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In the paper, we first use G transform decomposition method to solve the non-linear
fractional Fisher equation, and verify the effectiveness through concrete examples.
Then we use Natural transform decomposition method to solve non-linear frac-
tional KdV equation and prove the solution surface of fractional order converges
to integer order solution surface when exponent o — 1.

Key words: Caputo fractional derivative, G transform, natural transform,
Adomian decomposition method

Introduction

The Adomian decomposition method (ADM) is proposed by American mathematical
physicist George Adomian in the 1980's, it can decompose the original equation into linear part
and non-linear part, and express the solution in infinite series. The research indicates that the
ADM offers advantages of reduced error and enhanced precision compared to traditional meth-
ods in solving differential equations. Daftardar-Gejji et al. [1] solved a class of fractional order
differential equations with ADM and obtained its convergence. On the basis of traditional ADM,
Luo [2] proposed the two-step ADM, which has the characteristics of less error and higher preci-
sion. Duan et al. [3] and Saelao et al. [4] solved separately non-linear fractional ODE and linear
and non-linear Klein-Gordon equations by using an improved ADM. Optimized and improved
by many experts and scholars, Shah et al. [5] obtained analytical solutions of fractional order
dispersive partial differrential equations by Laplace-Adomian decomposition method (LADM)
and Bushnagq et al. [6] obtained the solution of the non-linear Fisher differential equation by using
natural transform decomposition method (NTDM).

Fisher equation [7] is of great significance in the fields of heat conduction, biology
and ecology. In this paper, the non-linear fractional order Fisher equation is studied:

aaw(x,t) B 82'7w(x,t)

o’ ox"
where x, ¢ is the time variable and space variable, o — the fractional Caputo derivative, w(x, ) —
the population density, and w(x, £) — w?*! (x, f) represents the population growth rate. When S

> 1, wh(x, £) is a non-linear term, when population density is too large, its growth rate will de-
crease. Therefore, the Fisher equation can better reflect the trend of population change.

+aw(x,t)(1—wﬂ (x,t)), 0<o, n<1
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The KdV equation describes the non-linear wave behavior propagating in the medi-
um. We consider non-homogeneous non-linear fractional order KdV equation:

adw(x,t) aw(x,t) 62w(x,t) 63w(x,t)
= + +
o’ ox ox? o’

where N is a non-linear operator and g(x, #) is the source term.

+Nw(x,t)+g(x,t), 0<o<l1

Preliminary knowledge

Definition 1. [8, 9] For n — 1 < a <n, the a-order Caputo type fractional derivative of
the function £{7) is defined:
! )

! f(n)(z'
C na _
tlDt f(t)_]-v(n_a):[(t_z_)aﬂ—ndr

Definition 2. [10] For ¢t > 0, the G transform of f{x) is defined:

0

G{f(x)} =u [ r (0)de

0

Lemma 1. [10] The G transform of the n-order derivative of f{x):
n—1 p(n-1-k)
" 1 J 0) &
61w - La(r)- S,
u k=0 u
Lemma 2. [10] The convolution of the G transform is defined:
G fe) =61} e)
Lemma 3. [10] The G transform of the p-order fractional derivative of f{¢):

G{on’f(t)} =uPG{f}-u" i%

k=0 1=0

Definition 3. [11] u > 0, s > 0, the Natural transform of f{x) is defined:
i I | YR
N{S ()} = [ £ (wr)e dxzz'[f(x)e « dx
0 0

Lemma 4. [11] The convolution of Natural transform is defined:
N{(f*g)(x)} = uF(s,u)G(s,u)
Lemma 5. [6] Forg €N, 0> 0, ¢ — 1 < a < g and N{w(x, ©)}= R(x, s, r), the natural
transform of the a-order fractional derivative of w(x, t) is defined:
m—1 a—(k+1)
s

J\/'{D“w(x,t)}:%R(x,s,r)—z — [Dkw(x,t)]

g k=0 " =0
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Using GTDM to solve non-linear fractional order Fisher equation

Theorem 1. For non-linear fractional order Fisher equation:

6Gw(x,t) 82'7w(x,t)
e = T +aw(x,t)|:l—wﬂ(x,t)]

w(x,O) = y(x)

where 0 < g, 7 <1, a and § are non-zero constants, its solution can be expressed:

(1)

w(x,t)=w0 (x,t)+wl (x,t)+---+wn (x,t)+---

where
2n

62 w,_ (x,t)+aw, (xf)-a n_l}}

ox“

Wo (x,t) = y(x),wn (x,t) =G {u”G{
Proof. Take G transform of eq. (1), we get:

u—O'G{W(x’t)}_ua y(x) _ G{a%zw(x,t) +aw(x,t)(1—w’8(X,t))} )

1 2
u® ox"

continue to inverse G transform of eq. (2), we obtain:

w(x,l‘) _ y(x)+ G {MO_G{M_’_CIW(XJ)O — (x,t))}} 3)

ox?

Let:

where

1 d" Oy
0, =—— |: A'w, i’wiﬂ]
I(n+1)da" ; ; o
and we obtain
O = wowoﬂ, O = wlwoﬂ +w0w1ﬂ
Let:

w(x,t)ziw[ (x,t)

then we have:

£ 2 ) o o0
wa (x,t)= y(x)+ G {uag{sx; Zwi (x,t)-i-aZwi (x,t)—aZQn }} 4)
any =0 i=0 n=0

Therefore, we get the solution w; of eq. (1) as shown in Theorem 1.

