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In this study, a two-dimensional Williamson fluid flows through a Darcy-

Forchhiemer permeable medium, influenced by mixed convection, MHD, and 

non-linear thermal radiation over an exponential stretching sheet. The 

impacts of Stefan blowing, Brownian motion, and thermophoresis are being 

studied. This investigation looks into the impacts of joule heating and 

activation energy. The governing partial differential equations that are used 

for fluid flow modelling are transformed into a collection of non-linear 

ordinary differential equations by use of the required similarity 

transformations. The Keller Box numerical technique is applied to solve the 

corresponding nonlinear ordinary differential equations. The influence of 

numerous characteristics is investigated using graphical representations of 

velocity, temperature, and concentration. To validate the problem, numerical 

values of the Nusselt number are calculated and compared to available 

literature. Additionally, the skin friction coefficient are determined and 

tabulated numerically. 

Keywords : Stefan blowing, Darcy Forchhiemer permeable medium, 

Activation energy, Joule heating. 

1. Introduction  

For the purpose of treating and stimulating reservoirs, the oil industry makes use of a number of 

fluids that are notably non-Newtonian. They have the ability to interact with the porous formations that 

they are pumped through, as well as with other fluids that are contained inside the pore structure that 

Pearson and Tardy [1] have described. In his research, Hoyt [2] outlined the numerous uses of non-

Newtonian fluid flow. These applications include the reduction of non-Newtonian fluid friction, the 

reduction of oil-pipeline friction, the application of surfactants to large-scale heating and cooling 

systems, scale-up, and flow tracing. These uses are just a few of the many available. It is explored 

whether single-phase liquids, solutions, and pseudo-homogeneous mixes like slurries and emulsions can 

be viewed as a continuum provided, they are stable and do not contain turbulent eddies, as well as how 



they react to sheafing that is imposed from the outside, as described by Chabra and Richardson [3]. After 

conducting an investigation on the flow of non-Newtonian fluids across a porous plate, Hameed and 

Nadeem [4] came to the conclusion that magnetic fields offer a mechanism that can regulate the 

expansion of boundary layers. In his research article, Mustafa [5] investigated the fluid flow upon a 

stretching rotating disc and came to the conclusion that raising the rotation parameter is associated with 

a significant rise in the near disc velocities. The magnetic field effect on fluid flows was examined by 

Kabeel et al. [6], and it has applications in a variety of fields of medicine and engineering, including 

MHD power generators, the cooling of gearbox lines, and boundary layer control in aerodynamics.  

   Through the use of nonlinear radiation modelling, it is possible to achieve optimal thermal 

efficiency and temperature distribution. In the process of designing components that are able to function 

at high temperatures, radiative heat transfer analysis is helpful. Khan and others [7]. Nanofluid flow 

with non-linear thermal radiation influence was analyzed, and it was found that increased radiation 

parameter values led to an increase in both temperature and concentration. According to Hosseinzadeh 

and colleagues' study on Maxwell nanofluid flow with non-linear thermal radiation influence [8], the 

temperature profile is directly related to the temperature ratio parameter and the radiation. Khan and 

Hamid [9] studied the effect of nonlinear radiation and heat sources on Williamson fluid using the RK 

Fehlberg integration scheme. A higher Biot number, temperature ratio factors, and thermal radiation all 

worked together to speed up the heat transfer rate. 

    When mass flow influences heat and mass transfer processes across surfaces, more specifically 

when phase transitions take place, a phenomenon known as the Stefan-blowing effect takes place. In 

order to ensure precise thermal management in engineering systems such as heat exchangers, 

combustors, or spaceships, it is essential to take into consideration the Stefan blowing effect. Mabood 

et al. [10] conducted a study to examine how Stefan blowing affects the flow of Maxwell nanofluid over 

a rotating disc. They found that the Sherwood number falls as the thermophoretic parameter values 

increase. In their explanation of the effect of Stefan blowing on nanofluid flow over stretching sheet, 

