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This study presents a numerical investigation on the mixed magneto-

hydrodynamic (MHD) convection of a hybrid Cu-Al2O3-water nanofluid 

within a driven-wall cubic cavity. An isothermal block at temperature Th is 

positioned on the left wall of the cavity, while the right wall is maintained at 

a temperature Tc (<Th). An inclined magnetic field is applied to the entire 

system. The finite volume method, combined with the SIMPLE algorithm for 

velocity-pressure coupling, was adopted to solve the governing equations. 

Parameters such as Reynolds number (Re) (50:200), Richardson number 

(Ri) (0.01:100), Hartmann number (Ha) (0:100), magnetic field tilt angle (γ) 

(0°:90°), and nanoparticle volume fraction (Φ) (0:0.06) were examined. 

Observations are illustrated through streamlines, isotherms, velocity 

profiles, and average Nusselt number. The results show that increasing the 

Reynolds number (Re), Richardson number (Ri) and nanoparticle volume 

fraction (Φ) improves heat transfer within the cavity. Conversely, an 

increase in the Hartmann number (Ha) has an unfavorable effect on heat 

transfer. 
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1. Introduction 

Mixed convection is a heat transfer process that combines the mechanisms of natural and forced 

convection. In this phenomenon, the movement of the fluid is influenced both by the difference in 

density, due to the temperature gradient, and by an external source such as a fan, pump or moving 

wall, which imposes a flow. Studies of mixed convection in cubic cavities, both experimentally and 

numerically, have attracted increasing attention in recent decades, stimulated by their vast areas of 

application. Cavities of this type are being introduced into satellite technology [1], optical design [2], 

electronic devices [3], transformer thermal management [4], nuclear reactors [5], combustion engines 

[6], liquid-based solar heating systems [7], heat exchangers [8], thermal processes in the food industry 

[9, 10], and melting and solidification processes [11], among many others. Benderradji et al. [12] 

carried out a numerical study of mixed convection heat exchange in a cubic cavity, They revealed a 

transition between a structure dominated by natural convection at low Reynolds number and a 

structure dominated by forced convection at high Reynolds number. Later, Eutamene et al. [13] 
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studied the heat transfer characteristics of transient laminar mixed convection in driven lid cavities and 

showed how the dominant convection regime affected heat transfer. Also, Cárdenas et al. [14] carried 

out an experimental study of heat transfer by mixed opposite convection in open cubic cavities and 

revealed the oscillatory behaviour of flow and temperature distribution as a function of channel 

orientation and buoyancy force. Abdelmassih et al. [15] investigated stable and unstable mixed 

convection in a cubic cavity and identified complex flow behaviours as a function of Reynolds and 

Richardson numbers. Ghachem et al. [16] analysed heat and mass transfer in a lid-driven cavity and 

explored the effect of the direction of lid motion on heat and mass transfer. 

The thermal conduction capacity of fluids is crucial in the fields of engineering, technology, and 

industry, where efficient heat transfer is essential for the proper functioning of equipment. Traditional 

fluids such as water, ethylene glycol, kerosene, and engine oils, despite their widespread use, offer 

limited thermal conductivity, thus limiting their ability to effectively dissipate heat from systems. In 

contrast, metallic materials, known for their excellent thermal conductivity, offer a promising solution 

to this limitation. The innovation is in dispersing metallic particles, oxides, and carbon with 

nanometric dimensions (1 to 100 nm) into traditional fluids, resulting in the creation of nanofluids 

[17]. These, due to their superior thermal conductivity, facilitate a more efficient heat transfer. The 

applications of nanofluids extend to various fields, such as heat exchangers [18], automotive industry 

[19], solar energy [20], and even medicine [21], thus benefiting from their improved performance. 

