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Holder's inequality and Minkowski’s inequality are important tools in probabil-
ity theory and mathematical analysis and they have wide applications in many
branches of mathematics. This paper studies the reverse probability inequalities of
these, as well as their generalizations and improvements.
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Introduction

It is assumed that (2, 4, P), consisting of all A-Borel measurable functions, is a prob-
ability space. Then we have the following Holder inequality.
IfT,H € (Q, 4, P), a > 1, l/a + 1/§ = 1, then the integral inequality on probability

space holds [1]:
e 1/
j|TH|dPsU|T|“ dPJ U|H|” dPJ (1)
2 2 0

It is well-known that the celebrated inequality was established by the distinguished
mathematician Holder [2-5]. Reverse Holder’s inequality and some related results can also be
found in [6-8].

When T, H € (©, 4, P), a > 1 then the Minkowski’s inequality holds:

e la e
[.[|T+H|adPJ s[ﬂTF’dPJ +[I|H|adP] @)
0 0 0

Bourin et al. [9] have advanced novel refinements of the Minkowski inequality, en-
compassing a broad spectrum of operator means. In [10], a Pexider-type extension of Minkow-
ski’s inequality was successfully presented. Within the realm of pseudo-analysis, Agahi et al.
[11] have established several refinements of Holder’s and Minkowski’s inequalities related to
the pseudo-integral. Some authors also considered integral Holder’s inequality using the defi-
nition of integral on time scales. For more results about Holder’s inequality and related results,
the readers can be referred to [12-15].

This work aims to establish a reverse Holder’s type integral inequalities on probabil-
ity space, some related conclusions are also considered. The arrangement of this is planned as

* Corresponding author, e-mail: 2452209571@qq.com



Luo, W.-T., et al.: Some Integral Inequalities on Probability Space
1084 THERMAL SCIENCE: Year 2025, Vol. 29, No. 2A, pp. 1083-1088

follows. We state and prove our main results in the second section. We give a conclusion in the
final section.

Main results
We consider three A-Borel measurable functions T, H, and Z, a probability space is
denoted by (£, 4, P).

Theorem 1. Let T,H,Z € (2, A, P), o.> 1, and 1/a. + 1/ = 1. Then one has:
yp

Vo
I |z||TH|dPs{ Jlzlnt dp} { Jlzl dp] o
Q 0 0

Remark 1. For|Z|=1in Theorem 1, inequality (3) can be transformed into inequality (1).
Theorem 2. If T,H, Z € (Q, A, P), 0 <a <1, with = a/(a — 1), then one has:

Vo g
| |z||TH|dP{ [z dPJ { [iz|mp dp] @
Q e 2
Proof. We may assume, without any loss of generality, that:

UZIZIITI“ dPJW [ J1zny dP]W #0

Q0

and let

O 4 S 5
[zt e [zjn)”ap
0 0

Applying the reverse Young inequality in [12], it is natural to obtain:

40 "
2{] Va 1/,BdP:
a Vs

(ﬂznn dP] {[|z||H| dpj

U U
_ Jézl/aul/ﬁdpz

U
1 3b-
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o | e |
_aj _= 4pa J— —

RN R
U U

Remark 2. For |Z| =1 in Theorem 2, a reverse version of inequality (1) is obtained.

According to Theorem 1 and Theorem 2, the following generalization concerning
multiple functions can be presented.

Corollary 1. LetZ, T,€ (Q,4,P), , ER, i=1,2, ..., k, oy + 1o+ ..+ 1o, = 1:

— For a; > 1 one has
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k k Ve
e |or<T1{ [l or| ®
0 i=1 i=1 \ @

— Fora,€(0,1)and ;< 0,i=2, ..., k, one has:

k k /e
[1Z|[ T |ap= H[IIZIIT,-I"" dP] (6)
0 i=1 i=l \ 0

Theorem 3. 1f T, H, Z € (2, A, P), o.> 1, then one has:

l/a 1o e
[ [1zm+ " dP] s[ [1z dP] [ [1Zm dP] (7)

o

Remark 3. Under the condition |Z| = 1 in Theorem 3, inequality (7) is diminished to
inequality (2).
Theorem 4. 1f, H, Z € (2, 4, P), 0 < o < 1, then one has:

la la la
{“AH+HV&J z{ﬂﬂhf&ﬂ +[ﬂqmraﬂ ®)
Q0

Q el
Proof. Assume that 0 < a < 1

a 1/a-1
=l-a, a, =y, b :vk/

N

—=a,
4

based on Holder’s inequality

oo

k=1

=

7

1
b , y>1, —+—:1
laJ {Zk] ! A

it can be concluded that:

N

l-a
Z uivle < (Zuj { ,i/“J )

k=1 k=1
Let

0=[|z|[T" ap. = [|z|n[" ap
0 0

o 2
M = (J‘|Z||T|“ dPJ J{.“Z”H'a dPJ gV 4 e
el

Q
from eq. (9), that

M= el/a +771/a _ Hl/a—1J‘|Z”T|a dP+771/’1_1£ J-Q|Z||H|a 4P -
= .”Z|(|T| 0" "+H|" Va= l)dPs j|Z||T+H|“ (gl/a +pla )Hldpz
Q

