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In this paper, we consider the convergence in L? norm, uniformly in time of the
inhomogeneous Navier-Stokes system and inhomogeneous Euler equations. Upon
the assumption of the Oleinick conditions of no back-flow in the trace of the Euler
flow, and of a lower bound for the Navier-Stokes vorticity in a Kato-like bound-
ary-layer, we prove that the inviscid limit holds.
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Introduction
We are concerned with the incompressible inhomogeneous Navier-Stokes equations:
0,p+div(pu)=0
PO u+pu-Vu—Au+VP=0 (1)
divu =0
and incompressible inhomogeneous Euler equations:
p, +div(pu)=0

PO+ pit -V +VP =0 (2)
divii =0
in the half plane Q = {x = (x,, x,) € R* : x, > 0 with Dirichlet and slip boundary:
Ul,,=0 3)
and
i oo=0 @)

on the Navier-Stokes eq. (1) and the Euler eq. (2), respectively, where u = (u;, u) and
u = (uy, u,) are velocity, P, P are the pressure, and p, p are the density.

The initial conditions for egs. (1) and (2) are taken to be the same, u, = u,. We shall
also denote the Navier-Stokes vorticity:

w=0,u, —0,u, (5)
where 0; = 0/0,; and the trace of tangential component of the Euler flow:
U=u |EQ (6)
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The behavior of viscous incompressible flows in the inviscid limit is a classical issue
in the fluid dynamics. When the fluid domain has no boundary, it is well known that the solution
of the Navier-Stokes equations converges to the one of the Euler equations, and this problem
is closely related to the boundary-layer problem and Prandtl equation. There have abundant
literatures on the problem of inviscid limits, see [1-6] and references therein. In particular, Con-
stantin [7] considered the convergence in the L? norm, uniformly in time, of the Navier-Stokes
equations with Dirichlet boundary conditions to the Euler equations with slip boundary condi-
tions, and proved that if the Oleinik conditions of no back-flow in the trace of the Euler flow,
and of a lower bound for the Navier-Stokes vorticity is assumed in a Kato-like boundary-layer,
then the inviscid limit holds. Maekawa [8, 9] also considered the Navier-Stokes equations for
viscous incompressible flows in the half-plane under the no-slip boundary condition. By the
vorticity formulation, he proved that the local-in-time convergence of the Navier-Stokes flows
to the Euler flows outside a boundary-layer and to the Prandtl flows in the boundary-layer in
the inviscid limit when the initial vorticity is located away from the boundary. Paddick [10]
obtained the existence and the conormal Sobolev regularity of strong solutions to the 3-D com-
pressible isentropic Navier-Stokes system on the half-space with a Navier boundary condition,
over a time that is uniform with respect to the viscosity parameters when these are small. Then
these solutions converge globally in space and strongly in L? towards the solution of the com-
pressible isentropic Euler system when the viscosity parameters go to zero. Recently, there also
have been extensive efforts on resolving this inviscid limit problem which lead to many results,
for example, see [11-15].

Especially, Masnoudi [16] have shown that, without using the Prandtl equation, and
in some particular domains such as the half-space, if the ratio of vertical viscosity to horizontal
velocity also goes to zero, then all the weak solutions of the Navier-Stokes equations converge
to the solution of the Euler system. In this paper, inspired by this work, we prove the following
results.

Main results

Theorem 1. Fix T> 0 and s > 0, and consider classical solutions (p, u, P), (p, u, P) €
L*(0, T; H*) of (1) and (2), with boundary conditions (3) and (4), respectively. Assume that the
trace of Euler tangential velocity satisfies U(x;, #) > 0, and that for all ¢ > 0 sufficiently small,
the trace of Navier-Stokes vorticity satisfies w|,o > 0, for all x; € R and ¢ € [0, 7]. Then:

2
L°(0,T;1% (2)) -0 (7)

—12 —

",0 Pl or.eey + "u —u

holds as ¢ — 0. B

Theorem 2. Fix T> 0 and s > 0, and consider classical solutions (p, u, P), (p, u, P) €

L0, T; H) of (1) and (2), with boundary conditions (3) and (4), respectively. Let o(f) = min{z, 1}
and let M, be a positive function which satisfies:

