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This study investigates the quantum features of entanglement in N-level atomic
systems subjected to varying Stark effect (SE) and intrinsic decoherence (ID) pa-
rameters. The quantum entanglement (QE) diminishes with increasing SE param-
eter, while the Quantum Fisher information (QF1) exhibits complex dynamics with
no consistent trend across N-levels. Notably, distinct phase factor values influence
the QFI differently, with certain phase factors yielding higher QFI values. The
ID proves influential, causing a decline in both QFI and von Neumann entropy
(VNE) magnitudes. The QF]I experiences oscillations, dampening with heightened
decoherence, and decays more rapidly than VNE. Additionally, the VNE displays
differential behaviors among N-level systems, with the 3-level system maintaining
a sustained steady-state compared to the 4- and 5-level systems. The QFI and VNE
exhibit periodic behavior across a range of Stark parameter values and phase
factors. These findings contribute to a nuanced understanding of entanglement
dynamics in multi-level atomic systems under various influencing factors.
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Introduction

The QE, a sort of non-local correlation, is taken as fundamental in quantum theory
[1, 2]. Recent years have seen several new developments in QE [3-5] which have made it a
strong tool central to many quantum developments such as quantum thermodynamics [6, 7]
and physics of solid states [8-12]. As a result, there has been a great deal of interest in further
research into how QE is portrayed and evaluated [13]. Examined were notable bodily events
such as QE’s unplanned birth and QE’s abrupt death [14, 15]. Consequently, during dynamics,
the decoherence effect limits the way quantum information is managed and transferred. In that
case, it is crucial to have conversations on dynamical decay, research, and defense of QE sta-
bilization.

The concept of QFI has lately been crucial to theory of parameter measurement by
specifying the limits of precision in quantum estimations [16]. Clock synchronisation and quan-
tum frequency standards are two significant applications of it in quantum technology [17, 18],
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as well as the acceleration of gravity [19]. The QFI effectively characterizest he capacity of a
parameter encoded in a quantum state to be statistically distinguished using the Cramer-Rao in-
equality to establish the parameter estimate precision. The statistically significant measurement
stored in a quantum condition is effectively characterized by the Cramer-Rao inequality, which
the QFI use to establish the parameter estimate precision [20-22], it shows an upper bound for
which measurements may distinguish between quantum states and provides a particular bound
for identifying members of the probability distribution family. It is necessary to examine the
link among the concept of QFI and other significant occurrences like squeezing and QE. It was
demonstrated that in this instance, the QFI can be utilised to understand the multi-partite states’
QE [23, 24]. It was also demonstrated that the spin-squeezing phenomenon is not as strong as
the QE requirement provided by the QFI. The QFI is taken into consideration in the context
of finite systems to estimate the noise parameter of amplitude-damping with respect to open
systems and non-unitary evolutions [25, 26] as well as depolarizing channels [27]. When there
is a bosonic channel, the determination of the loss parameter can be enhanced by employing
Gaussian squeezed probes [28]. Phase transitions have recently been explained by scientists
using the parameter estimation issue of quantum systems [29, 30].

In atomic physics, a phenomena known as the SE is the division and shift of a spectral
line into many parts when there is an electric field present. The degree of splitting is known as
the SE [31]. It is similar to the Zeeman phenomenon, which occurs when there is a magnetic
field and a spectral line break into several components. Its influence on certain phenomena in
different quantum systems has been studied. Its influence on certain phenomena in different
quantum systems has been studied. The interaction between a coherent field and an analysis of a
two-level atom is done [32], where the influence on Wehrl entropy and field purity of the Kerr-
like medium and SE parameter is investigated. The impact of SE on the radiation field coupling
between two two-level atoms is addressed. [33]. How QFI works and QE are studied for three
and four-level atomic systems collaborating with a coherent field and affected by the KLM and
SE [34]. Furthermore, the QE of two three-level atomic systems under the influence of the KLM
and the SE has been investigated [35]. The QE dynamics of an N-level atomic system coupling
with a coherent field have been examined with both a KLM and SE present [36].