Naveen Kumar and colleagues [11] discovered that the maximum heat transfer occurred where the 

injection of the Stefan blowing effect over a stretching sheet. In their study on the influence of Stefan 

blowing on nanofluid flow under Thompson troian slip conditions, Sudip dey and colleagues [12] found 

that the velocity of the fluid increased when the velocity slip parameter values were increased. After 

conducting an analysis of the stagnation point flow of nanofluid over an exponentially stretched sheet, 

Bachok et al. [13] found that water-based nanofluid results the enhancement in the skin friction 

coefficient as well as the heat transfer coefficient. In the study conducted by Mustafa and colleagues 

[14], Maxwell fluid flow was investigated over an exponential stretching sheet. The researchers found 

that as the convective heating parameter was increased, the temperature profiles increased while the 

concentration profiles decreased. It is possible to transform electrical energy into heat energy through 

the process of joule heating when an electric current is sent through a material that is resistant. There 

are a number of uses for it in the medical field, the food processing sectors, and the industrial operations 

that involve thermal actuators. The influence of house heating on Williamson fluid flow was investigated 

by Hayat et al. [15], who found that an increase in temperature was recorded for progressive 

measurements of Eckert number. In their study, Ramesh et al. [16] investigated the effects of MHD and 

Joule heating on Casson fluid, together with marginal slip influences. They found that temperature 

increased with radiation, thermal slip, and Casson fluid characteristics. Ali et al. [17] observed the flow 

of Williamson nanofluids when Joule heating was applied. They discovered that the flow of the fluid 



decreased when the magnetic force and Darcy laws were applied to the fluid. Rao and Paramananda 

[18] discovered that the speed of the Williamson nanofluid reduced as the Williamson parameters 

increased in their study of the flow of Williamson nanofluid across a permeable, movable cylinder. The 

flow of Williamson nanofluid upon a stretched cylinder was investigated by researchers Zegeye et al. 

[19]. As the number of observations of the Weissenberg parameter rises, the skin friction also increases. 

The activation energy of a chemical reaction or a physical process is the minimal amount of energy that 

is necessary to commence the reaction or process. It is the barrier that molecules need to overcome in 

order to change into a product state. There is a correlation between activation energy and the thickness 

of reactive boundary layers in fluid systems. Ijaz and Ayub [20] studied how activation energy affects 

the flow of Walter-B fluid. They discovered that when the activation energy is larger, the concentration 

profiles are significantly improved. Sherwood number drops with larger observations of activation 

energy parameter values, according to the findings of Salahuddin et al. [21], who investigated Carreu 

fluid flow over stretchy paraboloid surface with activation energy influence. In their study of MHD 

cross nanofluid with activation energy impact across vertical stretching sheet, The concentration of the 

chemical reaction parameter decreases with increasing parameter values, whereas it increases in the case 

of the activation parameter, according to Srinivas Reddy and Ali [22]. Considering the impacts of Stefan 

blowing, heat source, permeability, non-linear radiation, and chemical reaction, Saleem and Hussain 

[23] investigated the Williamson nanofluid flow upon an exponentially stretched surface. According to 

their findings, temperature profiles for the heat source's Eckert number increased. The main focus of 

this study is on the effects of non-linear radiation, Joule heating, and activation energy with Stefan 

blowing on Williamson nanofluid flow across Darcy Forchheimer permeable medium. 

 

2. Formulation of the problem 

This study aims to examine a two-dimensional Williamson fluid in motion through an exponential 

stretching sheet and a Darcy-Forchhiemer permeable medium. In Stefan blowing situation 

Fig.1 Flow modelling and algorithm 

involving injection and suction, flow can be seen. This study includes the following aspects: activation 

energy, joule heating, and non-linear thermal radiation. The following components make up the 

model-corresponding partial differential equations, taking into account the assumptions [23]. 
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The non-linear thermal radiation term is given by  
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Equations (2, 4, 5) can be converted to 
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Also, boundary conditions are converted to  
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2. Solution methodology 

The Keller box method is a numerical methodology used to solve equations (7-9) to first-order 

ordinary differential equations. Newton's method is used to linearize the following equations using finite 

differences, and they are subsequently expressed in matrix form. The tri-diagonal elimination method 

or the LU decomposition method is then used to solve the equations. 
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  and  equations (11)-

(13) and using Newton’s method to linearize the equations we get the system of equations as follows 
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The resulting system of equations can be arranged into tri-diagonal system as  
       12111 rCA    

          2322212 rCAB     

…….           1312111   jjjj rCAB 
 

       jjjjj rAB   1

             for j=1,2,…. 



