widely used to model various types of interdisciplinary 

problems in engineering and science [1-4]. Various fractional derivatives have been proposed 

for fractional calculus, including Riesz fractional derivative, Riemann-Liouville fractional de-

rivative, Caputo fractional derivative, He's fractional derivative, and Jumarie's fractional de-

rivative and others [3-7]. Fractional PDE based on the combination of fractional derivatives 

and differential equations have received much attention in recent decades due to their effi-

ciency in modeling various phenomena in plasma physics, fluid mechanics, electrochemistry, 

optics, bioinformatics, and finance and other fields [4, 8-13]. Due to the non-local nature of 

fractional operators, it is difficult to directly obtain the exact solutions of PDE equations. Re-

cently, some analytical and numerical methods have been presented to solve linear and non-

linear fractional differential equations [6, 10, 13-16]. In this paper, we consider the following 

time-space fractional coupled Boiti-Leon-Pempinelli (BLP) equation: 
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where , , and  are given constants in (0, 1], the fractional operators:  
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are defined by He's fractional derivatives [4, 14-17]: 
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When  =  =  = 1 eq. (1) reduces to the conventional coupled BLP equation: 
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which can be used to simulate the interactions of two waves with different dispersion relations 

[18, 19]. The localized structure on the periodic background wave of the coupled BLP equa-

tion was obtained by using an object reduction in [18]. The mapping method was used to 

study the Jacobian elliptic wave structure and the periodic wave evolution behavior of (5) 

[19]. Some types of solutions of (5) have been provided in [20-24]. Explicit exact solutions of 

the coupled BLP equation were given in [20] using the extended tanh method. Feng et al. [21] 

obtained symmetry reduction solutions of the (2+1)-D BLP equation. Kumar et al. [22] ap-

plied similarity transformation method to obtain some more similarity solutions of (5). The 

Khater method was used to obtain the elliptic and solitary wave solutions [23]. The (1/G') ex-

pansion method was considered in [24] for solving the coupled BLP system, and the hyper-

bolic type solutions were further given. The study of different wave structures and solutions 

of the coupled BLP equation is useful. However, when the wave behavior of this non-linear 

equation is observed from a small time scale, or the solutions to (5) depend on the time histo-

ry, the variables may become discontinuous about the time variable. To solve this problem, 

the coupled BLP equation can be considered in fractional time space. Due to the storage prop-

erty of He's fractional derivative [4, 14, 15], we'll consider the coupled BLP equation with 

He's fractional operators. As mentioned in the previous paragraph, the non-local property and 

the complexity of the fractional operators in (1) lead to the difficulty of obtaining different 

types of solutions. To overcome this difficulty, the fractional complex transformation pro-

posed by He is used to transform (1) into the original BLP eq. (5). Different from the existing 

approaches in [18-24], the variational approach is proposed to find the soliton solutions of the 

fractionally coupled BLP equation. Through the stationary conditions from the variational 

formulations [25, 26], three new types of soliton solutions are given in detail, including bright 

soliton solution, kinky-bright soliton solution, and bright-like soliton solution. Finally, some 

conclusions are drawn. 

Fractional complex transformation  

for fractional equations 

For illustrating the efficiency of fractional complex transformation, we consider the 

fractional partial differential equation: 
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2 2 2( , , , , , , , ) 0t x y t x yf u u u u u u u      =  (6) 

where the fractional derivatives in (6) are defined by (2)-(4), and 0 , , 1     [4, 14-17]. 

The fractional complex transformation proposed by He can be formulated: 
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with three constants r, p, and q. The physical understanding of the transformations can be 

seen in [14-17, 27-31]. By (7), the fractional eq. (6) can be rewritten as an ordinary non-linear 

partial differential equation: 
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Variational approach for fractional  

coupled BLP equation 

By the following fractional complex transformation: 

 , ,
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 (9) 

we equivalently rewrite eq. (1) as the couple BLP equation: 
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We introduce an auxiliary variable X Y cT = + −  with a constant c, and transform 

(10) as the following system: 
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By integrating the first equation of (11), and substituting the formulation of v′ and v″ 

into the second equation of (11), we have the following: 

 
3 2 22 3 0u u cu c u − − − =  (12) 

The variational formulation for (12) can be given by the semi-inverse method  

[10, 32-37], which is defined by: 
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We show that how to obtain the soliton-like solutions to (1). Three types of the soli-

ton solutions will be given by the variational principles. 

