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This paper considers the fractal modified Degasperis-Procesi type equation in-
volving a Beta-derivative as a generalized form of the standard ones. The ap-
proximate analytical solutions for the new model were obtained by employing the
modified homotopy perturbation method coupled Laplace transformation, which
is also called as He-Laplace method in literature. The presented example demon-
strates the efficacy of the applied method in solving non-linear equations.
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Introduction
The following modified Degasperis-Procesi (MDP) equation is employed in the
modeling of dispersive water wave propagation, as evidenced in [1-3].
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This equation also serves as a model for non-linear thermal waves in cylindrical hy-
per-elastic rods [4-9]. Due to the use of the classical derivative, the model is limited in its
ability to describe the local characteristics of a system in a discontinuous medium.

In recent years, there has been a surge of interest in fractional and fractal derivatives
due to their applications in various scientific, engineering, and technological fields. A consid-
erable number of authors have conducted research into non-linear differential equations in-
volving fractional and fractal derivatives. In general, the fractional derivative contains param-
eters that afford it greater flexibility than the classical derivative in modeling diverse behav-
iors [10-13]. In certain instances, this can result in more accurate models. The fractal deriva-
tive represents an extension of the traditional derivative concept, with the objective of ad-
dressing the specific characteristics of discontinuous media, for examples, the fractal convec-
tion-diffusion problem [14], fractal vibration systems [15, 16], fractal MEMS system [17-20],
the fractal thermal conduction [21], the fractal Zhiber-Shabat oscillator [22], the fractal fluidi-
ty [23], the fractal Chen-Lee-Liu equation [24], and the fractal Boussinesq equation [25]. In
the present study, we examine the following Cauchy problem of fractal MDP equation involv-
ing a Beta-derivative:
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with initial condition:
XO{
u(x,0) = 3
w0~ ] .

where O< , #<1,and a, b, ¢ are constants, £ DZ is the Beta-derivative operator with respect
to time variable [26], 6/0x” the He’s fractal derivative operator with respect to space variable
[27].

Equation (2) is a generalized form of the standard MDP equation. Usually, there is no
general method to find exact solution for the non-linear PDE involving fractional derivatives
and fractal derivatives. Thus, several analytical methods, e.g., the homotopy perturbation
method [28-30] and the variational iteration method [31], have been applied to obtain approx-
imate solutions of such problems. Formerly, many authors have studied the approximate ana-
Iytical solutions for non-linear MDP equation by using different analytical methods by the ho-
motopy perturbation method [32, 33], the Cole-Hopf method [34], the g-homotopy analysis
method and Sumudu transform [35, 36] or the Jacobi wavelet collocation method [37]. We
mention He’s polynomials and the He-Laplace method [38], which couples He’s ho-
motopy perturbation method and Laplace transform. Motivated by these works, in this pa-
per, we derive the approximate analytical solutions for the problem (2)-(3) by using homotopy
perturbation transform method.

Basic definitions and properties

In this section, we recall some basic definitions and properties of Beta-derivative,
Laplace transform and fractal derivative, for more details see [11, 39].
Definition 1. Let a € R and f:[a, «0)—R Then Beta-derivative of f is defined:

1 17
fit+e|t+—— - f(t)
efors] ]

sDLE(t) = lim (4)
>0 &
forall t>a, g <(0,1].
If the limit of the previous exists, then we say that f is Beta-differentiable.
Theorem 1. Let S € (0,1] and assume f, g to be Beta-differentiable. Then:
1Df(af +bg)=ayD’ f +b4Dfg forall a,beR (5)
oDf (fg)=goD{ f +f 5D{g ©)
f oD/ f —f 4Df
SD{’[E}Q" e 9 (g=0) (7)

Theorem 2. Assume that f(t) is differentiable and also Beta-differentiable. Let g(t) be
a differentiable function, then we have:

1-p
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Definition 2. Let f :[a, «0)—R be a function and Beta-differentiable. Then the Beta-
integral of the function f is given:

a t 1 P
olt[f(t)]=£[r+@} f(r)dr ©

Theorem 3. Let f :[a, 0)—R be a continuous and differentiable function. Then for all
t>a we have:

oDP I TE ] = (t) (10)

Definition 4. Let f :[0, ©)—R be real valued-function. Then the Laplace trans-
form of f is defined by:

L[ f (t)1(s) = Texp(—st) f (t)dt (11)
0
The following properties can be easily derived:
LLE'(®](s) =sLLf ()] - f(0) (12)
Lt )(s) = F(Sllff) (13)

Definition 5. The He’s fractal derivative of f(x) is defined:

_af(x)zr(ua) lim 0= (O<a<)) (14)
X% ZIX;XOAAX (X1 — X)a
and
oty _ afaf()] af( _a[af(x (15)
ox2 | ox* | ax’  o%| ox«

where « is relative to the two-scale fractal dimensions, reflecting the porosity [40].

Description of method

To solve the problem (2)-(3), we will use He-Laplace method [38], which is to de-
compose the non-linear equation into a series linear equations by the homotopy perturbation
method, and then the linear equations are solved by using Laplace transform. The method can
be applied to solve a wide range of non-linear problems, see for examples [41, 42]. In litera-
ture, it was also called as the He-Laplace algorithm [43].

In this section, to describe the solution procedure, we consider the following non-li-
near partial differential equation:

aa—\iv + Rw(x,t) + Nw(x,t) = ¥(x,t) (16)

with initial condition w(x, 0) — ¢(x), where w(x, t) is a function of x and t, R — the bounded
linear operator, N — the general non-linear operator, which is Lipschitz continuous and (X, t)
— the source term.
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Employing Laplace transform on eq. (16), we obtain:
’ E—Vtv R0 + Nw(x,t)} —LI# (0] an
By (12) and (13), we get:

(x) 1

L Dw(x,0](s) = 22 LY (x t)]——Lt[Rw(x t) + Nw(x,t)] (18)

Operating the inverse Laplace transform on eq. (18), we have:
w(x,t) = D(x,t) - Ltl(é{Lt[Rw(x,t) + Nw(x,t)]}j (19)

where @(x, t) stands for the term appearing from the initial condition and the source term.
Now, we implement the homotopy perturbation method [44]:

wix,t) = > w (x,t)g" (20)
k=0
and the non-linear term can be decomposed as:
Nw(x,t) = > H, (W) (21)
k=0
by using the He’s polynomials [45] Hk(w) that are given:
H, (Wy, Wy, -, W, —ii N k/lnu k=012, (22)
k (Wo, Wi, 'k)_k!azk ngo n - =Vls

Substituting egs. (20) and (21) into (19) gives:

Zq W, = D(x,t) - q{ { [Zq ka+2q H m (23)

k=0

Equating the coefficients of like powers of g, we get:

q° D Wy (X, t) = D(X,1) (24)
at: w(xt) =Lt EL((RWO + Ho)} (25)
g% wy(xt) =" E L (Rw, + Hﬂ} (26)

and so on.
Finally, the k-term approximate solution of (16) is:

U=Ug+U +--+Ug g (27)



Wang, F.: Analytical Study of Fractal Modified Degasperis-Procesi Equation ...
THERMAL SCIENCE: Year 2025, Vol. 29, No. 3A, pp. 1739-1747 1743

Solution of MDP equation

In this section, we solve the problem (2)-(3) by using He-Laplace method.
Using the two-scale transform [46, 47]:

X“ 1 P 1 7
X =) Tzﬂ{[”m} ‘[m” 2

and the properties of Beta-derivative and fractal derivative, eq. (2) can be converted into the
following form:

ou 9% a2 U _pou ?u  d%u

—— au =bh— +C—— 29
0T  oToX? OX T oXax? o ox? (29)

and the initial condition becomes:
u(x,0) =g(X)

The two-scale transform [46, 47] is a modification of the fractional complex trans-
form [48], it is a good tool to solving fractional differential equations. It is proved that only
when a, b, and c satisfy certain conditions, eq. (29) has exact solutions [49]. In the general
case, we can only find approximate solutions. Next, we apply the method proposed in the last
section to solve eq. (29).