~T[Mg(t)dt—>0 as €0 (®)
Define the boundary-la;er I
I, :{(xl,xz)eQ:0<x2 £gogt)ln(M (tia(t))} )
where
C = CoV0st] ey o 0,7 > O
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is a sufficiently large fixed positive constant. Assume that there is no back-flow in the trace of
the Euler tangential velocity, i.e.:

U(x,,)20 (10)

for all x; € R and ¢ € [0, 71, and that for all ¢ sufficiently small, the very negative part of the
Navier-Stokes vorticity satisfies:
M, (1)

w(x,,X,,1) +—=
&

g(rfl)/r < O_(t)l/ng (t) (11)

LI (1)

for some 1 <r <o andall ¢ € [0, T], where f = min[f, 0]. Then the inviscid limit:

"p_ﬁ 170,73 12(2)) +||u —u rontay 0 (12)
holds, with the rate of convergence:
T
— 2
",D—,D [°(0,T;12 (2)) +"u Ul o2 T O(N(S)T +IM£ (t)dtj (13)
0

as ¢ — 0, for N(¢) = O(¢) when r> 1 ineq. (11) and N(e) = O(¢°), V6 € (0, 1) when =1 ineq. (11).

Remark 1. From the results in [10], the uniform estimates of ||p,Vp, u||;=o.r. 1= are
reasonable.

Remark 2. Theorems 1 and 2 are also holds for a bounded domain with a smooth
boundary. The only difference between the half space and the bounded domain with a smooth
boundary is that we need to choose a local compactly supported boundary-layer corrector.

For simplicity, we denote:

J = ana [ o= 1

and L? norm ||u|;2) = ||u]-

Proof of Theorem 1

Let¢=p—p,q=P—Pandv=u—u be the differences of density, pressure and ve-
locity, respectively. Then we can get the equation about ¢, ¢, v:

¢ +v-Vp+u-V¢=0

POV+pv-Vv+ pv-Vu+ pu -Vv+Vg—sAu+¢(0,u +u-Vu)=0, xe 2 (14)
divv =0
with boundary conditions:
Y m:_U’ V2|af):0 (15)

and the initial condition:
v(it=0,x)=0 (16)
Next, we will prove Theorem [ by estimating the solution of the system (14)-(16).
Computing [(14),4dx, we have:

d e _1
EM +[wWpg+[u Vg =0
Then by the Young’s inequality and properties of solutions (p, u, P) and (p, u, P):
d,n» 2 2
Sl <c (bl +lel) (17)
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Computing J(14),vdx, we have:
j[pa,v+pv.vv+pv.va+pa.vqu—gAu+¢(a,a+ﬁ~vl7)]dx: 0 (18)
Observe that if U> 0 and w

20> 0, then we estimate:

—gIAuvdx = gIVqu - gj.mﬁzulvl =z ||Vv||2 + SJ. VuVv—-¢| wU< %”Vv”2 +Ce¢ ||V17||2

002
Furthermore, by direct calculus, one can obtain:

1d 2 1 2

w+pv-Vww—— | pv| +=|u-Vplv

oot oy s - [ o 2 7wl

J.pv-VLTVSC"v

2, IpLTVvv < C"v"2
[vav=0, [gea+a-viryv<c(lgf )
The combination of eq. (18) and the aforementioned inequality implies:
d
S scerc(lol + ) (19)
From egs. (17) and (18), immediately we have:
d
I ) < e+ (ol +117) (20)
Then by the Gronwall inequality and the initial condition, we get:
[ e 1)
This completes the proof.

Proof of Theorem 2

Constructing a suitable boundary-layer corrector, ¢, to account for the mismatch be-
tween the Euler and Navier-Stokes boundary conditions is a very important method for the
proof of the zero viscosity limit [3]. For instance, Gie and Kelliher [6] proved the convergence,
as ¢ tends to zero, of the Navier-Stokes solutions to the Euler solution both in the natural energy
norm and uniformly in time and space by constructing an explicit corrector. Kelliher [17] gave
a brief comparison of various correctors and established necessary and sufficient conditions for
solutions to the Navier-Stokes equations with Dirichlet boundary conditions to converge in a
strong sense to a solution the Euler equations if the viscosity is taken to be zero.