Karbasifar et al. [22] explored mixed convection in a lid-driven cavity containing a heated central 

elliptical cylinder, using a water-aluminium oxide (Al2O3) nanofluid. They found that increasing the 

Richardson number reduced the Nusselt number and the nanofluid velocity, while increasing the 

temperature difference enhanced the heat transfer and the Nusselt number. Meanwhile, Selimefendigil 

et al. [23] analysed mixed convection of nanofluids in a three-dimensional cavity with two rotating 

adiabatic circular cylinders. They found that the water-Cu nanofluid provided the highest heat transfer 

rate. Also, Al-Rashed et al. [24] performed three-dimensional numerical simulations on a cubic cavity 

using the finite volume method, focusing on the impact of the addition of nanoparticles on heat 

transfer and entropy generation. They found that the effect was limited for small hot blocks and low 

Richardson numbers. Later, Zhou et al. [25] studied the mixed convection heat transfer of the water-

Al2O3 nanofluid in an entrained double-lid cubic cavity using the lattice Boltzmann method. They 

observed that nanoparticle volume fractions, Reynolds number, and Richardson number had large 

effects on heat transfer. 

Mixed convection in the presence of magnetic fields has become a focal point of engineering 

challenges, especially in the field of cooling systems. At the same time, the number of studies into 

magnetohydrodynamic convection has grown steadily recently. For instance, Sheikholeslami et al. 

[26] presented the hydrothermal treatment of magnetohydrodynamic nanofluids in a cubic cavity 

heated from below. They observed that the application of a magnetic field caused a force opposite to 

the direction of flow, thus reducing convection currents. In addition, the Nusselt number increased 

with the Rayleigh number and the nanofluid volume fraction, but decreased with the Hartmann 

number. Also, Selimefendigil et al. [27] carried out a study of mixed convection in an entrained cavity 

filled with CuO-water nanofluids, under the influence of inclined magnetic fields. The results showed 

that the addition of nanoparticles increased local and mean heat transfer. Recently, Dey et al. [28] 

explored the effect of rotational magnetic fields on heat transfer in a square cavity using ferromagnetic 

and non-magnetic nanofluids. The experiment showed optimal heat transfer performance at a 
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nanoparticle concentration of 0.1% for both types of nanofluids, with superior performance of the 

ferromagnetic nanofluid in the absence of a rotating magnetic field. At the same time, Rehman et al. 

[29] carried out a numerical analysis on the magnetised ferric oxide nanofluid in a square cavity with a 

thread around a rotating heated cylinder. They showed that increasing the volume fraction of 

ferroparticles and their angular velocity improved the mean Nusselt number and decreased the viscous 

and thermal entropy. Gibanov et al. [30] focused on the mixed convection of Al2O3-water nanofluid 

suspension in a closed chamber with a movable top wall and a constant semicircular heat source, 

considering the impacts of thermal radiation and a uniform horizontal magnetic field. They revealed 

that efficient energy removal could be achieved under the influence of a magnetic field and the 

addition of nanoparticles. Shehata et al. [31] used computational analysis to examine the effects of 

introducing nanoparticles into a square cavity with a moving lid to enhance mixed hydro-magnetic 

convection. They found that increasing the percentage of solid volume enhanced heat transfer and that 

the magnetic field reduced the movement of heat and fluid. Further investigations were reported in 

references [32–39]. 

On the other hand, hybrid nanofluids, composed of two types of nano-additives or a stable 

mixture of composite nanoparticles in a base fluid, represent an evolution of classical nanofluids. They 

offer exceptional physicochemical properties, absent in individual nanoparticles, thanks to the 

synergistic effect between different particles. Hybrid nanofluids aim to improve thermal conductivity, 

stability, mechanical resistance, and heat transfer efficiency in various solar applications and other 

technical fields, thus marking their superiority and innovative nature. Sundar et al. [40] studied the 

flow of hybrid nanofluids in a tube with and without a magnetic field, using hybrid nanoparticles 

composed of CoFe2O4 and BaTiO3. They observed an increase in the Nusselt number of up to 22.19% 

with 1.0% vol. of nanofluid without a magnetic field, and an increase of up to 72.33% with a magnetic 

field of 4000 G. Acharya [41] explored the practical applications of cubic cavities and the effect of 

internal obstacles and thermal modes on heat transfer. The study focused on an Ag-MgO hybrid 

nanofluid magnetized in a cubic cavity with an internal cylinder and showed that the Rayleigh number 

increased energy transport, while the magnetic factor reduced it. 