Bright soliton solution 

According to the variational theory [38, 39], the bright soliton solution to (12) is as-

sumed in the form: 

 1sec ( )u p h =    (14) 

with a unknown constant p1 determined later.  

The following variational principle can be followed by substituting (14) into (13): 
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The stationary condition for previous variational formulation can be given by: 
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which results in the following root: 
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By (15), the bright soliton solution to (12) is formulated by: 
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By the fractional complex transformation, we have the following fractional bright 

soliton solution to (1): 
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Kinky-bright soliton solution 

The kinky-bright soliton solution to (12) is given by: 

 
2

2sec ( )u p h =
 

 (20) 

where p2 is a unknown constant. 
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By (13) and (20), we have: 
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The stationary condition: 
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for (21) implies that: 
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By (20) and (9) together with (22), we have the following fractional kinky-bright 

soliton solution: 
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Bright-like soliton solution 

Assume that the bright-like solition solution to (12) is defined by: 
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By (13), we have the following formulation: 
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Together with (24) and (26), we obtain the following bright-like soliton solution to 

(12): 

27 21 84
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Then the fractional bright-like soliton solution to (1) can be written: 
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Numerical results 

In this section, some 3-D graphs of the obtained wave-type solutions are presented 

to show the numerical behavior of the time-space fractional coupled BLP equation. We con-

sider the parameter c = 5 and study the propagation of three types of soliton solutions. 

We first consider the bright soliton solutions to the fractionally coupled BLP eq. (1). 

Figure 1 plots the propagation of the classical BLP eq. (1) with α = β = γ = 1 at space co-ordi-

nate y = 10 or time co-ordinate t = 1. The behavior of the fractional BLP equation is different, 

the bright soliton solutions along the x and y space directions are plotted in fig. 2. The frac-

tional dimensions for the left, middle, and right sides of fig. 2 are 0.3, 0.5, and 0.8, respective-

ly. The kinky-bright soliton solutions to the classical BLP eq. (1) are shown in fig. 3, where 

the co-ordinates y = 10 and t = 1 are used in the left and right sides of fig. 2, respectively. The 

numerical results for the fractional space cases with t = 1 are shown in fig. 4. We note that the 

behavior of the kinky-bright soliton solutions is similar to that of the bright soliton solutions. 

The propagation of the bright-like soliton solutions with integer or fractional dimensions is 

shown in figs. 5 and 6. By comparing the results in these figures, the propagation behaviors 

become much more complicated and strongly non-linear as the fractional dimension ap-

proaches a small constant. 

Figure 1. Numerical behavior of bright soliton solutions to (1); (a) y = 10 and (b) t = 1 
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Figure 2. Numerical behavior of bright soliton solutions to (1) with fractional dimensions; 
(a) 0.3, (b) 0.5, and (c) 0.8 

Figure 3. Numerical behavior of kinky-bright soliton solutions to (1); (a) y = 10 and (b) t = 1 

Figure 4. Numerical behavior of kinky-bright soliton solutions to (1) with fractional dimensions; 
(a) 0.3, (b) 0.5, and (c) 0.8 

Figure 5. Numerical behavior of bright-like soliton solutions to (1); (a) y = 10 and (b) t = 1 



Lu, J.-F., et al.: Variational Approach to Time-Space Fractional … 
1764 THERMAL SCIENCE: Year 2025, Vol. 29, No. 3A, pp. 1757-1765 

Figure 6. Numerical behavior of bright-like soliton solutions to (1) with fractional dimensions; 
(a) 0.3, (b) 0.5, and (c) 0.8 

Conclusion 

The variational approach together with the fractional complex transformation has 

been successfully used to solve the time-space fractional coupled BLP equation. Compared 

with the existing results in [18-24], we have two significant improvements: the variational 

formulation was provided for the time-space fractional coupled BLP equation and some types 

of soliton solutions were obtained for this fractional system, which was not touched in the ex-

isting literatures. The variational approach presented in this paper is available for other frac-

tional non-linear PDE, and we will consider this topic in our future work. 

