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This paper explores the behaviour of the normalized emission spectrum within
the confines of the atom-photon-magnon regime at its dispersive limit, with
a focus on its dependency on various parameters and initial conditions. The
investigation reveals several significant findings. Firstly, regarding the mixing
angle and detuning, minimal variation in the spectrum is observed with small
detuning values, although the influence of the mixing angle becomes more pro-
nounced for the initial squeezed coherent and initial binomial states, particu-
larly notable in the case of the squeezed coherent state. Secondly, concerning
the initial state strength, an increase in strength results in a gradual decrease
in the spectrum across all states except the binomial state, which finally expe-
riences an increase. However, the squeezed coherent state displays a gradu-
al decay without reaching zero, whereas the thermal state decays completely.
Lastly, concerning magnon-cavity coupling, stronger coupling between mag-
non-and cavity causes a shift in the spectrum towards higher positive detuning,
with a more pronounced shift observed in the squeezed coherent state com-
pared to other states.

Key words: dispersive limit, atom-photon-magnon, emission spectrum,
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Introduction

The atomic emission spectrum serves as a fundamental tool in characterizing the light
emitted through the interaction between atomic radiation and the field [1, 2]. Experimentally,
the emission spectrum of the two-color excitation state is very different from the characteristic
triple emission spectrum that was seen in the case of strong single-mode field excitation [3].
Further investigations have employed continuous fraction methods to address system equations
for the dipole-dipole correlation functions, where these methods were instrumental in calculat-
ing the emission spectrum originating from a dipole [4]. The non-resonance case leads to an
increase in the placed of atomic linewidth compared to the state of the resonance case [5]. A
crucial threshold is reached when the interaction’s magnitude surpasses that of the atomic and
cavity fields, marking the onset of reversible spontaneous emission — a phenomenon known as
vacuum Rabi oscillation [6]. Significant advancements in achieving strong coupling have been
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demonstrated across diverse systems, notably in scenarios involving Rydberg atoms within
microwave cavities [6], alkali metal atoms in photonic cavities [7], and semiconducting de-
vices [8]. These achievements have paved the way for pivotal experiments within the realm
of quantum information. Moreover, the emission spectrum of the vacuum field Rabi model of
a single two-level atom in an optical quantized field has been observed [9-11]. Furthermore,
comprehensive analyses have been conducted on the spectrum exhibited by a single two-level
atom interacting with non-degenerate two-photon and multi-mode cavity fields [12, 13]. For
a three-level atom and quantized field the cavity-field spectrum and the emission have been
studied [14]. In the presence of non-linearities and stark shift absorption spectra and the fluores-
cence of atom-field interaction are discussed [15, 16]. Moreover, an in-depth scrutiny into the
transient Haar wavelet spectrum of the pulsed harmonic oscillator and pulsed two-level atom
has been analyzed [17, 18].

Over the past decade, hybrid quantum systems have garnered substantial interest
among physicists and engineers, presenting a fertile ground for the implementation of contem-
porary quantum information tasks [19], quantum computing protocols [20], and state engineer-
ing [21]. On one hand, these hybrid quantum systems encompass diverse configurations involv-
ing interactions between light and matter. For examples, magnon-superconducting qubit [22],
qubit-photon-magnon-quantum systems [23, 24], and qubit-photon-graphene [25-27]. These
systems demonstrate intricate combinations where components interact, forming alliances such
as magnon-photon-phonon [28], microwave photon-magnon-systems [29], or optomechani-
cal-magnetic system [30-32]. On the other hand, recent studies have successfully verified the
properties of these systems through various experimental set-ups. For instance, the achieve-
ment of strong coupling between magnon-s and photons at room temperature, highlighting
the potential for coherent interactions within the system has demonstrated [33]. Entanglement
based on superconducting circuits with the single-photon detector counterpart for magnon-ics
is detected [34]. an optomechanical system utilizing two linked cavities and a high frequency
microwave resonator to establish a controllable and powerful long-distance interaction between
a single spin qubit and a magnon-within a YIG nanosphere is proposed [35].