Against this rich background, the present work aims to fill some existing gaps by investigating 

the mixed MHD convection of a Cu-Al2O3-water hybrid nanofluid within a cubic cavity with a 

movable top wall. A heating block of fixed temperature Th is placed in the middle of the left wall of 

the cavity. The study focuses on the influence of several key parameters, such as Reynolds number, 

Richardson number, Hartmann number, magnetic field tilt angle, and nanoparticle volume fraction on 

the thermal and dynamic patterns. Unlike previous studies, this work introduces the combined effects 

of hybrid nanofluids, a movable boundary, and an oblique magnetic field, offering new insights into 

optimizing heat transfer in complex geometries. 

2. Physical model and mathematical formulation 

Figure 1 illustrates the geometric configuration of the problem under study. A three-dimensional 

cubic cavity of dimension L. Except for the right wall, maintained at a fixed cold temperature Tc, all 

walls of this cavity are adiabatic. An isothermal block, heated to a temperature Th, is positioned in the 

middle of the left wall. The dimensions of this block are: h, e, and L, where h = e = 0.2×L. The 

cavity's top lid is moving at a constant speed U0, moving in the positive direction of the X-axis. The 

cavity is filled with a water-based (Pr = 6.82) hybrid nanofluid containing Al2O3 and Cu nanoparticles 
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(50% Al2O3, 50% Cu).  The assembly is exposed to a magnetic field inclined at an angle γ to the X 

axis. The Lorentz force  ⃗      ⃗⃗⃗⃗    ⃗⃗ arises when the conducting nanofluid interacts with an 

electromagnetic field. In this expression,  ⃗ indicates the electric current density obtained according to 

Ohm's law, where the contribution of Coulomb's force is considered negligible:  ⃗        ⃗⃗      ⃗⃗⃗⃗  

  ⃗⃗⃗⃗  . The term  ⃗⃗    ⃗⃗     ⃗     ⃗     ⃗⃗  represents the velocity vector, and  ⃗⃗ describes the electric 

field.  Furthermore, the influence of electric fields, whether imposed or induced, is assumed to be 

negligible. Thus, the components of the Lorentz force have been established in the x, y, and z axes as 

follows: 

         
                           

        
                           

         
                                                      

}  (1) 

Furthermore, the magnetic field induced by the movement of the electrically conductive hybrid 

nanofluid is considered negligible compared to the external magnetic field. Moreover, the Hall effect, 

viscous dissipation, velocity slip and radiation are also considered negligible. The base fluid and the 

small immersed particles are assumed to be in thermal equilibrium. And the hybrid nanofluid is 

supposed to be incompressible and Newtonian, and in laminar flow. Except for the density in the 

buoyancy term, which varies according to the Boussinesq approximation [42], all thermophysical 

properties (at 300K) listed in Tab. 1, are considered constant. Thus, based on the above assumptions 

[24, 31, 41], the dimensionless forms of the continuity, momentum and energy equations are as 

follows: 
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Figure 1: Physical model and coordinate system. 
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To nondimensionalize the previous equations, the following similarity variables are integrated: 
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The nondimensional boundary conditions applied in this research are detailed as follows: 

- The right wall maintains:                  

(9) 

- The top wall maintains:                
  

  
    

- The heating block maintains:                    

- Other walls of the cavity 

maintain: 
            

  

  
    

 

Where, n represents the normal direction to wall. 

Table 2 presents the thermophysical characteristics of hybrid nanofluid. 

Table 1: Thermophysical properties of nanoadditives and the base liquid [30, 43]. 