References 

[1] Oldham, K. B., Spanier, J., The Fractional Calculus: Theory and Applications of Differentiation and In-
tegration to Arbitrary Order, Academic Press, New York, USA, 1974 

[2] Samko, S. G., et al, Fractional Integrals and Derivatives Theory and Applications, Gordon and Breach, 
New York, USA, 1993 

[3] Podlubny, I., Fractional Differential Equation, Academic Press, New York, USA, 1999 
[4] He, J.-H., A Tutorial Review on Fractal Spacetime and Fractional Calculus, International Journal of 

Theoretical Physics, 53 (2014), June, pp. 3698-3718 
[5] Odibat, Z., Approximations of Fractional Integral and Caputo Fractional Derivatives, Applied Mathemat-

ics and Computing, 178 (2006), 2, pp. 527-533 
[6] Yang, X. J., et al., A New Computational Approach for Solving Non-Linear Local Fractional PDEs, 

Journal of Computational Applied Mathematics, 339 (2018), Sept., pp. 285-296 
[7] El-Ajou, A., A Modification to the Conformable Fractional Calculus with Some Applications, Alexan-

dria Engineering Journal, 59 (2020), 4, pp. 2239-2249 
[8] Oldham, K. B., Fractional Differential Equations in Electrochemistry, Advances in Engineering Soft-

ware, 41 (2010), 1, pp. 9-12 
[9] El-Nabulsi, R. A., On a New Fractional Uncertainty Relation and its Implications in Quantum Mechan-

ics and Molecular Physics, Proceedings of the Royal Society A: Mathematical, Physical and Engineer-
ing Science, 476 (2020), 20190729 

[10] He, C. H., A Variational Principle for a Fractal Nano/Microelectromechanical (N/MEMS) System, In-
ternational Journal of Numerical Methods for Heat & Fluid Flow, 33 (2023), 1, pp. 351-359 

[11] Lu, J., Ma, L., Numerical Analysis of Space-Time Fractional Benjamin-Bona-Mahony Equation, Ther-
mal Science, 27 (2023), 3A, pp. 1755-1762 

[12] Chen, B., Lu, J., Two Analytical Methods for Time Fractional Caudrey-Dodd-Gibbon-Sawada-Kotera 
Equation, Thermal Science, 26 (2022), 3B, pp. 2531-2539 

[13] Zheng, S., et al., Numerical Analysis of a Fractional Micro/Nano Beam-Based Micro-Electromechanical 
System, Fractals, 33 (2025), 1, 2550028 

[14] Li, Z. B., He, J.-H., Fractional Complex Transform for Fractional Differential Equations. Mathematical 
and Computational Applications, 15 (2010), 5, pp. 970-973 

[15] He, J.-H., Li, Z. B., Converting Fractional Differential Equations into Partial Differential Equations, 
Thermal Science, 16 (2012), 2, pp. 331-334 

https://academic-accelerator.com/Journal-Abbreviation/Advances-in-Engineering-Software#:~:text=The ISO4 abbreviation of Advances in Engineering Software,4 standard for abbreviating names of scientific journals.
https://academic-accelerator.com/Journal-Abbreviation/Advances-in-Engineering-Software#:~:text=The ISO4 abbreviation of Advances in Engineering Software,4 standard for abbreviating names of scientific journals.
https://royalsocietypublishing.org/journal/rspa


Lu, J.-F., et al.: Variational Approach to Time-Space Fractional … 
THERMAL SCIENCE: Year 2025, Vol. 29, No. 3A, pp. 1757-1765 1765 

[16] Ain, Q. T., He, J.-H., On Two-Scale Dimension and its Applications, Thermal Science, 23 (2019), 3B, 
pp. 1707-1712 

[17] He, J.-H., Seeing with a Single Scale is Always Unbelieving: From Magic to Two-scale Fractal, Thermal 
Science, 25 (2021), 2B, pp. 1217-1219 

[18] Fang, J. P., et al., Localized Structures on Periodic Background Wave of (2+1)-dimensional Boiti-Leon-
Pempinelli System via an Object Reduction, Communications in Theoretical Physics, 48 (2007), 5, pp. 
811-814 

[19] Dai, C., Wang, Y., Periodic Structures Based on Variable Separation Solution of the (2+1)-Dimensional 
Boiti-Leon-Pempinelli Equation, Chaos, Solitons & Fractals, 39 (2009), 1, pp. 350-355 

