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In this article we suggest the equations for the distinct relation processes at room 
temperature in metallic glass for the first time. We consider the Kohlrausch-Wil-
liams-Watts decay laws with the stretching exponents values of  = 3/5 and  = 3/7.  
It provides a new insight to the comprehensive understanding of the stretched ex-
ponential decay law at room temperature in metallic glass.
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Introduction

The experiments and numerical simulations studies of the relaxation dynamics at 
room temperature in metallic glasses (MG) have continuously attracted increasingly interest 
across the physics and materials science [1]. The relaxation processes at room temperature in 
MG can be considered as the relaxation dynamics at low temperature in molecular and elec-
tronic glasses [2, 3] because there exists such evidence for the non-exponential relaxation [4] 
due to the time-scale behaviors [5]. The time scale for the aging in MG was considered as the 
atomic-scale arising in atomic-scale relaxation dynamics in MG [6]. The anelastic relaxation of 
MG [7-10] can be expressed by the Kohlrausch-Williams-Watts (KWW) function (or stretched 
exponential function) [11-13]. The KWW decay law (or stretched exponential decay law) was 
considered in the glasses at low temperature [14]. The KWW decay law for the MG at low 
temperature was reported in [15]. The important result for the KWW decay law for the high-en-
tropy MG was discovered in [16]. The relaxation dynamics at low temperature in molecular and 
electronic glasses was described by the KWW relation function [1, 3-5, 8]:

( ) ( )expt tαΦ = −  (1)
where α = 1/µ is the relaxation constant with the relaxation time (µ > 0) and the stretching ex-
ponent (1 >  >  0). In fact, the series expression of the KWW function is given by [13]:
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In the experimental measures for MG, there exist the stretching exponent values of  
 = 3/5  [7] and  = 3/7 [1]. The modified KWW relation process for the glasses was also 
discovered in [17]. Let ρ be the fractal dimensionality of the relaxation pathways in the 
phase space [18]. With use of the Phillips model [3], it is known that the stretching exponent  
 (1 >  > 0) is expressed as  = ρ/(ρ + 2) [3, 18]. The KWW decay law of MG at room tempera-
ture with the value of  = 3/5 is modeled by [2, 7]:

( )
3/5

3/5 exp tt
µ

  
Φ = −  

   
(2)

where eq. (2) was used to present the relaxation for realistic alkali aluminosilicate glasses [7]. 
It is easily observed that the value of the dimensionality of the relaxation pathways in the phase 
space is equal to 3 [18]. When  = 3/5 and ρ = 3, the relaxation channel for MG at room tem-
perature goes into the short-range contribution. The KWW decay law of MG at room tempera-
ture with the value of  = 3/7 was expressed by [1, 2]:

( )
3/7

3/7 exp tt
µ

  
Φ = −  

   
(3)

Here, eq.(3) was considered as the relaxation in Corning Gorilla Glass at room tem-
perature [1, 2]. It is clearly seen that the value of the dimensionality of the relaxation pathways 
in the phase space is equal to 3/2 [18]. When  = 3/7 and ρ = 3/2, the relaxation channel for MG 
at room temperature goes into the long-range contribution.

Both experimental and simulation studies for the relaxation dynamics in MG at room 
temperature are still great and important challenge issue [2]. The target for this work is to show 
the relation equation for the KWW decay law of MG at room temperature with the stretching 
exponent values of  = 3/5 and  =3/7. The results are used to give the comprehensive under-
standing of the KWW decay law at room temperature in MG. It may make an important break-
through for the theoretical framework of the relation dynamics at room temperature in MG. 

Methods

To get the equation of the KWW decay law at room temperature, we start with the 
exponential relaxation for the relaxation dynamics with the relation time ϑ > 0. The relaxation 
function ΦC(t) for the exponential relaxation process reads [1, 3]:

( ) expC
tt
ϑ

 Φ = − 
 

(4)

where t is the time. The equation for the exponential relaxation process with eq. (4) can be 
expressed as [1, 3]:

( ) ( ) ( )1 1 0C Ct t
ϑ

Φ + Φ = (5)

The initial value condition for the exponential relaxation process at the point t = 0 is 
suggested [1, 3]:
	 ΦC(0) = 1

By taking t = g(x) and ϑ = ϖ > 0 in eq. (4), where g(1)(x) > 0 it is very easy to see:

( ) ( )
expg

g x
x

ϖ
 

Φ =  
 

(7)
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which yield that:

( ) ( )
( ) ( )1

d1 1 0
d
g

g

x
x

xg x ϖ
Φ

+ Φ = (8)

where the initial value condition at the point t = 0 reads Φg(0) = exp(–g(0)/ϖ). When we take  
ϖ = 1 in eq. (8), we can get:

( ) ( )
( ) ( )1

d1 0
d
g

g

x
x

xg x

Φ
+Φ = (9)

which is in agreement with the reported result [13] under the initial value condition of eq. (9). 
Making use of the aforementioned results, we now derive the relation equations for the distinct 
relation processes at room temperature in MG. Taking g(x) = t and ϖ = α in eq. (7), we present 
the relation function for the KWW decay law:

( ) exp tt
µ

  
Φ = −  

   



(10)

Substituting g(x) = t and ϖ = α into eq. (8), the relation equation of the KWW decay 
law (10) can be given:

( ) ( )1 1 d 1 0
d

t
t t

t µ
− − Φ

+ Φ =



 (11)

Appling g(x) = t and taking t = 0 in eq. (9), the initial value condition for the relation 
eq. (11) at the point t = 0

 
is given by Φ(0) = 1. Theoretically, eq. (11) may be used to describe 

the theory of the relaxation dynamics at low temperature in molecular and electronic glasses [3] 
for the different stretching exponents and dynamical heterogeneities [19]. When the stretching 
exponent value  is equal to 1, the process becomes the exponential relaxation process for the 
relation function (4) [1]. 

Results

We now consider the KWW decay law of glasses at room temperature with the stretch-
ing exponent values of  = 3/5 and  = 3/7. When the value of the stretching exponent for the 
KWW decay law of the metallic glasses at room temperature is  = 3/5, it is seen from eq. (11) 
that the relation equation for the KWW decay law of MG at room temperature can be written:

( ) ( )3/52/5 3/5
3/5

d5 0
3 d

t
t t

t
µ−Φ

+ Φ = (12)

with the initial condition of Φ3/5(0) = 1.
In a similar way, making use of eq. (11), the relation equation for MG at room tem-

perature for the value of  = 3/7 is given:
( ) ( )3/74/7 3/7

3/7

d7 0
3 d

t
t t

t
µ−Φ

+ Φ = (13)

with the initial value condition of Φ3/7(0) = 1. 
As shown in tab. 1, by taking  = 3/5 in eq. (10), eq. (13) is the relaxation equation 

for the relaxation channel for MG at room temperature in the short-range contribution with  
 = 3/5 and ρ = 3 and eq. (2) is the relation function for MG at room temperature with  
 = 3/5. There exists a typical example for the KWW  decay law with the distinct relation 
process, given by eq. (13), which is the relaxation behavior for realistic alkali aluminosilicate 
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glasses [7]. Compared with the exponential relaxation process (4), the distinct relation process 
with  = 3/5 and ρ = 3 needs to care about the power-law term of α(t) = 5t2/5/3 and the relaxation 
constant changes from 1/ϑ into µ–3/5. 

Table 1. The mathematical and physical processes for the distinct 
relaxation dynamics at room temperature in MG

Stretching 
exponents values

Dimensionalities of the 
relaxation pathways

Distinct 
relation processes

Initial value 
conditions

KWW decay  
laws

Physical  
processes

 = 3/5 [2]           ρ = 3 [3] (12) Φ3/5(0) = 1 (2) [7] The short-range 
contribution [18]

 = 3/7 [2]    ρ = 3/2 [3] (13) Φ3/7(0) = 1 (3) [1] The long-range 
contribution [18]

By applying  = 3/7 in eq. (10), eq. (14) is the relaxation equation for the relaxation 
channel for MG at room temperature in the long-range contribution with  = 3/7 and ρ = 3/2 
based on the Phillips diffusion-trap theory [3, 18], and eq. (3) is the relation function for MG at 
room temperature with  = 3/7. It has been observed that the typical example for the KWW de-
cay law with the distinct relation process, given by eq. (14), which is the room temperature re-
laxation behavior for Corning Gorilla Glass at room temperature. In fact, the special conditions 
for the relaxation behavior were presented in [1]. Compared with the exponential relaxation 
process (4), the distinct relation process with  = 3/7 and ρ = 3/2 needs to care about the pow-
er-law term of β(t) = 7t4/7/3 and the relaxation constant changes from 1/ϑ  into µ–3/5. 

Conclusion

In the work we have presented the equations for KWW decay laws at room tempera-
ture in MG. They have been applied to illustrate two experiment evidences for the distinct 
relaxation dynamics. The result is a positive reply for the important challenge for KWW decay 
laws.
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Nomenclature
𝓁	 – stretching exponent, [–]
t 	 – time, [s]

Greek symbol

µ 	– relaxation time, [s]
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