Thermophysical properties Water Cu Al2O3 

Cp (J kg
-1

 K
-1

) 4179 385 765 

ρ (kg m
-3

) 997.1 8933 3970 

k (W m
-1

K
-1

) 0.613 401 40 

β (K
−1

) 2.761×10
-4

 1.67×10
-5

 8.46×10
-6

 

α (m
2
 s

-1
) 1.47×10

-7
 - - 

σ(S m
-1

) 5×10
-6

 5.96×10
3
 10

-10
 

The calculation of the average Nusselt number on the block walls is based on the following 

relation: 
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Table 2: Thermophysical correlations of usual hybrid nanofluid. 

Properties Hybrid nanofluid (Cu-Al2O3-water) 

Density                        

Heat capacity               (   ) 
                      

Viscosity [44]     
  

         
  

Thermal conductivity [45]    

  
 

(               )    (              )

(               )   (              )
   

Thermal expansion coefficient                                    
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Electrical conductivity                        

3. Numerical method and validation 

3.1. Numerical procedure 

The code for solving the governing equations presented in the previous section is written in 

FORTRAN language. The governing equations are discretized by the finite volume method using the 

power law scheme. Then, the fully discretized equations are solved iteratively using a line-by-line Tri-

Diagonal Matrix Algorithm procedure, TDMA [46]. The iterative process takes into account the 

pressure correction by implementing the SIMPLE algorithm [47], and reaches convergence when the 

variation of the dependent variables (U, V, W, P or θ) will be less than 10
-6

. In order to stop the 

iterative process at convergence, a test is established at each step according to the following criterion: 

∑
|      

          
 |

|      
 |

              
              

Where   is one of the field variables (U, V, W, T, P) and i, j and k are the grid positions. n is the 

number of time steps. 

3.2. Code validation and mesh study 

A dimensional analysis of the mesh was conducted using grid sizes of 41
3
, 51

3
, 61

3
, 71

3
, and 81

3
. 

The parameters defined for this study include Re = 200, Ri = 0.01, Ha = 25, γ = 30°, and Φ1 = Φ2 = 

0.02. Following a mesh sensitivity test, a negligible difference was observed between the 61
3
, 71

3
 and 

81
3
 grids, (Tab. 3). So, during the simulations, a uniform spatial mesh in all directions of size 61

3
 is 

adopted. 

Table 3: Grid sensitivity test on Nuavg. 

Mesh size 41×41×41 51×51×51 61×61×61 71×71×71 81×81×81 

Nuavg 4.208 4.233 4.247 4.258 4.267 

Dev(%) -- 0.59 0.33 0.25 0.21 

To verify the calculation code, the results obtained are compared with those already available in the 

literature. Firstly, the results are compared with the work of Iwatsu et al. [48], which is based on a 

finite volume scheme for three-dimensional driven cavity flows, with an imposed vertical temperature 

gradient. The results of these comparisons are presented in Tab. 4, for the calculations of the average 

Nusselt number. Following the analysis, it is found that our results significantly agree with those of 

[48]. The second validation was performed by comparing our results with those of Bouchta et al.[43], 

Who numerically studied free MHD convection in a differentially heated cubic cavity filled with a Cu-

water nanofluid with Pr = 6.2. Fig. 2 shows a good agreement between our average Nusselt number 

results and those obtained by Bouchta et al.[43]. 
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Table 4: Nusselt Number Comparison: Ours Against [48]. 

 
Ri=0.001 Ri=1 Ri=10 

Present [48] Diff. Present [48] Diff. Present [48] Diff. 

Re=100 1.83 1.82 0.54% 1.35 1.33 1.5% 1.09 1.08 0.92% 

Re=400 3.89 3.99 2.5% 1.48 1.50 1.33% 1.14 1.17 2.56% 

Re=1000 6.94 7.03 1.28% 1.76 1.80 2.22% 1.29 1.37 5.83% 

 

 

 

 

 

 

Figure 2: Comparison of the Nusselt number between the present and numerical results by 

Bouchta et al.[43], for Φ =5%. 

4. Results and discussion 

This segment presents numerical results from modelling the mixed convection of a Cu-Al2O3-water 

hybrid nanofluid within a three-dimensional cubic cavity with a moving wall. Various control 

parameters such as Ri, Re, Ha, γ and Φ are anticipated to demonstrate variations in the so-called 

isotherms, dynamic field, as well as heat transfer results. A thorough analysis is conducted to assess 

how different parameters affect the flow transition. The default parametric range is set to Re=100, 

Ri=1, Ha=25, Φs=0.04 and γ=30°. 