Firstly, taking the Laplace transform on both the sides of eq. (29), we have:

3 2 3
Ly au =Ly aTu—au2ﬂ+ba—ua—g+cua—u3 (30)
oT oX“oT oX oX oX oX

By (12), we get:

L (X T =00+ Ly (31)

[aSU 2 u, oudtu
S

> au + 37 +CUu 3
OX“oT oX oX oX oX

Then, operating with the Laplace inverse transform on both sides of eq. (31) gives:

(32)

4|1 du ou . ou d%u d%u
u(X,T)=g(X)+ L =L —au’—+b——"— +cu—r
(X.T)=¢(X) L T[aXZaT X X ox? 6X3]

Employing the homotopy perturbation method, we obtain:

Dk u (X T)=g(X)+al S =L | 3 g —5—+ 3 g (bK, +¢G, —aH, ) |+ (33)
k=0 s |5 axteT S

where Hy, Ky, and G are respectively He’s polynomials of the following non-linear terms:
20U du ou ou

, e n U——-o
oX " OX oX 2 ox3
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On equating the coefficients of like powers of g we get:

°: u(X,T)=¢(X) (34)
1 o°u
Loooou (X, )= S O_4+bK,+cG, —aH 35
q 1 ( )=L s | aTax2 0 0 0 (39)
g°:  u(X,T)=Lt 1L 0wy +bK, +¢G, —aH (36)
: 2\A, T g T T ox 2 1 ! 1

and we can find rest of the components in the similar way.
Hence, we get the k-term approximate solutions of (29):

U=U0 +U1+-~+kal.

Finally, by (28), we can obtain the solution of the problem (2)-(3).

In order to elucidate the solution procedure of He-Laplace method, we give an ex-
ample.

Takinga=4,b =3, and ¢ =1, we consider the problem (2)-(3) in the form:

o4 FTRL g PR e I (37)
ox* ox*  ox*ox“®  ox*
subject to the initial condition:

115 2l X
u(x,0)= 2 sech LF(“O‘J (38)

By egs. (34)-(36), and (28), we can obtain:

2cosh?| —~ |_15
21+ )

Ug (X’t) = P
8cosh? {X}
2r(l+a)

Xa

-45sinh| —————
2r(l+a)

}{[tf(ﬂ) +1 -1
U (x,t) =

p 2| X
16 ST7 (B) cosh {2F(1+a)}

2 X% _ -2 X B 12
{135cosh [21"(1+a)} 405sinh [ZF(HO{)}}{[tF(ﬁ)H] 1

Uy (x,t) =

2128 4 x*
1284°17 () cosh {21"(1+a)}

and so on.
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Thus, the approximate analytical solution is:

9 X% . x*
2cosh {2P(1+a)} -15 . —45sinh [2F(1+ a)}[tl“(ﬂ) -1]

y; 2| x*
} 16 5T () cosh {2F(1+a)}

u(x,t) =

+

8cosh?| -
r(l+a)

2 x& _ ) x% B 132
{135cosh [2F(1+a)} 405sinh {Zr(“a)}}{[tr(ﬂ)ﬂ] 1

12882128 () cosh* {21“();0;0:)}

When o = =1 we have:

2 cosh? (;)—15 45tsinh()2(j 135t2 cosh? (;‘j — 405t? sinh? (’2‘)
+ +...

8cosh? (X) 16cosh? (Xj 128cosh* (Xj
2 2 2

which is different from the solution obtained by Wazwaz in [49]. This result shows that the
solution of the non-linear MDP equation is very sensitive to small changes in the initial condi-
tions.

u(x,t) =

Conclusion

The non-linear differential equation considered in this paper represents a generalized
form of the standard MDP equation. The equation contains the Beta-derivative and fractal de-
rivative, which can be employed in discontinuous media. The approximate analytical solu-
tions for the new model were derived by employing the homotopy perturbation method and
Laplace transform. The presented example demonstrates the efficacy of the applied method in
solving non-linear problems, and can be a paradigm to develop new analytical method by
coupling the homotopy perturbation method with other integral transforms, e.g., He-transform
[50, 51].