 

where, 

 

     
       
         

1

2 5 11 1 1

2 5 1 31 1 1 1

4 8 5 3 11 1 1 1 1

0 0 0 1 0 0 0

0 0 0 0 0
2 2

0 0 0 0 0
2 2

0 0 1 0 0 0
2

0 0 0 0

0 0 0

0 0

j j

j j

j

h h

h h

A
h

a a a

b b b b

c c c c c

 
 
  
 
 
  
 

  
  
 
 
 
 
 
 

 

 

       
           
         

4 8 5 1

10 8 5 9 1 3

10 8 5 3 1

0 0 1 0 0 0
2

1 0 0 0 0 0
2

0 1 0 0 0 0
2

0 0 1 0 0 0
2

0 0 0

0

0 0

j

j

j

j

j

j j j j

j j j j j j

j j j j j

h

h

h

A
h

a a a a

b b b b b b

c c c c c

 
 

 
 
  

 
   

  
   
 
 
 
 
 
 

 

 

   
     
     

6 2

6 2 4

6 4 2

0 0 0 1 0 0 0

0 0 0 0 0 0
2

0 0 0 0 0 0
2

0 0 0 0 0 0
2

0 0 0 0 0

0 0 0 0

0 0 0 0

j

j

j j

j j

j j j

j j j

h

h

B h

a a

b b b

c c c

 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 

 
   
   
     

3 7

9 7

11 9 7

0 0 0 0 0 0
2

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0

j

j

j j

j j

j j j

h

C

a a

b b

c c c

 
 

 
 
 
 

  
 
 
 
 
 
 

 

We solved the resulting system of equations using LU decomposition method. The computations 

are performed until the convergence criteria is reached where ε=0.00001. 

Skin friction, Nusselt number and, Sherwood numbers are to be calculated using the 
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4. Results and Discussion 

To study the influence of several parameters on the fluid flow graphs are plotted to analyse 

velocity, temperature, and concentration characteristics using MATLAB [24].  

  

Fig.2 Variation of 𝒇′for Magnetic Parameter M            Fig.3 Variation of 𝒇′for  λ 

 
 

Illustrations of M's velocity profiles can be found in Figure 2. Because of the increased 

measurements of magnetic properties, an opposing force is formed, which results in a decrease in fluid 

flow in both instances of Stefan blowing (S>0 and S<0). The viscosity of the material reduces as and 

when the shear rate increases for increasing values of. Thus, in order to achieve higher values of the 

Williamson fluid parameter. Figure 3 illustrates the reduction in velocity profile that occurs in both 

instances of Stefan blowing (S>0 and S<0). Increasing the Forchhiemer parameter results reveal that the 



generation of a frictional force inside the fluid, which leads to a decrement in the velocity of the fluid 

flow in both instances of Stefan blowing (S>0, S<0), as seen in Figure 4. Figure 5 illustrates the velocity 

patterns of the porous parameter Kp for both instances of Stefan blowing (S>0 and S<0). 

  

Fig.4 Variation of 𝒇′for Fr Fig. 5 Variation of 𝒇′for Kp 
 

Increasing the resistive force of the porous parameter results reveal that decrease in the fluid flow 

velocity. A representation of the velocity profiles of Ri is shown in Figure 6 for both instances of Stefan 

blowing (S>0 and S<0). A decrease in fluid flow is the result of an increase in the natural convection 

coefficient, which is caused by an increase in the Richardson parameter. Figure 7 illustrates the velocity 

profiles of both the Stefan blowing scenarios (S>0 and S<0) in the context of the phenomenon. A 

decrease in fluid flow is noted when there is an increase in the number of observations.  