4.1. Effect of Reynolds and Richardson numbers 

The control parameters include the Richardson number (Ri = Gr/Re2
) and Reynolds number (Re) 

(Re=50, 100, 150 and 200). The results are presented in the form of streamlines and isotherms, 

covering three distinct regimes: the predominance of forced convection (Ri = 0.01), mixed convection 

(Ri = 1.0) and the predominance of natural convection (Ri = 10 and Ri = 100). 

Figure 3 shows the variations in streamlines for different combinations of Reynolds and 

Richardson numbers. Initially at Ri=0.01, and for different values of Re, vortices form in a clockwise 

direction in the upper part of the cavity, mainly under the influence of the velocity of the upper lid, as 

shown in Fig. 3. However, for Re=50 and Re=100, the velocity of the nanofluid under the heat source 

(the lower part of the cavity) remains limited, and the influence of the lid on the nanofluid is confined 

to the upper half of the enclosure. As Re increases from 50 to 200, the size of the vortices increases 

and their center moves to the upper right-hand part of the cavity. The temperature curves, presented in 

Fig. 4, show that the isotherms in the lower half of the enclosure align parallel to the vertical walls at 

Re=50, indicating a predominance of thermal conduction. Despite the increase in Re from 50 to 200, 

the distance between isotherms remains large near the heating block, suggesting a relatively low heat 

transfer coefficient. 
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For the mixed convection regime with Ri = 1, the main vortex will occupy most of the cavity for all 

Re values. In addition, the movement of the upper wall begins to influence the entire nanofluid inside 

the cavity as Re gradually increases from 50 to 200. Furthermore, the isotherms, especially near the 

block, become closer together, indicating an improvement in heat exchange between the nanofluid and 

the block walls. Above Re=100, the isotherms become more inclined and almost horizontal, indicating 

that convection prevails throughout the cavity. 

For Ri=10, where natural convection predominates, the center of the convective cell will be located 

near the driven top wall. This center shifts to the right with increasing Re. At Ri=100 and for Re=50, 

the patterns of the streamlines reveal an intense convective cell occupying the entirety of the cavity, 

rotating clockwise with its center located in the upper left corner (between the block and the moving 

wall), suggesting a predominance of intense natural convection. As the Reynolds number increases, 

the effect of the wall gradually takes control in the upper part of the enclosure, manifested by the 

movement of the convective cell's center to the right. On the other hand, by gradually changing the 

Reynolds number from 50 to 200 for Ri=10, the isotherms converge around the heating block. 

However, they align parallel to the horizontal walls in the rest of the cavity. Also, for Ri=100, a 

vertical stratification of the isotherms manifests throughout the cavity, with a notable concentration 

around the block walls, thus demonstrating a high rate of heat transfer. This general pattern of the 

isotherms is explained by the influence of buoyancy forces; the rising hot fluid is driven to the right by 

the moving top wall, while the cold fluid moves to the left after descending. The temperature along the 

region of the cold fluid increases again due to the heat source, thus causing the fluid to rise and the 

flow pattern to repeat. 

Figure 5 shows the velocity profiles along the horizontal X direction at Y=Z=0.5 for various 

Richardson numbers (Ri). These profiles show an increase in velocity magnitude with increasing 

Richardson number for all values of Re. Moreover, the magnitude of the velocity is significantly 

higher for Ri=100 compared to the cases of Ri=0.01 and Ri=1, while the velocity exhibits a moderate 

magnitude for Ri=10. Furthermore, for a fixed value of Ri, the increase in Re leads to a slight increase 

in velocity at the minimum and maximum points, observed as a result of the clockwise flows. It is 

clear that natural convection favors the movement of the nanofluid throughout the enclosure more 

intensely than forced convection induced by the movement of the upper wall. 