The Hamiltonian undergoes random and unknowable pertubations, which cause deco-
herence. If it is impossible to follow these pertubations precisely, experiments must average over
them. The density operator’s off-diagonal components’ decay in the same basis causes the atom
to effectively undergo irreversible evolution and suppress coherent quantum characteristics. In
addition the off-diagonal matrix element’s decay, the conjugate variables also get noise. Non-ethe-
less, the topic of decoherence in quantum mechanics has drawn increased attention because of its
possible uses in quantum computing and quantum measurement methods. In particular, Milburn
[37] offered an accessible framework of ID, based on the assumption that the framework evolves
stochastically in a succession of identical unitary conversions across sufficiently small-time steps,
instead of continuously under unitary development. This model offers a basic modification of tra-
ditional quantum mechanics in which the quantum coherence naturally disappears as the quantum
system gets larger. Milburn [37] considered only the natural evolution of elementary quantum
systems. In this approach, quantum coherence occurs naturally disrupted as the quantum system
progresses, providing a straightforward modification of standard quantum mechanics. Milburn
[37] only took into account the simple quantum system’s free development. Studies have been
done on the ID in the JCM with a single quantized field mode.

A quantum system experiences decoherence when connected to its surroundings,
which specifically happens in an open quantum system and results in the loss of its distinctive
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quantum property. Information is lost due to the decrease of coherence, which is primarily
characterized by the Lindblad master formula within a dynamic quantum system [37-39]. When
interacting with the environment, information is permanently lost, and system characteristics
are combined with those of the macroscopic scale. Without an external reservoir, Milburn sug-
gested another straightforward method for researching this decaying dynamic process [40]. The
ID systems and diminishing quantum correlations in physically significant systems have been
the subject of extensive investigation in recent years. The JCM with Heisenberg exchange cou-
pling demonstrated QE degradation beneath the influence of ID [41-44].

The present work aims at determining the QE dynamics of the N-level atomic system
with moving atom under the effect of ID and SE. We examine the effects of the ID and the SE
on the atomic systems dynamics of QFI and VNE that are moving at three, four, and five levels.
It is evident that the ID and the SE predominate during the quantum system’s temporal growth.
When ID is present, the SE significantly affects QFI dynamics. Furthermore, the SE affects
the VNE more strongly when the ID is present but there is no motion of atom. In the end, it is
discovered that the N-level atomic system is extremely susceptible to these external influences.

Hamiltonian model

We study the scenario of the moving atoms at levels two, three, four, and five when ID
is present and penetrate the cavity while it’s the superposition condition bound by the SE. In the
presence of the SE with ID, we study the cascade configuration of atom with two, three, four,
and five levels in motion. Assuming the RWA, the system Hr, can be expressed [45]:

Hp = Hyompieia +Hy (D

where Hm(,m fiela 1 the atom which is not interacting and field Hamiltonian and HI, the coupling
portion. Our writing for Hamm field W111 be:

atom field — Za)]G] J +Va a (2)

where j" is thelevel’s represents population operators. For the non-resonant scenario, the H, can
be found [45]:

. R i t
H, :ZQ(t){ae ingt 5,541 +(ae ’Astas,m) } 3)

It depicts the two-level atom when N= 1, and the three-, four-, and five-level atoms when
N=2,3,and 4.
When it comes to SE, the H, is provided:

1:11 = ZQ(I)[&eMS[ As,s+1 + (&eiiAStoﬁ-s,erl) :|+ ﬂ AT 1 (4)
s=1

The Stark shift parameter is denoted by y. The term of atomic mobility is incorporated
into the final, which is the DM obtained by the use of eq. (4). The basic system Hamiltonian
models the mobility of atoms through the parameter (7). Non-etheless, the time evolution
unitry operator directs the dynamics of the entire atom field interacting system to determine the
system’s time-dependent density matrix for the investigation of information quantifiers such as
QFI. The parameter for detuning is defined:

As =Vv- (a) wv+l) (5)
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The Q(¢) describes the moving atom in eq. (4), where atom and field are coupled
through constant g [46] and along the z-axis, the atom is travelling:

Q(t):gsin(pqzwj,p;to (6)

Q(r)=g, p=0 (7
where L is the cavity length along the z-direction, half of the mode’s wavelengths in the cavity

are represented by the symbol p, and v — the atomic motion velocity. Using v = gL/n as the
velocity of an atom:

Q (t) = J-Q(r)dr :l(l—@j for p#0
p

=gt for p=0

(8)

The system’s ideal input condition is provided:
1
|‘1’(0)>Opt =$(|O> +|1>)®|a> 9)

where the ground and excited states of an atom are represented by the symbols |1) and |0), and
the coherent input state « is provided:

i o
)= ) (10)

We examine a phase gate consisting of just one atom that presents the phase change:

Uy =[1)(1]+<” o) {9 (1)
When the ideal input state is subjected to the phase gate operator, we obtain:
n 1 ]
Uy [#(0)), =|¥(0)) =f(‘l>+ ¢|0))®|a) (12)
w(o)}:L(‘l)ww"o))@ o) (13)
2
where the parameter for the phase shift is ¢. The state vector that varies with time is provided:

¥ (1)) =0 ()] ¥ (0) (14)

The time dependent DM is determined by applying the unity operator to the time

dependent state vector, which is obtained using eq. (15). The Hamiltonian’s eigenvalues and

eigenvectors yield the unitary matrix in eq. (15). The precise form utilised to determine the
unitary matrix is substituted for eq. (15). The DM expression:

N
A1) = 2% () (0] ()] ¥ () (¥, (1) (15)
Moreover, the DM is’ provided as [47] in terms of ID:

p(1)= Zexp(%t(Em ~E,) -i(E, —En)tjx<‘l’m 5 (0)|,,)

) (¥,

(16)
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where E,,, and ¥,,, are the eigenvalues and eigenvectors of H;, and y is the ID parameter.
The QFI expressed in terms of ¢ for a bipartite p,5 as [48, 49]:

Ior (1) =1(0.0) =Tt s (2:0) {22 (1)} (a7)
where the quantum score [50] SLD is represented by L(g, ¢), which may be found:
0 N 1
%:E[L(go,t)pw(go,t%rpw (go,t)L((p,t)} (18)
In a similar vein, the VNE is described:
Sy =-Tr(p, lnPA)z_Z”iln”i (19)

where the atomic DM p,= TrB(p;) eigenvalues are denoted by 7.
The ID parameter y has time-inverse dimensions, while p has length-dimensions.
The following part now presents the impact of various environmental elements, y, f,
@, and p, on the development of the QFI and VNE.

Discussions and numerical outcomes

We assume that the system interacts with the Coherent field and the decoherence ef-
fects of different strengths are also present. The system’s level is Stark shifted with strength S.
We solve the system dynamics numerically and have chosen a 0.1 time step size.

The VNE and QFI of N-level stationary Stark shifted atomic systems

Figures 1-3 show the dynamical behavior of the quantifiers for f = 0.3, 1, and 3, re-
spectively. The decoherence parameter value is fixed at y = 0.00001. For all the case of f, the
QFl is increased with NV for the phase factor ¢ = /4 as compared to ¢ = 0. Whereas the VNE is
not significantly changing with respect to this phase factor change.
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Figure 1. The QFI (a), (b) and VNE (c), (d) as a function of time, a = 6, = 0.3,
y=0.00001, ¢ = 0 (a), (c) and /4 (b), (d) p=0
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Figure 2. The QFI (a), (b) and VNE (c), (d) as a function of time, a =6, =1,
y=10.00001, ¢ = 0 (a), (c) and w/4 (b), (d) p=0
1 1
= 3evel
QFI — 4level QFI
5-level
05
0
@ © 100 ¢ 20 ) O 100 ¢ 200
15 15
VNE VNE
1 1F
05 1 05
0% 100 200 % 100 200
(© t (d t