= [|Z||T+H[" M"“dP =M [|z||T+H[" dP
0 kel
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Building on the aforementioned outcome, we promptly derive Minkowski’s inequal-
ity, thereby fully establishing the theorem. Drawing upon Theorems 3 and 4, the subsequent

generalization is validated.
Corollary 2. Let Z, T, € (Q, A, P). Then:

— For a>1, one has
m o
[z,
0 i=1

ForO<a<1,Z, T, €(Q, A, P), one has

a e Ve
[lz[>, zzUmmrv}
o 1=l 0

i=1
Subsequently, we present a counterpart to Corollary 2.
Corollary 3. Assume that Z, T; € (Q, A, P), then

— Fora>1, one has

i=1

Ve m 1/a
ar szUmmwﬂ
0

3

ﬂ{Zn@ w3 [ ar

re) Jj=1 j=l o
— ForO0<a<1,Z,T,€(Q, A, P), one has

y%gmfﬂwipmf@

Proof.

— When a > 1, by setting s = a, » = 1 within Jensen’s inequality, one obtains:

1a
T3+ [T |2 ([T [T [T, )

it is easy to get

2], 0 o+ T ) 22 ([T |, )

(10)

(1)

(12)

(13)

Integrating the aforementioned inequality, it can be derived that inequality (12) is true.

— For0<a<1, by setting s = a, r = 1 within Jensen’s inequality, one obtains:

|Tl|+|T2|+~--+|Tm|£(|Tl|a+|T2|a+--~+|Tm|a)l/a

from the aforementioned inequality, it is natural to get

2T, T ) <2 (T T )

By the integration of the previously mentioned inequality, the desired result is

achieved.

In the subsequent theorem, we present several improvements to Minkowski’s integral

inequality on probability space.

Theorem 5. LetZ, T, € (2,4, P), 0> 0, y, 1 € R\{0}, and y # 1:
— Assume that a, y, 1 € R are different such that y, 1> 1 and (y — 1)/(a — ) > 1. Then:
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7(a=2)/(r-4)

£|Z||T+H|a dp < {[}UZ”TV dpjw +u|z||H|7 dPJ}

12 14 A r=a)/(r=4)
-(ﬂznTrde +[J|z||H|‘de
0 o

— Assume tha a, y, 1 € R are different such that 0 <y <1 and (y —2)/(a« — 4) < 1. Then:

1y 1y Jl@=/r=2)
[|Z[T+H ap> [I|Z||T|7dP] +(j|z||H|7dp] |
0 0 o

iy iy Plr-a)fr-2) (15)
(1 ar| (e or)
2 Q
Proof.

— Itis clear that (y — 1)/(a — ) > 1, and
[1z|[r+nf”ap=| |Z|(|T+H|7
0 0

(14)

)(a—ﬁ)/(y—/l) (|T . H|’1

)(V—a)/(y—ﬂ) 4P

from eq. (3) with indices (y — 1)/(aa —4) < 1 and (y — 1)/(y — ) it is easy to be seen:

(a=2)/(r=2) (r=a)/(r=2)
j|z||T+H|”dpsU|z||T+H|7 dPJ U|z||T+H|* dP] (16)
Q e, Q

On the other hand, by using eq. (7) for y > 1 and 4 > 1, respectively, one has:
1y

1y 1y
U|z||T+H|7dpJ {ﬂzwdp +J‘|Z||H|ydP] (17)

and
1A

1/4 1/4
UIZIIT+HIE dP] S{IIZIITIAdP +| [Izmr? dPJ (18)
Q ke Q
From eqs. (16)-(18), the desired result is derived.
— Itis obvious that (y — 1)/(ae — ) < 1 and
j |Z|[T+H[" dP = j |Z|(|T+H|7
0 Q

)(a*ﬂ)/ (r=2) ( )(7,a)/ (r=2) 4P

IT+H|*
with the help of eq. (4) with indices (y — 4)/(a. — 4) and (y — 1)/(y — @), correspondingly, one has
(a=2)/(r=%) (r=a)/(r=2)
I|Z||T+H|adP2U|Z||T+H|7 de U|Z||T+H|’1 dPJ (19)
0o 0 o

Alternatively, applying the reverse Minkowski’s inequality (2.6) see in [10] to the
scenarios involving 0 <y <1 and 0 <4 <1, we get infer that the subsequent propositions are
correct:
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[lz[r+nyap| 2| [z ar| +| [[Zn[ ap (20)
0 0 0
and
1/A /A /A
[lzmeniar| 2| [lZt)"ap | +| [|Z|n]* ap @1)
0 0 0

With the help of egs. (19), (20), and (2), the desired result can be established.

Conclusion

These studies not only help to deepen our understanding of the classical
inequalities but also have significant application value in fields such as optimization theory,
probability theory, and statistics. By researching the reverses and generalizations of these
inequalities, we can better address practical problems and promote the development of
related disciplines.
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