  
Fig.6 Variation of 𝒇′for Ri Fig.7 Variation of 𝒇′for X  

For both cases of Stefan blowing (S>0 and S<0), figure 8 shows the temperature profiles of M. 

The fluid flow temperature is increased as a consequence of an increase in the thermal boundary layer 

thickness due to improved measurements of magnetic parameters. The temperature patterns of the 

Williamson fluid parameter are displayed visually in Figure 9. By observing the progression of the 

Williamson fluid parameter, it is found that there is an improvement in the elasticity stress parameter, 

which results in a rise in temperature for both instances of Stefan blowing (S>0, St<0). Figure 10 

presents comprehensive temperature profiles of the Forchheimer parameter. An elevation in the 

Forchheimer parameter values results in an augmentation of the inertial effect on fluid flow, thereby 

generating resistance in fluid movement. As a result, temperature distribution increases in both cases of 

Stefan blowing (S>0 and S<0). As the Porosity parameter increases, there is a noticeable enhancement 

in temperature profiles being observed for both instances of Stefan blowing (S>0 and S<0) in figure 11. 

The temperature outlines of the Richardson parameter are displayed in Figure 12. This parameter causes 

an increase in the heat transfer rate, which results in a declination in the temperature profiles for both 

situations of Stefan blowing (S>0, S<0). Detailed temperature profiles of are depicted in Figure 13. 

Increasing the thickness size of the thermal boundary layer leads to an enhancement in the temperature 

of the fluid flow for both cases of Stefan blowing (S>0.S<0). 



  

Fig.8 Variation of 𝜽(𝜼) for M Fig.9 Variation of 𝜽(𝜼) for L 

  

Fig.10 Variation of 𝜽(𝜼) for Fr Fig.11 Variation of 𝜽(𝜼) for Kp 

  

Fig.12 Variation of 𝜽(𝜼) for Ri Fig.13 Variation of 𝜽(𝜼) for X  

This is the case for greater observations of the thermal boundary layer. As the Prandtl number increases, 

the thermal conductivity of the fluid drops, which results in a fall in temperature profiles.  

This phenomenon is observed in both cases of Stefan blowing (S>0, S<0), as visually represented 

in figure 14. Figure 15 shows the Joule heating parameter's temperature curves. The temperature of the 

conductor rises with higher values of the joule heating parameter, leading to an improvement in the 

temperature profiles for both the Stefan blowing instances (S>0, S<0). Pictures 16, 17 show the radiation 

parameter and temperature profiles. The temperature of the fluid rises in both the Stefan blowing 

instances (S>0, S<0) when the radiation parameter's elevated values cause an increase in the heat 

dispersion.  Fig. 18, 19 show the radiation parameter and the temperature ratio parameter's concentration 

patterns. In both cases of Stefan blowing (S>0, S<0), there is a decrease in concentration profiles due to 

an increase in the boundary layer thickness of the concentration, which allows for better observations of 

the radiation parameter, temperature ratio parameter, and concentration. Representation of concentration 

profiles of the Schmidt number is shown in Figure 20. For the increased observations of Schmidt number 

mass transfer enhancement is observed. So, the concentration of the fluid increases in both cases of 

Stefan blowing (S>0, S<0). Figure 21 represents concentration profiles of Brownian motion parameter. 

Increasing Brownian motion parameter, the concentration profile increases in both cases of Stefan 

blowing(S>0, S<0).    



Fig.14 Variation of 𝜽(𝜼) for Pr Fig.15 Variation of 𝜽(𝜼) for J 

  

Fig.16 Variation of 𝜽(𝜼) for R  Fig.17 Variation of 𝜽(𝜼) for w  

  

Fig.18 Variation of 𝝓(𝜼) for R  Fig.19 Variation of 𝝓(𝜼) for w  

 

  

Fig.20 Variation of 𝝓(𝜼) for Sc Fig.21 Variation of 𝝓(𝜼) for Nb 

 



  

Fig.22 Variation of 𝝓(𝜼) for Nt Fig.23 Variation of 𝝓(𝜼) for E0 

  