The effects of the Richardson number (Ri) and the Reynolds number (Re) on the average Nusselt 

number are presented in Fig. 6. Generally, at a given value of Reynolds (Re), the average Nusselt 

number increases with the elevation of the Richardson number. Moreover, irrespective of the Ri value, 

the increase in Re leads to a rise in the average Nusselt number. This increase reaches 97% when Re 

goes from 50 to 200, for a Ri=100. The main characteristics of the flow and temperature in the cavity, 

for Ri values of 0.01, 1, 10, or 100 and Re values of 50, 100, 150, or 200, are compared to Fig. 3 and 

Fig. 4 in order to explain the reason for the increase in heat transfer. A clockwise rotating vortex 

occupies the upper part of the cavity, limiting the convective heat exchange on the top wall and a 

portion of the block's right wall. In contrast, the movement of the nanofluid in the lower part of the 

cavity remains very limited, especially for low values of Re, with isotherms becoming more parallel to 

the vertical walls, indicating a quasi-conduction regime. This highlights the decrease in average heat 

transfer for low values of Ri (Ri=0.01 and Ri=1). As natural convection takes precedence (Ri=10 and 

Ri=100), the vortex begins to expand to occupy the entirety of the cavity. Thus, the movement of the 
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flow increases, especially for higher values of Re, promoting convection as the dominant mechanism 

of heat transfer, as demonstrated in Fig. 6. 

 Ri=0.01 Ri=1 Ri=10 Ri=100 

Re=50 

    

Re=100 

    

Re=150 

    

Re=200 

    

Figure 3: Streamlines at Z=0.5 for different values of Ri and Re. 
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 Ri=0.01 Ri=1 Ri=10 Ri=100 

Re=50 

    

Re=100 

    

Re=150 

    

Re=200 

    

Figure 4: Isothermal lines at Z=0.5 for different values of Ri and Re. 

 

 

 

 

 

 

 

 Figure 5: Vertical velocity profiles at Y = Z = 0.5 as a function of Ri for various Re values: (a) 

Re=50, (b) Re=100, (c) Re=150, (d) Re=200 
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Figure 6: Variation of the Average Nusselt number as a function of Re and Ri. 

4.2. Effect of the Hartmann number and the angle γ of magnetic field inclination 

Figures 7 and 8 show the streamlines and isotherms for Ri = 1, Re = 100, and various values of Ha 

and γ. Across all γ values, the streamlines reveal that as the Hartmann number (Ha) increases, the 

damping effect of the magnetic field intensifies, reducing flow velocities and altering the dynamic 

structure within the cavity. Moreover, for a horizontally aligned magnetic field, the main convective 

cell divides into two vortices as Ha increases, indicating a decrease in the effect of convection with the 

strengthening of the magnetic field. Similarly, the isotherms reveal a quasi-conductive zone, indicating 

heat transfer primarily by conduction, except near the top cover where the effect of shear force alters 

this pattern. At γ = 30°, the inclination of the magnetic field begins to disrupt the flow symmetry. At 

Ha = 25, the streamlines are distorted, indicating a change in the flow dynamics due to the magnetic 

field component acting in a new direction. The isotherms show a relatively homogeneous temperature 

distribution. At Ha = 50, the oriented magnetic field allows the fluid to flow in oblique directions, 

while at Ha = 100, the fluid exhibits behavior similar to the case of γ = 0.  

As the angle of inclination of the magnetic field increases up to 60°, the streamlines are clearly 

inclined, reflecting a significant change in flow compared to the previous inclination. What's more, the 

main vortex remains unicellular even at Ha=100, with a 75% decrease in the ψmax value compared with 

that observed in the case where Ha = 25. Although the isotherms show a slight change in temperature 

gradient at the top of the right cavity wall, this temperature gradient decreases with increasing Ha to 

50, and the isotherms demonstrate thermal stratification tilted towards the left wall at Ha = 100. A 

vertical magnetic field (γ = 90°) maximizes the suppressive effect on forced convection in the 

horizontal direction. This is generally due to the magnetic braking force, potentially enhancing vertical 

fluid stratification and promoting convection along the cavity sidewalls, while the isotherm lines show 

almost the same patterns as for γ = 60°. 