References

[1] Wazwaz, A. M., Solitary Wave Solutions for Modified Forms of Degasperis-Procesi and Camassa-Holm
Equations, Physics Letters A, 6 (2006), 352, pp. 500-504

[2] Lenells, J., The Degasperis-Procesi Equation on the Half-Line, Non-linear Analysis: Theory, Methods
and Applications, 76 (2013), 12, pp. 122-139

[3] Ma, H. C., et al., New Exact Traveling Wave Solutions for the Modified form of Degasperis-Procesi
Equation, Applied Mathematics and Computation, 2 (2008), 203, pp. 792-798

[4] Wei, M., Bifurcations and Exact Traveling Wave Solutions for a Modified Degasperis-Procesi Equation,
Advances in Difference Equations, 2019 (2019), 126

[5] Chen, C., Tang, M., A New Type of Bounded Waves for Degasperis-Procesi Equation, Chaos, Solitons
and Fractals, 3 (2006), 27, pp. 698-704

[6] Zong, X., Zhao, Y., Stabilization of a New Periodic Integrable Equation: The Degasperis-Procesi Equa-
tion, Non-linear Analysis: Theory, Methods and Applications, 11 (2007), 67, pp. 3167-3175

[7] Kolev, B., Some geometric Investigations on the Degasperis-Procesi Shallow Water Equation, Wave
Motion, 6 (2009), 46, pp. 412-419



Wang, F.: Analytical Study of Fractal Modified Degasperis-Procesi Equation ...
1746 THERMAL SCIENCE: Year 2025, Vol. 29, No. 3A, pp. 1739-1747

[8] Vakhnenko, V. O., Parkes, E. J., Periodic and Solitary-Wave Solutions of the Degasperis-Procesi Equa-
tion, Chaos, Solitons and Fractals, 5 (2004), 20, pp. 1059-1073

[9] Lundmark, H., Formation and Dynamics of Shock Waves in the Degasperis-Procesi Equation, Journal of
Non-Linear Science, 17 (2007), 1, pp. 169-198

[10] Kilbas A. A., Marzan, S. A., Non-linear Differential Equations with the Caputo Fractional Derivative in
the Space of continuously Differentiable Functions, Differential Equations, 1 (2005), 41, pp. 84-89

[11] He, J.-H., A Tutorial Review on Fractal Space-time and Fractional Calculus, International Journal of
Theoretical Physics, 11 (2014), 53, pp. 3698-3718

[12] Chen, W., et al., Investigation on Fractional and Fractal Derivative Relaxation Oscillation Models, In-
ternational Journal of Non-linear sciences and Numerical Simulation, 1 (2010), 11, pp. 3-10

[13] Fan, J., He, J.-H., Fractal Derivative Model for Air Permeability in Hierarchic Porous Media, Abstract
and Applied Analysis, 2 (2015), 2012, pp. 97-112

[14] Li, X. M., et al., Variational Principle of the 2-D Steady Convection-Diffusion Equation with Fractal
Derivatives, Thermal Science, 27 (2023), 3A, pp. 2049-2055

[15] He, J.-H., et al., Forced Non-Linear Oscillator in a Fractal Space. Facta Universitatis Series: Mechani-
cal Engineering, 20 (2022), 1, pp. 1-20

[16] He, C. H,, Liu, C., A Modified Frequency-Amplitude Formulation for Fractal Vibration Systems, Frac-
tals, 30 (2022), 3, 2250046

[17] He, J.-H., et al., Pull-in Stability of a Fractal MEMS System and Its Pull-In Plateau, Fractals, 30 (2022),
9, 22501857