Now firstly, we begin with the construction of the corrector as follows.

The boundary-layer corrector. Choose y: [0, ©) — [0, o) to be a C* function, sup-
ported in [1/2, 4], which is non-negative and has mass | w(z)dz = 1. Recall that o(f) = min{z, 1}.

For a € (0, 1], to be chosen later, we introduce:

¢(x17x27t) = (¢17¢2)(x1:x23t)
where

0, = U0 ~ao(w(x,)] (22)

0,530 =@ (00U ()| (1] v )y | 23)



Li, Y.-Z., et al.: On the Inviscid Limit of the Inhomogeneous Navier-Stokes ...
THERMAL SCIENCE: Year 2025, Vol. 29, No. 2A, pp. 1055-1062 1059

and
@(x,,x,,0) = ¢, (x;,x,)

The corrector ¢ has following properties.
Lemma 1.
— 0i(x1, 0, 1) =—u(x, t), 2(x1,0,2) =0, s0 u + ¢ = 0 on 02 and ¢, — 0 as x, — o exponen-
tially,
— divp =0, and
— following estimates hold for 1 <p < co:

lel.. +low].. < @)™, Je.l, +[ow.], <Cac

r =

Energy equation. We can rewrite the second equation in [14] as:
PO,(v=0)+pv-Vv+ pv-Vu + pu -Vv+Vqg—ehu+¢(0,u +u-Vu)+ po,p =0 24)

Since v— ¢ =0 on 02, we may multiply eq. (24) by v— ¢ and integrate by parts to obtain:

[(0,(v=0)+ pv-Vu+ pit - Vv +Vq — eAu+§(0,t +ii - Vi) + p,p) (v=) = 0

Next, we will estimate all previous terms:

d 2 2
[90,0- =00 =2 [ p(v=0)* +3 [u-Vp(v=p) (25)

Ipv'Vu(v—co) = Ip(v—w)~Vu(v—¢)+fp¢‘Vu(v—<0) =
| , - - (26)
=—5jv-Vp|v—¢>| + [ pv=p)-Vii(v—p)+ [ pp-Vii(v-p)
From egs. (25) and (26), we have:
PO, =)+ [ proVutv =) 23 [ p(v= )" =yl + [ po-Vir(v-p)
[ pit-Vv(v=p) = [ pit - V(v =@)v-0)+ [ pit-Vo(v=p), [Va(r-¢)=0 27)
_ngu(v—¢) = gjvuV(v—go) = gj|vu|2 —gjvuva—gjvuws%gﬂvur —Cg—gjvuvgo

Then we have:

1dr i _opss 2
S lPlv-el e elvall <
<Clv—gl +&[VuVp+[(pp-Vii - pit -V o—§(0,i +i - Vit) - po,p) (v-p) = (28)

=Clv-g¢| +1,+1,
Firstly, we deal with I, = ]VuVg.
I, = &[VuV =& [(0,4,0,0, +0,u,0,0, +0,1,0,0, + 0,1,0,,) (29)

From Lemma 1, we see:

efoudp|< %"61% |* +Csac (30)

gJ‘ 0,u,0,¢, < %"61142”2 +Ceao 31)
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gjazuzaz% < %"azuz ||2 +Ceao (32)

For the term 8[82u182g01, observe that w = 0,u,— Ou,. Thus, for some S € (a, 1/4) and
M > 0, we use the bound:

w(x,,x,,t) 2 —£+ w(x,, x,,0),(x;,x,) € Iy =R-(0,5),t €[0,T] (33)
£
where

. M
w(x,,x,,t) =mm{w(xl,x2,t)+—,0} <0
£

Then we can decompose:
gj@u@gp = —5.[ w&zgo—g_[ wé’z(p+g_‘-61u262qo =J,+J,+J,
Iy ry

By the construction of corrector, p,we have the explicit formula:
1 —X,laoc ’
00 =—Ul(x.1)e % —qoU(x,,ty'(x,) (34)

for all (x;, x;) € Q and ¢ € [0, T]. Using the no-back-flow condition U > 0 and the bound
eq. (30), for r € [1, »], we have:

g —X: o
J]:——J'wU(x],t)e 2l +ga0'_"Uz//’S
ao v

S£ _[ U(xl,t)e—xz/a0'+£ I (—WUe”‘z/“")+gao"[ wlUy' <
ao—xz<ﬁ aax2<ﬂ x<p (35)