Figure 9 shows the effect of magnetic field tilt angles on the average Nusselt number for different 

values of Ha. For all values of γ, increasing the magnetic field strength will reduce the heat transfer 

rate. However, as is evident, increasing the angle of magnetic inclination leads to an increase in the 

rate of heat transfer, irrespective of the values of Ha. This increase in rate is particularly noticeable 

when γ varies from 0° to 60°. On the other hand, from 60° to 90°, the change observed in the average 

Nusselt number is relatively minor. In order to explain this behaviour, Fig. 10 highlights the velocity 

profiles V as a function of X for various values of Ha and γ. This figure reveals that increasing the 

angle γ from 0° to 90° generates an increase in the amplitude of the fluid velocity for all values of the 

Hartmann number. At the same time, increasing the Hartmann number from 25 to 100 causes a 
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significant reduction in the amplitude of the velocity, so that at γ=90°, the rate of this reduction 

reaches 55% for Ha=100 compared with Ha=25. On the other hand, it is clear that the horizontal 

magnetic field significantly opposes fluid displacement due to the vertical component of the Lorentz 

force acting in the opposite direction to the Y axis. This opposition to the buoyancy force restricts the 

movement of the fluid in this direction, resulting in a reduction in the rate of heat transfer. This 

resistance is also reflected in the conduction pattern illustrated by the isothermal lines (Fig. 8), 

especially for high values of the Hartmann number. Conversely, the vertical magnetic field slows the 

movement of the fluid in the direction of the X axis, opposing the effect of the movable cover. This 

opposition attenuates the role of forced convection, leaving free convection to become the fluid's main 

driving force. This transition to free convection demonstrates increased heat transfer efficiency, 

explaining the remarkable increase in the average Nusselt number. In addition, the inclined magnetic 

field attenuates the influence of both buoyancy and shear forces on fluid displacement, albeit to a 

lesser extent than in previous cases. 

 Ha=25 Ha=50 Ha=100 

γ = 0° 

   

γ = 30° 

   

γ = 60° 

   

γ = 90° 

   

Figure 7: Streamlines at Z=0.5 for different values of Ha and γ. 
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 Ha=25 Ha=50 Ha=100 

γ = 0° 

   

γ = 30° 

   

γ = 60° 

   

γ = 90° 

   

Figure 8: Isothermal lines at Z=0.5 for different values of Ha and γ. 

 

 

 

 

 

Figure 9: Variation of the Average Nusselt number as a function of γ and Ha. 
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Figure 10: Vertical velocity profiles at Y = Z = 0.5 as a function of γ for various Ha values: (a) 

Ha=25, (b) Ha=50, (c) Ha=100. 

4.3. Effect of nanoparticle concentrations 

Figure 11 illustrates the evolution of the average Nusselt number with the increase in the 

volume fraction of nanoparticles in various nanofluids (Al2O3-water, Cu-water, and Al2O3-Cu-water) 

for Richardson numbers (Ri) ranging from 0.01 to 100. A systematic increase in the average Nusselt 

number is observed as the concentration of nanoparticles intensifies, a trend consistent across all Ri 

values. At Ri = 0.01 and Φs =0.06, the Cu-water nanofluid exhibits a 0.91% higher Nusselt number 

compared to the Al2O3-water nanofluid and a 0.43% higher Nusselt number compared to the Al2O3-

Cu-water nanofluid. Similarly, at Ri = 1, the Cu-water Nusselt number surpasses that of Al2O3-water 

by 1.29% and Al2O3-Cu-water by 0.78%. This trend becomes even more pronounced at Ri = 10, where 

the Cu-water Nusselt number exceeds that of Al2O3-water by 1.56% and Al2O3-Cu-water by 0.92%, 

highlighting the significant impact of Cu on enhancing heat transfer compared to Al2O3 under these 

specific conditions, due to its better thermal conductivity. This trend remains significant at Ri=100 as 

long as Φs<0.04. Conversely, the performance of the Cu-Al2O3-water hybrid nanofluid becomes 

superior to that of the other nanofluids when Φs exceeds 0.04. 
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Figure 11: Variation of the Average Nusselt Number as a Function of Φs for Different Types of 

Nanofluid. (a) Ri=0.01; (b) Ri=1; (c) Ri=10; (d) Ri=100. 