This paper’s central focus revolves around a comprehensive examination of the nor-
malized emission spectrum inherent in a hybrid quantum system emerging from the interplay
among atoms, photons, and magnons. The inquiry extensively explores varied initial states,
particularly emphasizing the atom’s initiation in an ex-cited state while configuring the photon
and magnon-states into diverse arrangements, such as binomial, squeezed coherence, or ther-
mal states. The primary objective is to elucidate the diverse emission spectrum manifestations
arising from distinctive initial conditions within this intricate quantum setting. The deliberate
choice of different initial states serves as a potent instrument to unveil the multi-dimensional
facets of our hybrid quantum system. Through meticulous selection and analysis of the system’s
response across varied initial conditions, we aim to further our understanding of the system’s
behaviour and could potentially unlock new vistas in quantum technologies.

Physical model

In this section, we consider a hybrid physical quantum system comprising a super-
conducting qubit (single atom), a ferromagnetic crystal in the Kittle mode (a collective spin
excitation), and a resonator (photon). The magnon-mode interacts with the resonator via the
magnetic dipole interaction, while the single qubit is coupled to the resonator through a general
Rabi model. The physical Hamiltonian of this system can be written [36]:
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where ., »,, and @, are the eigen-frequencies of the resonator, magnon-and qubit, respective-
ly, a'(a) and m'(m) — the creation (annihilation) operators of the resonator and magnon-modes,
respectively, S, and S, — the standard Pauli operators, which they are labeled by the ex-cited
(le)), and the ground state (|g):

S, =leXg|+| g)e| and S, =|e)e|-|gXg]|

the 4, i = 1, 2 are coupling strengths of photon-magnon, qubit-photon, respectively. Despite
previous demonstrations of strong magnon-cavity coupling in larger YIG spheres and the qu-
bit-cavity coupling is a weak-coupling regime, this work assumes a weak-coupling regime for
both the spin-cavity and magnon-cavity interactions due to the smaller YIG nanosphere being
employed [37, 35]. Moreover, the angle, 0, represents the transversal couplings and mixture of
the longitudinal between the qubit and the cavity. The 8 exhibits broken parity-symmetry po-
tential (evidenced by the cos 8 factors); when 6 = 0, it reduces to the Jaynes-Cummings model
with a magnon-mode, while circuit-QED experiments demonstrate the potential for ultrastrong
coupling through an arbitrary mixture of longitudinal and transversal couplings [38, 39, 24].
The Hamiltonian (1) can be re-written under the rotating wave approximation:

. ®, . . .
H=0wd"a+wo,n'n +7qu + A @+ ma)+ 2, cos(0)(aS, +a'S )+ A, sin(@)a+ah)s,  (2)
In the interaction picture, the physical Hamiltonian model (2) can be obtained:

Top = 4 [naTaei(“m*”’c> +aTme @m0 } s cos(a)[a&e’(“’q’”’c) rat§e } N

—io io a (3)
4, sin(H)(&e e yate c)sz

Within the realm of dispersive interactions inherent in the hybrid model, it is assumed
that the coupling strengths, represented by 4, and 4,, significantly pale in comparison the transi-
tion frequencies denoted as |w,, — o and w.., where 4, 1, K @, and |w,, — ».. This assumption
is made under the condition that w, = w, = @ [40]. Consequently, the effective Hamiltonian
governing the system takes the following form [41] (The detailed calculations is given in the
Appendix A):

,\T A A T A A
- o +ay)a'a+a,m'm+o +a oym
T, = (o +ay) 2 1+ 4 )
aym’ (o, + )t a— o, m+ay
where
2 Zo Ao Ay 2o
o =——=cos"(0), a, =—=—, ay;=—=sin"(0), and o, = cos”(0), with @, =w-w,
@ @ @ @
It is easy to fined the eigenenergies of the effective Hamiltonian (4), which get:
Ef’m:ﬂﬁ-az n—(m+l) +aytu, ., (5)
+ > 2 ,
with

) [0{1(2}1+1)+052J2

2
Hym 4
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with the corresponding eigenvectors:
“I’:’_> =sing, ,

n,m,e>+cos¢n’m |n,m+1,g>

(6)

“Pf>= cos n,m|n,m,e>—sin n,m|n,m+1,g>

where
2a4Nm+1

o (1+2n)+a, = Ly m

tan ¢n’m =

On the other hand, the time-dependent emission spectrum of the a quantum system is
expressed [42]:

T T
SGToy) =2y [[dr [dee” T2 T0640 (1 0)[ 5™ (1) 0)|(0)) 7)
0 0

where v is the Fabry detector width, 7'— the time measurement, y — the detector's detuning pa-
rameter, and |w(0)) — the initial state of the system.