[20] Feng, W. G., et al., Explicit Exact Solutions for (2+1)-Dimensional Boiti-Leon-Pempinelli Equation, 
Communications in Non-Linear Science and Numerical Simulation, 14 (2009), 5, pp. 2013-2017 

[21] Fei, J. X., et al., Symmetry Reduction and Explicit Solutions of the (2+1)-Dimensional Boiti-Leon-
Pempinelli System, Applied Mathematics and Computing, 268 (2015), Oct., pp. 432-438 

[22] Kumar, M., et al., Some More Similarity Solutions of the (2+1)-Dimensional BLP System, Computers & 
Mathematics with Applications, 70 (2015), 3, pp. 212-221 

[23] Kumar, M., et al., Elliptic and Solitary Wave Solutions for Bogoyavlenskii Equations System, Couple 
Boiti-Leon-Pempinelli Equations System and Time-Fractional Cahn-Allen Equation, Results in Physics, 
7 (2017), July, pp. 2325-2333 

[24] Ma, Z. Y., et al., New Fractal Localized Structures in Boiti-Leon-Pempinelli System, Communications 
in Theoretical Physics, 42 (2004), 4, pp. 521-523 

[25] He, J.-H., Variational Approach for Non-Linear Oscillators, Chaos, Solitons & Fractals, 34 (2007), 5, 
pp. 1430-1439 

[26] Wang, K. L., Novel Travelling Wave Solutions for the Fractal Zakharov-Kuznetsov-Benjamin-Bona-
Mahony Model, Fractals, 30 (2022), 9, 2250170  

[27] Lu, J., et al., Variational Approach for Time-Space Fractal Bogoyavlenskii Equation, Alexandria Engi-
neering Journal, 97 (2024), June, pp. 294-301 

[28] Lu, J., Ma, L., Analysis of a Fractal Modification of Attachment Oscillator, Thermal Science, 28 (2024), 
3A, pp. 2153-2163 

[29] Lu J., Sun, Y., Analysis of the Fractional Oscillator for a Mass Attached to a Stretched Elastic Wire, 
Journal of Low Frequency Noise, Vibration and Active Control, 42 (2023), 4, pp. 1733-1742 

[30] He, C. H., et al., Editorial: Analytical Methods for non-linear Oscillators and Solitary Waves, Frontiers 
in Physics, 11 (2023), 1309182 

[31] He, J.-H., et al., Forced Non-linear Oscillator in a Fractal Space, Facta Universitatis Series: Mechanical 
Engineering, 20 (2022), 1, pp. 1-20 

[32] He, J.-H., Ain, Q. T., New Promises and Future Challenges of Fractal Calculus: From Two-scale Ther-
modynamics to Fractal Variational Principle, Thermal Science, 24 (2020), 2A, pp. 659-681 

[33] He, J.-H., et al., A Good Initial Guess for Approximating Non-Linear Oscillators by the Homotopy Per-
turbation Method, Facta Universitatis Series: Mechanical Engineering, 21 (2023), 1, pp. 21-29 

[34] He, J.-H., A Modified Li-He's Variational Principle for Plasma, International Journal of Numerical 
Methods for Heat & Fluid Flow, 31 (2021), 5, pp. 1369-1372  

[35] He, J.-H., Variational Principles for Some Non-Linear Partial Differential Equations with Variable Coef-
ficients, Chaos, Solitons & Fractals, 19 (2004), 4, pp. 847-851 

[36] Lu, J., Application of Variational Principle and Fractal Complex Transformation to (3+1)-Dimensional 
Fractal Potential-YTSF Equation, Fractals, 32 (2024), 1, 2450027 

[37] Lu, J., Variational Approach for (3+1)-Dimensional Shallow Water Wave Equation, Results in Physics, 
56 (2024), 107290 

[38] He, J.-H., et al., Solitary Waves Travelling along an Unsmooth Boundary, Results in Physics, 24 (2021), 
May, 104104 

[39] He, C. H., Liu, C., Variational Principle for Singular Waves, Chaos, Solitons & Fractals, 172 (2023), Ju-
ly, 113566 

 

Paper submitted: November 1, 2023   
Paper revised: May 9, 2024 2025 Published by the Vinča Institute of Nuclear Sciences, Belgrade, Serbia. 
Paper accepted: May 10, 2024 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.  

http://www.vin.bg.ac.rs/index.php/en/