5. Conclusion 

This research numerically investigates the mixed MHD convection of a Cu-Al2O3-water hybrid 

nanofluid within a cubic cavity with a moving top wall. All cavity walls are adiabatic except for the 

right wall, which is maintained at a cold temperature, Tc. An isothermal heating block, defined by its 

dimensions e, h, and L, is positioned in the middle of the left wall. The finite volume method is 

employed to solve the principal dimensionless equations. The study details how variables such as Re, 

Ri, Ha, γ, Φs, and the nanoparticle composition affect the hydrothermal behavior of the fluid and the 

heat transfer process within the cavity. Major conclusions drawn from the numerical analysis are 

summarized as follows: 

 Increasing the Reynolds (Re) and Richardson (Ri) numbers enhances the heat transfer rate 

within the cavity; the regime dominated by natural convection promotes fluid circulation 

throughout the cavity. Furthermore, an increase in Re from 50 to 200 results in a 97% rise in 

the average Nusselt number (Nuavg) for a Richardson number set at 100. 

 An increase in the Hartmann number (Ha) from 25 to 100 leads to a slowdown in fluid 

movement within the cavity, and subsequently, a reduction in the heat transfer rate.  

 For various Hartmann numbers (Ha), the gradual transition from a horizontal magnetic field to 

a vertical magnetic field results in a continuous increase in the average Nusselt number (Nuavg). 

 The average Nusselt number increases linearly with Φs for different types of nanofluid used, 

due to the enhancement of the fluid's thermal conductivity by adding nano-additives. 

Moreover, the Cu-water nanofluid shows the best thermal performance in various convection 

regimes, except in the case where Ri=100 and Φs>0.04, where the hybrid Cu-Al2O3-water 

nanofluid turns out to be the most efficient. This illustrates the advantage of using this hybrid 

nanofluid in similar situations. 
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Future research will focus on evaluating different types of nanoparticles to optimize heat 

transfer, adjusting the geometric parameters of the heat source, and analyzing the effect of a 

sinusoidal magnetic field on fluid behavior. 

Nomenclature 

B0 Magnetic field strength, [T] T Dimensional temperature, [K] 

Cp Specific heat, [JKg
-1

K
-1

]  u, v, w   
Dimensional velocity components, [ms

-

1
] 

e Thickness of the heating block, [m] 
U, V, 

W 
Dimensionless velocity components, [-] 

g Gravitational acceleration, [ms
-2

] x, y, z    Dimensional coordinates, [m] 

h Width of the heating block, [m] X, Y, Z Dimensionless coordinates, [-] 

Ha Hartmann number, [-] Greek letters 

k Thermal conductivity, [Wm
-1

K
-1

] α Thermal diffusivity, [m
2
s

-1
]

 
 

L Width of the enclosure, [m] ꞵ Coefficient of thermal expansion, [K
-1

] 

Nu Nusselt number, [-] γ magnetic field inclination [degrees] 

Pr Prandtl number, [-] μ Dynamic viscosity, [Pas] 

P Pressure, [Pa] ν Kinematic viscosity, [m
2
s

-1
] 

Re Reynolds number, [-] Φ1 Cu volume fraction, [-] 

Ri Richardson number, [-] Φ2 Al2O3 volume fraction, [-] 

Φs Solid volume fraction (Φs= Φ1+ Φ2) f Base fluid 

ρ Density, [Kgm
-3

] nf Nanofluid  

σ Electrical conductivity, [Ω
-1

m
-1

] s Solid 

θ Dimensionless temperature, [-] Cu particle 1 

Subscripts Al2O3 particle 2 

avg Average   

c         Cold   

h Hot   
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