< ~plac C(S' " (V B 1)0!0' —rpl(r-lac e 2
<CM(-e )+E"W||L'(rﬂ) ——1-e ) +C8a0'||Vu||+Cg(ao.) <

7

< %"Vu"2 +CM +Ce(ac)™"

17V"L’(rl,)

For J,:

J,=-¢ J WU(LC_XZ/OM —ao-y/’(xz)J <
g aoc
laoc (36)

e’

@

<C |Vu|| + gaO'"Vu" < i||nau||2 +£e'zﬂ/“‘r +Ce(ao)’
12 aoc

Lastly, using the Yang’s inequality and Lemma 1, one has:
Jy < %”w"2 +Cs(ao) (37)
Combining egs. (29), (30)-(32), and egs. (35)-(37), we have:
£ 2 Uil ~ Ce Lepian
gIVquo < E"VL[" +CM +Ce(ac)™ ||W"Lf(r,,> t——e Xhlee 4 Ceao (38)
Next, we deal with /; in eq. (28). By the properties in Lemma 1, we have:
[(pp- Vit —g(8 i +u-Vit) - po,p)v—-p) < C|v—g| +C|g| +Ca’ +Cac (39)
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For the term fpﬁ - Vo(v — @), we see that:
_ 1_ _ _
[ pit -V o(v—p) = —ngu Vo[ + [ pit -V pu—1)
Leppeg o — (= o
< [lel’ diviom) - [T ©p: Vi(p-)] “0)
<Cao - Iﬁ@ o :[Vpu+ pVu—-V(pu)]
< Caa—jpﬁ@)(p:Vu < Caa—jpﬁ-qu
Using the basic energy inequality, we can arrive:
] < o] < € (41)
Hence, combination of this inequality and eq. (40) implies:
j PtV (v - @) < Cac (42)
Then it follows from eqs. (39)-(42) that:
LClv-g| +C|4| +Ca® +Cac (43)
Now from egs. (28), (38), and (43), we see that:
Y=g <Clv-ff +Clgf +Ca* +Cac+
dt
Ce (44)
+CM +Cs(ao)™"” ﬁ/”L,(/_ ) +——e " 4 Ceao
) aoc
At last, from eq. (14),, we can rewrite it:
6+(v—0)Vp+u-Vég+¢-Vp=0 (45)
Then, computing [(45) - ¢, we have:
1d
S Wl = Clef +Iv-ol + Cao (46)
therefore by eqgs. (44) and (46), we obtain that:
d
E(”¢||2 + ||v - go"z ) < C("v — (p”2 + ||¢||2 ) +Ca’ +Cac+CM +
Ce (47)
+Ce(ac)™" w"mr/,) +£e’zcﬂ“m +Csac
Choose a=¢, y € (0, 1):
&o 1
= —1 _—
F=3c n(Maj (48)
Then from eq. (47), we have:
d
L ool )< c(lv—af +o )+ Ve + oM (49)
where N(¢) — 0 as ¢ — 0. By the Gronwall inequality, we get:
[+ M <0l + o=l el < CN (oo +CTe [N @7+ M (S)de (50)
0

This completes the proof.



Li, Y.-Z., et al.: On the Inviscid Limit of the Inhomogeneous Navier-Stokes ...
1062 THERMAL SCIENCE: Year 2025, Vol. 29, No. 2A, pp. 1055-1062

Conclusion

In this paper, the convergence in L* norm, uniformly in time of the inhomogeneous
Navier Stokes system and inhomogeneous Euler equations are discussed. More precisely, with
the assumption of the Oleynick conditions of no back-flow in the trace of the Euler flow, and of
a lower bound for the Navier-Stokes vorticity in a Kato-like boundary-layer, the inviscid limit
holds when the viscosity parameters go to zero and the rate of convergence is also given.
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Nomenclature
P, P — pressure, [Nm ] Greek symbols
u=(u; —up) — velocity, [ms™] I —boundary of Q, [m]
u = (u, — up) — velocity, [ms™] p,p — density, [kgm]
Q - domain, [m?]
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