[18] He, J.-H., et al., Piezoelectric Biosensor Based on Ultrasensitive MEMS System, Sensors and Actuators:
A. Physical, 376 (2024), 115664

[19] He, C. H., A Variational Principle for a fractal Nano/Microelectromechanical (N/MEMS) System, Int. J.
Numer. Method. H., 33 (2023), 1, pp. 351-359

[20] He, J.-H., et al., Pull-Down Instability of the Quadratic Non-Linear Oscillators, Facta Universitatis, Se-
ries: Mechanical Engineering, 21 (2023), 2, pp. 191-200

[21] He, C.-H., et al., A Fractal Model for the Internal Temperature Response of a Porous Concrete, Applied
and Computational Mathematics, 21 (2022), 1, pp. 71-77

[22] He, J.-H., EI-Dib, Y. O., A Tutorial Introduction to the Two-Scale Fractal Calculus and Its Application
to the Fractal Zhiber-Shabat Oscillator, Fractals, 29 (2021), 8, 2150268

[23] He, C. H., Liu, C., Fractal Approach to the Fluidity of a Cement Mortar, Non-linear Engineering-
Modeling and Application, 11 (2022), 1, pp. 1-5

[24] He, J.-H., et al., A Fractal Modification of Chen-Lee-Liu Equation and Its Fractal Variational Principle,
International Journal of Modern Physics B, 35 (2021), 21, 2150214

[25] Ji, F. Y., et al., A fractal Boussinesq Equation for Non-Linear Transverse Vibration of a Nanofiber-
Reinforced Concrete Pillar, Applied Mathematical Modelling, 82 (2020), June, pp. 437-448

[26] Yepez-Martinez, H., et al., Beta-derivative and Sub-Equation Method Applied to the Optical Solitons in
Medium with Parabolic Law Non-Linearity and higher Order Dispersion, Optik, 155 (2018), Feb., pp.
357-365

[27] Feng, G. Q., Niu, J. Y., He's Frequency Formulation for Non-Linear Vibration of a Porous Foundation
with Fractal Derivative, GEM-International Journal on Geomathematics, 12 (2021), 1, 14

[28] He, C. H., ElI-Dib, Y. O., A Heuristic Review on the Homotopy Perturbation Method for Non-
Conservative Oscillators, Journal of Low Frequency Noise Vibration and Active Control, 41 (2022), 2,
pp. 572-603

[29] He, C. H., et al., Hybrid Rayleigh-van der Pol-Duffing Oscillator: Stability Analysis and Controller,
Journal of Low Frequency Noise Vibration and Active Control, 41 (2022), 1, pp. 244-268

[30] He, J.-H., et al., Good Initial Guess for Approximating Non-Linear Oscillators by the Homotopy Pertur-
bation Method, Facta Universitatis, Series: Mechanical Engineering, 21 (2023), 1, pp. 21-29

[31] Anjum, N., et al., Free Vibration of a Tapered Beam by the Aboodh Transform-based Variational Itera-
tion Method, Journal of Computational Applied Mechanics, 55 (2024), 3, pp. 440-450

[32] zhang, B., et al., Homotopy Perturbation Method for modified Camassa-Holm and Degasperis-Procesi
Equations, Physics Letters A, 11 (2008), 372, pp. 1867-1872

[33] Gupta, P. K., et al., Approximate Analytical Solution of the Time-Fractional Camassa-Holm, Modified
Camassa-Holm, and Degasperis-Procesi Equations by Homotopy Perturbation Method, Scientia Iranica,
1 (2016), 23, pp. 155-165


https://jcamech.ut.ac.ir/article_97628.html
https://jcamech.ut.ac.ir/article_97628.html

Wang, F.: Analytical Study of Fractal Modified Degasperis-Procesi Equation ...
THERMAL SCIENCE: Year 2025, Vol. 29, No. 3A, pp. 1739-1747 1747

[34] Salas, A. H., et al., New Solutions for the Modified Generalized Degasperis-Procesi Equation, Applied
Mathematics and Computation, 215 (2009), 7, pp. 2608-2615