Since the analytical solution obtained by using GTDM to solve Fisher equation is the
same as that obtained in [6], and [6] cites the conclusion of [12] to prove the convergence of this
analytical solution, so the analytical solution obtained here converges.
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Example 1. Solving Fisher’s equation fora =1, =1, n=10.5:

Gow(x,t) B 6w(x,t)
v — +w(x,t)(1—w(x,t)) (5)

w(x,O) =k

where 0 <o < 1.
Take G transform and inverse G transform of eq. (5), we have:

w(x,t):k—i-Gf1 {u"G{%“‘W(x’t)(l_w(x’t))}} (6)

Let:

0

w(x,t)w(x,t) = ZQi’ w(x,t) = gwi (x,t)

i=0
and plug into eq. (6), we get

gwi(x,t):k—irGl{ { i} (x.1) ;w (x.1) ZQH

where
W, (x,t)=k, O =k2, wl(x,t)z(k—kz)L
I'(o+1)
0= 20 (k=K )= ()= (=342 428 )=
I'(o+1) Ir'(20+1)
Therefore, we get the solution shown in eq. (7) and figs. 1 and 2:
el 20
t t
w(xt)=k+(k—k* ) ———+(k=3k* +2k° )| ——=+ 7
(%) ( )1"(0'+1) ( )F(20'+1) 2
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w(xt) i
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Figure 1. When k =5, the solution curve Figure 2. When o = 0.5, the solution

of eq. (7) corresponding to the different ¢ surface of eq. (7)
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Using NTDM to solve fractional partial differential equation
Theorem 2. For non-homogeneous non-linear fractional order KdV equation:
6‘7w(x,t) _ Gw(x,t) . azw(x,t) . 63w(x,t)
or° ox ox® ox’
where 0 < ¢ < 1, N is the non-linear operator and g(x, f) — the source term, the solution is:

W()C,l‘)ZWO()C,Z‘)+W1 (x,t)+---+wn (x,t)+---,

+ Nw(x,t)+g(x,t), w(x,0)= y(x) 8)

where wy(x, ) = y(x)

o

2 3
w, ()= {%N{aﬁw,,_xx,r)%wn_l (50)+ 2w, <x,f)+A,,_l}}.

S X X X

Proof. Take natural transform and inverse natural transform of eq. (8), we have:

w(x,1) :y(x)+/\/71 {iN{M+~-+M+Nw(x,t)—i—g(x,t)}} 9)

57 ox o’

let

Nw(x,t) = iAi,w(x,t) = .O_'ZOWi (x,t)

i=0

where 4, is Adomian polynomial:

1 d" | &
A=— Alw.
' r(n+1)<u”[Z W’L_O

i=0

and we have
2
Ay =N(wp). 4 =N"(wo)wy, 4 =N"(wp)w, +N”(W°)%

then:
0 o 3 j © 0
ZWi (x,t) :y(x)-i-N*l F—U/\/ zg—Jiji (x,t)-i—ZAi +g(x,t)}
i=0 s = ' i3 i=0

Therefore, we get the solution w; of eq. (8) as shown in Theorem 2.
Example 2. Solving fractional dispersion KdV equation:

86v(x,t) 83v(x,t) ) ) ;
+ 3 =-—SInzxSInt—7m COSTXCOS’
ot° ox (10)

v(x,0) = sinmx

where 0 <o < 1.
Take natural transform and inverse natural transform of eq. (10), we have:

o v(xt
v(x,t)zsinTUc—N_l {r—j\/{MJrsinmcsint+713 cosmcost}} (11)

57 o’
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let
o0
v(x,t) = Zv,- (x,t)
i=0

and take the first five expansions of sin and cos, we get:

® ) ) to’+1 ta+9
;:vi(x,t)—smnx—smnx F(o-+2)_m+ (o +10) -

D N e VD LAV Il
T cosnx{r(o_+l) +F(0_+9)] N - N{GXS ;vi(x,t)}

Therefore, v, is the first three terms of the previous formula, v; can be expressed:

ttT t2cr+1 t20‘+9
vl(x,t):n3c0snx——n3cosnx |
F(G+1) F(20'+2) F(20‘+10)
t2a t20-+8
+7® sinzx —t
F(20+1) F(20'+9)

Therefore, the solution of eq. (10):
v(x,t)zvo (x,t)+v1 ()c,t)+v2 (x,t)+.... (12)

when o =0.5 and 0= 1, as shown in figs. 3 and 4, respectively. Combined with figs. 3 and 4, we
verify the conclusion given in [5]. When the fractional exponent approaches the integer expo-
nent, the solution surface of fractional order converges to the solution surface of integer order.

Figure 3. When o = 0.5, the solution Figure 4. When o = 1, the solution
surface of eq. (12) surface of eq. (12)
Conclusion

In the paper, we used GTDM and NTDM to solve non-linear fractional order Fisher
equation and KdV equation. It is also verified that when exponent ¢ — 1, the solution surface
of the fractional order KdV equation converges to the solution surface of integer order. We will
continue to explore the use of (3TDM to solve more general Fisher equation in the future:

o n
0 w(x,t) = 0 ng’t) +w* (x,t)(l—wﬂ (x,t)), 0<o, n<l1
o’ ox"
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