Now, we consider the atomic system is initially prepared in the exited state |e), while
the initial photon and magnon-modes are initially considered:

|77>= anbm|n,m>

where b;, i = n, m is the number-state expansion coefficient. Thus, the initial state of the system
is given:

|1//(0)> = ;n:bnbm |n,m,e> )
The explicit analytical solution of time-dependent emission spectrum reads:
S T,y)=2y Z'bn bl {‘COS . €O By i1 G+ 08P, 807G, G ‘2 +
€))
+‘Sin €08 By i1 G +8I0, 51070, 0 11Co ‘ ? }
where

1 1
—iT|:ei7(,u tu )} —I'T[Eif(/l Fu )}
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e 2 —e T . e 2 —e 7

. G = (10)
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with € = y — a, is the detuning parameter of the emotion spectrum.

Hereinafter, we will use different initial states for both photons and magnons, char-
acterized by their number distribution. Specifically, the state |) can be prepared as a binomial
state, a squeezed coherent state, or a thermal state.

G =

Discussion

In this section, we will concentrate our attention on the influence of the initial distri-
butions and different couplings on the normalized atomic emission spectrum. The normalized
spectrum is defined [18]:

S(e,T,y)
e (1)

max

Ns(€,T,}/):
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where S(e¢, T, y) is the given by eq. (9) while S,.x is the obtained numerically. In investi-
gation we will use the experimentally feasible frequencies parameters w./2n = 75 GHz,
w/2n = 7.2 GHz, and ¢ in nanosecond [22, 34]. However, 4, = 0.84, which in GHz , and y = 1
nm for all studied states.

Effect of binomial state

In this subsection, we consider the initial states of the photon and magnon as a bino-
mial state, where the amplitude of the number state is given:

V! .y

L vyl (12)

where M is the positive integer number, and || < 1. In this state, as |5| increases the photon
number 7 increases, where n = My|.

In fig.1, the computational results illustrating the normalized emission spectrum con-
cerning the initial binomial state against the special detuning € are displayed. The spectrum
depicted in fig. 1(a) exhibits a clear dependence on both the special detuning € and the mixing
angle, 6, where maintaining fixed parameters with 4,/2n = 0.16 GHz, 1,= 0.84,, T = 0.1, and
n = 0.5. Notably, there is evident symmetry around € = m/2, with a discernible two peaks
occurring at € = n/2, signifying weak coupling according to the Jaynes-Cummings model
(0= 0, m). Conversely, no spectrum is observable for large negative € values, while for positive €
values, the spectrum is confined to small ranges. Figure 1(b) illustrates the spectrum’s behavior
concerning € and the # parameter with 1,/2n = 0.16 GHz, 4,=0.84;, T=0.1, and 0 = n/4. It is
apparent that smaller values of # correspond to the maximum spectrum, which subsequently
diminishes as 7 increases before exhibiting a resurgence at its maximum value. Moreover, an
increase in 7 also leads to the appearance of a spectrum at positive 7 values. Figure 1(c) displays
the normalized spectrum, portraying its dependence on the coupling of the magnon-photon 4,
and the special detuning ¢, where 4,= 0.84,, T= 0.1, n = 0.5, and 0 = n/4. Initially, the spec-
trum exhibits two peaks symmetrically situated around the axis € = 0. However, as 4, escalates,
these peaks gradually coalesce, resulting in a reduction of the spectrum’s maximum values.
Concurrently, there is a positive shift observed in the spectrum with the increasing values of €.
This observed shift could be ascribed to the interrelation between the € and the coupling of the
magnon-photon. Figure 1(d) presents the spectrum concerning ¢ and time, 7, measured in nano-
seconds, with 4,/2n = 0.16 GHz 4,= 0.84,, T= 0.1, and 0 = n/4. Notably, a complete symmetry
is discerned in the resulting spectrum around the axis € =5 GHz. Initially, two peaks emerge,
yet fail to attain the maximum value of the spectrum. However, over time, these peaks amal-
gamate into a singular peak, centrally aligned along the axis € =5 GHz, ultimately reaching the
spectrum’s maximum value.