[35] Prakash, D. V., et al., An Efficient Computational Technique for Time-Fractional Modified Degasperis-
Procesi Equation Arising in pRopagation of Non-Linear Dispersive Waves, Journal of Ocean Engineer-
ing and Science, 1 (2021), 6, pp. 30-39

[36] Singh, J., Gupta, A., Computational Analysis of Fractional Modified Degasperis-Procesi Equation with
Caputo-Katugampola Derivative, AIMS Mathematics, 8 (2023), 1, pp. 194-212

[37] Celik, 1., Jacobi Wavelet Collocation Method for the Modified Camassa-Holm and Degasperis-Procesi
Equations, Engineering with Computers, 38 (2022), Suppl. 3, pp. S2271-S2287

[38] Chen, B., et al., He-Laplace Method for Time Fractional Burgers-type Equation, Thermal Science, 27
(2023), 3A, pp. 1947-1955

[39] Gurefe, Y., The Generalized Kudryashov Method for the Non-Linear Fractional Partial Differential
Equations with the Beta-Derivative, Revista Mexicana de Fisica, 66 (2020), 6, pp. 771-781

[40] He, C. H., Liu, C., Fractal Dimensions of a Porous Concrete and Its Effect on the Concrete’s Strength,
Facta Universitatis Series: Mechanical Engineering, 21 (2023), 1, pp. 137-150

[41] Nadeem, M., He, J.-H., The Homotopy Perturbation Method for Fractional Differential Equations: Part
2, Two-Scale Transform, International Journal of Numerical Methods for Heat and Fluid Flow, 32
(2022), 2, pp. 559-567

[42] He, J.-H., et al., Non-linear Instability of Two Streaming-Superposed Magnetic Reiner-Rivlin Fluidsby-
He-Laplace Method, Journal of Electroanalytical Chemistry, 895 (2021), 115388

[43] Qayyum, M., et al., New Solutions of Fractional 4D Chaotic Financial Model with Optimal Control via
He-Laplace Algorithm, Ain Shams Engineering Journal, 15 (2024), 3, 102503

[44] Anjum, N., et al., Li-He’s Modified Homotopy Perturbation Method for Doubly-Clamped Electrically
Actuated Microbeams-Based Microelectromechanical System, Facta Univ.-Ser. Mech., 19 (2021), 4, pp.
601-612

[45] Ghorbani, A., Beyond Adomian Polynomials: He Polynomials, Chaos, Solitons and Fractals, 39 (2009),
3, pp. 1486-1492

[46] Elias-Zuniga, A., et al., Analysis of Damped Fractal System Using the Ancient Chinese Algorithm and
the Two-Scale Fractal Dimension Transform, Fractals, 30 (2022), 9, 22501730

[47] Anjum, N., Ain, Q. T., Application of He’s Fractional Derivative and Fractional Complex Transform for
Time Fractional Camassa-Holm Equation, Thermal Science, 24 (2020), 5A, pp. 3023-3030

[48] He, J.-H., et al., Geometrical Explanation of the Fractional Complex Transform and Derivative Chain
Rule for Fractional Calculus, Physics Letters, 376 (2012), 4, pp. 257-259

[49] Wazwaz, A. M., New solitary Wave Solutions to the Modified Forms of Degasperis-Procesi and
Camassa-Holm Equations, Applied Mathematics and Computation, 186 (2007), 1, pp. 130-141

[50] Song, Q. R., Zhang, J. G., He-transform: Breakthrough Advancement for the Variational Iteration Meth-
od, Frontiers in Physics, 12 (2024), 1411691

[51] He, J.-H., et al., Beyond Laplace and Fourier Transforms: Challenges and Future Prospects, Thermal
Science, 27 (2023), 6B, pp. 5075-5089

Paper submitted: August 5, 2023
Paper revised: June 15, 2024 2025 Published by the Vinca Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: June 15, 2024 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.


http://www.vin.bg.ac.rs/index.php/en/