Fig.24 Variation of 𝝓(𝜼) for   Fig.25 Variation of 𝝓(𝜼) for   
 

Thermophoresis parameter concentration curves are shown in Figure 22. In the case of Stefan blowing 

(S<0), the parameter concentration drops for increasing values of thermophoresis, initially declines for, 

and then increases afterwards. Figure 23 depicts Concentration profiles of E0, For the enhanced values 

of E0 nanoparticle concentration is enhanced by rising E0 values. Low temperature and high activation 

causing an increase concentration by slowing down the order of reaction, which in turn causes a rise in 

concentration profiles. Figure 24 displays Concentration profiles of the reaction rate parameter. For 

enhanced values of the reaction rate parameter, the concentration profiles are decreasing. For higher 

values of concentration profile declines which is depicted in Figure 25. Skin friction values are 

calculated for various values of Williamson fluid parameter, Stefan blowing parameter and Magnetic 

parameter and tabulated in table 2. Also, Nusselt number is calculated for distinct values of Williamson 

fluid parameter at two different cases of Stefan blowing parameter and compared with existing literature 

and Results are good and consistent with the previous literature mentioned in table1.  

 
Table1. Comparison of '(0)  values for various values of   

λ S=0.1 S=-0.1 
Saleem and Hussain [23] Current results Saleem and Hussain [23] Current results 

0.1 0.566485525 0.5664223340 0.612563075 0.6126574590 
0.2 0.560865769 0.5608358470 0.606017281 0.6089577250 
0.3 0.554427672 0.5536728830 0.598360110 0.5989374340 

 

 

 

 

 

 



Table2. Skin friction coefficient values for various values of  , S, M 

λ S M 2 Re fC  

0.1 0.2 2.0 2.09760 

0.2   1.87513 
0.3   1.59887 

 -0.1  1.63757 
 0.0  1.62594 
 0.1  1.61298 
  0.0 1.07366 
  1.0 1.29025 
  2.0 1.61298 

 

5. Conclusions 

In the present paper MHD Williamson fluid flow is examined through Darcy Forchhiemer 

permeable medium with the influence of Stefan blowing, Joule heating, non-linear thermal radiation, 

and Activation energy. The corresponding equations of the model are solved using the Keller Box 

numerical scheme and graphs are plotted the following conclusions are obtained. 
1. Velocity profile declines for Magnetic, Williamson, X , Porous and Forchhiemer 

     parameters and enhances for Richardson parameter. 

2. Temperature profiles enhanced for Magnetic, Williamson, Forchhiemer, Joule heating, porous, 
thermal radiation, and temperature ratio parameters and the reverse trend is observed in the case of X

, Prandtl number. 

3. Concentration profile increases in the case of Schmidt number and activation energy parameters 

and the reverse trend is witnessed for radiation, temperature ratio, reaction rate and temperature 

difference parameters. 

4. Skin friction value decreases for the progressive values of the Williamson parameter, the   

magnetic parameter, and the Stefan blowing parameters. 

Nomenclature: 

 u,v Velocity components (m.s-1)   Density (kg.m-3) 

υ Kinematic viscosity (m2s-1) k1 Boltzman constant 

λ Williamson fluid parameter k* Permeability of the Porous medium(m2) 

T  Fluid temperature (0C) Cp Specific heat at constant 

⋅ ⋅T  Ambient fluid temperature rk  Reaction rate (mol⋅L-1⋅s-1) 

D Diffusion coefficient (m2s-1) C0 Fluid concentration (kg.m-3) 
  Dynamic viscosity (N.s.m-2) C  Ambient fluid concentration (kg/m3) 

k Thermal conductivity (W.m-1K-1) Q Heat absorption/generation (kelvin) 

Nt Thermophoresis parameter Ea Activation energy(joules) 

Nb Brownian motion parameter Sc Schmidt number 

M Magnetic Parameter R Radiation parameter 

σ Electrical conductivity(ohm-1m-1) qr Radiative heat flux (W.m-2) 

Pr Prandtl number J Joule heating parameter 
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