Effect of squeezed coherent state

Let us consider the scenario where the initial states of the field and magnon-are pre-
pared in a squeezed state. In this context, the distribution of photon and magnon-numbers can
be expressed:

tanh "7 ef\g\z +tanh rRe[¢ T2 (13)

b,| =
| V|| 2V vlcoshr

gt
2coshrsinr
where v is the number state n or m, H,(¢) — the Hermite polynomial, {= f cosr + f*sinhr, S —
the intensity of squeezed state, and » — the setting parameter of the state, where one can get the
coherent state at » = 0, whereas, the squeezed vacuum state may be generated for = 0.
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Figure 1. The behavior of N(c, T, y) for the initial binomial state;
(a) 4/2n=0.16 GHz, T= 0.1, and n = 0.5, (b) 4,/2x = 0.16 GHz, T= 0.1, and 0 = n/4,
(©) T=0.1,y=0.5, and 6 = /4, (d) 1,/2x = 0.16 GHz, = 0.5, and 0 = n/4

The impact of the initial squeezed coherent state on the emission spectrum is eluci-
dated in fig. (2), where diverse parameter configurations are examined. It becomes apparent
that the emission spectrum in the initial squeezed coherent state bears striking resemblance
to that in the binomial state, yet displaying a notably intricate structure within the two side
peaks [43]. In fig. 2(a), the squeezed parameter, r, delineates, within the (6 — €) plane, a no-
table resemblance of the two side peaks to the binomial state when theta equals 7/2, exhib-
iting symmetric behavior around the axis 8 = 0. However, these two peaks merge and shift
towards positive epsilon. It is also worth mentioning that a small mixing angle, 6, yields a
diverse and intricate spectrum. Additionally, figs. 2(b) and 2(c) show a discernible trend as
the strength of the squeezed coherent parameter, ¢, and the magnon-field coupling 4, increase,
wherein the two side peaks gradually diminish from the vacuum field Rabi peak, also referred
to as the two master peaks. Interestingly, the shift induced by the increase in 4, within the
squeezed coherent state appears relatively larger than the shift observed in the binomial state. In
fig. 2 (d), a similar pattern is observed for the spectrum in the € — 7 plane between the binomial
state and the squeezed coherent state, however, the r, alters the position of the master peaks.
This underscores the sensitivity of the emission spectrum to subtle variations in the initial state
parameters.
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Figure 2. The behavior of N(€, T, y) for the initial squeezed coherent state with r = 1.5;
(a) 4/2nr=0.16 GHz, T= 0.1, and { =5, (b) 4,/2x = 0.16 GHz, T = 0.1, and 6 = n/4,
(¢) T=0.1,{=5, and 0 = n/4, and (d) 1,/2n = 0.16 GHz, { =5, and 0 = nt/4

Effect of thermal state

In this subsection, we will display the effect of the initial thermal state on the emission
spectrum, where the geometrical amplitude of this state is given:

P
(1 + ﬁ)v+1

where 7 is the photon number distribution.