Figure 3. The QFI (a), (b) and VNE (c), (d) as a function of time, a = 6, =3,
y=10.00001, ¢ = 0 (a), (c) and /4 (b), (d) p=0

For = 0.3, there is no specific trend of changing observed by N for the QFI for sepa-
rate cases of both ¢. The VNE magnitude for different N values and f = 0.3 shows that the VNE
dynamics of 5-level is greater than 3-level, and 4-level atomic system. Moreover, for this Case
3-level and 4-level systems have nearly equal value of the VNE. For =1 case, the QFI shows
no specific increasing or decreasing behavior for all N-levels. Additionally, for phase factor
@ = m/4, the N-level atomic systems have more QFI value as compared to ¢ = 0. The VNE
magnitude is decreased for both phase factor values as compared to = 0.3 case. Interestingly,
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the VNE dynamics value for 5-level system is less than the VNE dynamics value for 4-level
initially in time evolution. As time progresses, the VNE magnitude for 5-level increases. For
S =1, we observe no behavior change in the QFI and VNE dynamics for N-level system as
compared to f = 0.3. The case of f = 1 has more rapid oscillation of the dynamics as compared
to. For all values of Stark parameter, we observe that the QFI value decreases in the dynamics
for all N-level systems, whereas the magnitude of the VNE increases in the dynamics.

Figures 4-6 show the dynamical behavior of the QFI and VNE of the system at
intrinsic decoherence y = 0.0001 for = 0.3, 1, and 3, respectively. For = 0.3, the QFI mag-
nitude reduces as time progresses for all N-level systems for both values of ¢. For ¢ = /4, the
magnitude of QFI dynamics is greater than the QFI magnitude at ¢ = 0. On the other hand, for
the case of f = 0.3, the VNE value is increased and attains a steady-state value for all N-level
cases. Whereas, for the case of y = 0.00001, the VNE value in the dynamics does not get a
steady-state value in the given time scale. Additionally, the 5-level atomic system has more
VNE as compared to the 3- and 4-level atomic systems. For f =1 and ¢ = n/4 case, the QFI
shows increasing magnitude as levels increase. In the initial time evolution, the VNE dynamics
for 5-level atomic system has less magnitude as compared to 4- and 3-level systems, and as time
progress the VNE value improves and increases for 5-level system. For the case of = 3, the
magnitude of the QFI and VNE of all N-values except 5-level does not change significantly as
compared to the =1 case. For the 5-level atomic system, the dynamics of the QFI and VNE
exhibit the broadening of the line for f = 1 case. Comparing the results with y = 0.00001, we
have seen that the QFI magnitude is slightly decreased for both ¢ cases. The magnitude of the
VNE is also decreased as the intrinsic decoherence value is increased and the system dynamics
gets steady-state value for N-level systems.

The effect of increasing intrinsic decoherence parameter in the presence of variable
Stark parameter strengths on N-level atomic systems has interesting results. We have seen that
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Figure 4. The QFI (a), (b) and VNE (c), (d) as a function of time, = 6, # = 0.3,
y=10.0001, ¢ = 0 (a), (c) and /4 (b), (d) p=0
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Figure 5. The QFI (a), (b) and VNE (c), (d) as a function of time, 2 =6, f =1,
7=10.0001, ¢ =0 (a), (c) and 7/4 (b), (d) p=10
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Figure 6. The QFI (a), (b) and VNE (c), (d) as a function of time, a = 6, =3,
y=0.0001, ¢ = 0 (a), (c) and n/4 (b), (d) p=0

both QFI and VNE magnitude decreases for both phase factors if y is increased. The QFI os-
cillations and amplitude for all N-level systems decay with the increase in y. The QFI dies out
more quickly with the increase in y as compared to the VNE. For the smaller value of y, the
VNE magnitude increases as time progresses. While for an increased value of y, the VNE shows
a decaying behavior in the dynamics. We have seen that the 3-level system exhibits a sustained
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steady-state value of VNE as compared to 4- and 5-level systems. The oscillatory behavior of
the VNE for all N-level systems damp out with the increase in y. The decay behavior of QFI by
the increase in y is observed for all § values.