The investigation presented in fig. 3 reveals distinct characteristics of the normalized
emission spectrum when initializing the magnon-and photon fields within an initial thermal
state. The features displayed by each peak are contingent upon the intricate interplay among
parameters such as 0, n, 4, and 7. This configuration yields a complex spectrum, character-
ized by two adjacent peaks in different planes at lower values of system parameters. Figure
3(a) illustrates that the spectrum in the (¢ — ) plane undergoes more pronounced changes
in the positive, ¢, region with varying mixing angle, 8, compared to the negative, ¢, region.
Notably, the shift observed in the previous two cases is absent in the thermal state, with the
spectrum reaching its maximum value at 3w/4 > @ > n/4. Figure 3(b) depicts the spectrum in the
(e~ n) plane, revealing a gradual decay and eventual disappearance of the spectrum with in-

(14)

B,
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creasing 7. Thus, selecting smaller values of # becomes imperative to mitigate spectrum de-
cay. Furthermore, fig. 3(c) portrays the spectrum in the (¢ — 1,/27) plane, demonstrating that
while the spectrum initially shows minimal dependence on A; when 4,/2x < 1, it disperses and
broadens as 4, increases, accompanied by a reduction in the maximum value. This observation
suggests a potential violation of the dispersive limit condition. In fig. 3(d), the spectrum in the
(e — T) plane displays no shift in spectral regions, unlike figs. 1(d) and 2(d). This indicates that
the spectrum remains unaffected by the a, coupling, responsible for shifts in this plane.
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Figure 3. The behavior of Ns(c, T, ) for the initial thermal state;
(a) 24/2mn=0.16 GHz, T= 0.1, and n =5, (b) 4,/2n = 0.16 GHz, T= 0.1, and 6 = n/4,
(¢) T=0.1,n =5, and 6 = n/4, and (d) 4,/2r = 0.16 GHz, n = 5, and 6 = n/4 GHz

Conclusions

This study investigated the normalized emission spectrum within a hybrid quantum
Hamiltonian model integrating atom-photon-magnon interactions. By deriving the effective
Hermitian Hamiltonian within the dispersive regime, our focus lay on the atomic normalized
emission spectrum originating from the initial ex-cited atomic state, while considering diverse
states for the field and magnon-modes, namely, the binomial state, squeezed coherent state, and
thermal state.

Our results underscored the substantial reliance of the spectrum on both system pa-
rameters and the initial state of the magnon-cavity system. Notably, the spectrum in the (¢ — 0)
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plane was predominantly concentrated around zero detuning for small detuning values. In the
case of the thermal state, the variation induced by altering the mixing angle remained rela-
tively minor within this region. However, the dependence on the mixing angle became more
pronounced when the initial state was either a squeezed coherent state or a binomial state.
Specifically, the spectrum exhibited a more pronounced reliance on the mixing angle within
the squeezed coherent state compared to the binomial state. Moreover, altering the parameter
governing the initial state strength exerted a significant influence.

Across all three studied cases, a gradual decrease was observed with increasing initial
state strength, except for the binomial state, where it subsequently increased. Furthermore, the
spectrum exhibited a gradual decay without reaching zero in the squeezed coherent state, where-
as it decayed and eventually reached zero in the thermal state. Regarding the Magnon-Cavity
Coupling, increasing the magnon-cavity coupling resulted in a shift of the spectrum towards
higher detuning values. This shift was more pronounced in the squeezed coherent state com-
pared to the other two cases. This behavior was also evident in the time domain, where the spec-
tral shift was more substantial in the squeezed coherent state and absent in the thermal state.

Appendix A

In this section, we show the detailed derivation for the effective Hamiltonian in eq. (4)
using James method [41]. If the physical Hamiltonian in the interaction picture written in the
form:

N ' L
ﬁ,(t)=2(]%,elw’t+l<;e ‘”lf) (Al)
=1

where ;> 0 and K, are the arbitrary harmonic operator with / number. Then the effective Ham-
iltonian under the conditions of highly detuned regime in the second perturbation reduces to:

3 _1 Z @, + O 2 i(a)r—a) )t
Hg ()= Y =2 KLR, [ (A2)

ros=1 s

Using the aforementioned equation and interaction Hamiltonian (3), the harmonic

operators are:
R, = hyia, Ry = 1 cos(0)as,, Ry2= 1, sin(0)aS. (A3)
0 =0, —0,, W =0, =0, O =00,

By substituting from (A3) into (A2) the effective Hamiltonian can be written:

vk B ey AR A,
Mo = o, -, coszﬂ(aTaSz +S+S—)+ ! ) (aTa—me)+;£s1n2(t9)l+mcos(9)(mTSf +mS+) (A4)
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