The VNE and QFI of N-level moving Stark Shifted atomic systems

In this section we explore the dynamics of the N-level atomic system which is mov-
ing inside the cavity containing a coherent field. We consider the cases of increasing the
magnitude of intrinsic decoherence and Stark parameter and study the dynamics of QFI and
VNE of the system.

The dynamics of N-level moving atomic system in the presence of intrinsic deco-
herence strength y = 0.0001 for = 0.3, 1, and 3 is shown in figs. 7-9, respectively. For all the
values of 5, we observe the periodic behavior of the QFI and VNE for both phase factor of
initial state. For the case of = 0.3, the 3-level atomic system has more amplitude of periodic
oscillation as compared to the 4- and 5-level atomic systems.

This difference becomes more prominent for the case of ¢ = n/4. For 5-level atomic
system has negligible amplitude of oscillations as compared to the 3-level system. For the case
of #= 0.3, the VNE exhibit least oscillation amplitude of 5-level system for phase factor ¢ = 0.
On the other hand, for the case of ¢ = /4, the VNE has least magnitude of oscillation of 4-level
system. For f = 1 case, the QFI’s oscillation amplitude does not significantly change for all
N-level cases as compared to £ = 0.3. But this amplitude reduces for the case of ¢ = /4. For the
case of VNE, the 4- and 5-level atomic systems have nearly the same amplitude of oscillations.
While for the 3-level system, the oscillations amplitude is more as compared to the 4- and 5-lev-
el systems. For =1 and ¢ = 0 case, the 4- and 5-level system oscillations amplitude is more
suppressed as compared to = 0.3 and ¢ = 0. The QFI oscillation magnitude remains nearly
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Figure 7. The QFI (a), (b) VNE (¢), (d) as a function of time, a = 6, = 0.3,
y=0.00001, ¢ = 0 (a), (c) and /4 (b), (d) p=0
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Figure 8. The QFI (a), (b) and VNE (c), (d) as a function,
a=6,=1,y=10.00001, ¢ =0 (a), (c) and 7/4 (b), (d)p=0
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Figure 9. The QFI (a), (b) and VNE (c¢), (d) as a function of time,
a=6,=3,7y=0.0001,p=0(a) and /4 (b) p=0

same for f =1 and =3 for ¢ = 0. For ¢ =n/4 and S = 3, the 4-level system has more oscillation
strength. For f = 3, the VNE, oscillations are reduced for the 4- and 5-level systems for both ¢
cases, but reduction is more noticeable for the case of ¢ = 0.
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Conclusions

In summary, our investigation into the entanglement dynamics of N-level atomic
systems under the influence of Stark shift and intrinsic decoherence parameters has revealed
intriguing behaviors. The decrease in entanglement magnitude with increasing Stark shift pa-
rameter signifies the sensitivity of entanglement to external perturbations. The complex dy-
namics of QFI and VNE with varying N-levels, phase factors, and intrinsic decoherence values
highlight the intricate nature of quantum systems. The differential influence of phase factors
on QFI underscores the importance of initial conditions in shaping entanglement evolution.
Intrinsic decoherence emerges as a critical factor, causing both QFI and VNE magnitudes to
decline, with QFI exhibiting faster decay than VNE. The sustained steady-state of VNE in the
3-level system compared to higher-level systems indicates the impact of system dimensionality
on entanglement stability.

The observed periodic behavior of QFI and VNE across Stark parameter values and
phase factors adds another layer of complexity to the entanglement dynamics. Furthermore,
the eventual demise of both QFI and VNE for higher intrinsic decoherence values highlights
the fragility of entanglement in the face of environmental interactions. These findings contrib-
ute valuable insights into the intricate interplay of factors influencing entanglement in N-level
atomic systems, with implications for quantum information processing and quantum commu-
nication. Future research may delve into more intricate system-environment interactions and
explore potential applications of these findings in the development of robust quantum technol-
ogies.
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