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In this study, fractal-fractional derivatives (FFD) with exponential decay laws
kernels are applied to explain the chaotic behavior of a Newton-Leipnik system
(NLS) with constant and time-varying derivatives. By using Caputo-Fabrizio frac-
tal-fractional derivatives, fixed point theory verifies their existence and uniqueness.
Using the implicit finite difference method, the Caputo-Fabrizio (CF) FF NLS is
numerically solved. There are several numerical examples presented to illustrate
the method s applicability and efficiency. The CF fractal-fractional solutions are
more general as compared to classical solutions, as shown in the graphics. Three
parameters, three quadratic non-linearity, low complexity time, short iterations
per second, a larger step size for the discretized version where chaos is preserved,
low cost electronic implementation, and flexibility are some of the unique features
that make the suggested chaotic system novel.
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Introduction

Chaos control has wide-ranging applications across various disciplines, including
communications, electrical systems, computer science, and medicine, as well as numerous
physical and circuit-related models of chaotic systems. This broad applicability has captured
the attention of researchers, leading to significant interest in the field, as noted in [1-9]. One
notable chaotic system is the Newton-Leipnik model, introduced by Newton and Leipnik [1],
which serves as a fundamental example of a system exhibiting multiple coexisting attractors.
This model is defined by a system of three quadratic differential equations, which generate two
strange attractors, with the orbit's initial conditions determining which attractor is followed.
Studies of this system, such as numerical analyses and local stability evaluations, have shown
that its dynamics are tied to the behavior of an odd-symmetric bimodal map. Subsequent work
by Lofaro [2] further explored the bifurcation and dynamics of the NLS, while Wang and Tian
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[3] examined its bifurcation behavior and introduced linear control strategies. Fractional dif-
ferential equations (FDE) have emerged as powerful tools in addressing non-linear problems
across various domains, as highlighted in works such as [3-11]. Their relevance has grown with
the need for more precise solutions to variable-order FDE, which require advanced numerical
methods [12-14]. These methods have been extended to fractional differential operators with
different types of kernels, including power-law, exponential-law, and Mittag-Leftler functions,
broadening their applications to a range of complex systems. Recently, attention has shifted to-
wards FFD, given their ability to model real-world phenomena in fields like epidemiology and
chaotic systems analysis [15-28]. Building on these advancements, researchers have developed
improved numerical techniques for simulating fractional NLS with variable order, particularly
using Mittag-Leffler kernels.

In this paper, we propose a generalized numerical scheme for the NLS based on CF FF
kernels. This approach utilizes FFD with exponential decay kernels, allowing for more accurate
modelling of chaotic systems. A key innovation of this work is the use of the CF derivative,
which features a non-singular kernel, offering a highly accurate description of various process-
es. The implicit solutions are derived and analyzed under different fractional orders, with visual
comparisons provided through graphical representations. This extended FF Newton-Leipnik
model offers enhanced insight into the chaotic behavior of the system, reflecting the strong
memory effects inherent in fractional-order systems. Furthermore, extending the original in-
teger-order model to a variable-order formulation improves its ability to capture memory and
hereditary properties. To control the chaotic dynamics, we implement a simple linear controller
and perform numerical simulations. Examples are provided to demonstrate the efficiency and
accuracy of the proposed method. Additionally, we present a linear state feedback controller
designed using Lyapunov stability theory and inverse optimal control principles, illustrating its
effectiveness in managing chaos in NLS.

Preliminaries

The classical form of the NLS, which exhibits two strange attractors, is described by
the following ODE [3]:

u(t) =—pu(t) +v(t)+10v(H)w(t)
v(t) = —u(t) — 0.4v(t) + Su(t)w(t) (1)
Ww(t) = gw(t) —Su(t)v(t)
This system displays chaotic dynamics, with the specific attractor being determined

by the initial conditions. By applying fractional calculus, we generalize this system using the
CF FF operator (FFO), which results in the form:

FE=CED79u(8) = — pu(t) + v(£) + 10v(1) w(?)
FE=CED7Oy(1) = —u(t) — 0.4v(t) + 5u(t)w(r) )
FE=CEDI0yp(6) = qw(t) - Su(t)v(t)
Here, the operator "D/ refers to the CF FFD, defined [22]:

FF~CF 47,6 :N(?’)Lt _y(t—s)
D/ g = 12 dS(g!exp( = ]g(s)ds

where the derivative of d(z) with respect to ¢ ?) is expressed as:
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do(z) _ . 6(H)-6(1)
400 - Imy—r S0 _ 50

The normalization function N(y) for the CF operator is defined by N(0) = N(1) = 1.
To control the chaotic behavior of the system, we introduce a linear feedback term.
The controlled CF FF system is then given:

FECEDT2u(t) = — pu(t) + v(6) + 10v(E)w(t) — 1.95 (u(t) + v(1) + w())
FEECEDEw(t) = —u(t) — 0.4v(1) + Su(t)w(?) 3)
FCEDI2w(t) = qw(t) = Su()v(r)
This modified system incorporates a linear state feedback controller, which stabilizes
the chaotic dynamics while maintaining the influence of the fractional-order terms.
Existence and uniqueness

In this section, we will establish the existence and uniqueness of the solutions for the
system eq. (2). The corresponding matrix representation of eq. (2) is formulated:

D u(r) = g(t,u() )
where
u(?) = (5@),n(2),¢ (@), u(0)=(£(0),7(0),£(0)), and
g(t,u(@) = @' (2, u()),I, (1, u@)),I'5(2,u(?)))
defined:

Uy(,6:m.8) =—ps+n+12ng
Dy (1,6,1,8)=-£-0.5n+ 650 (5)
U3(6,6.1,6) = 95 =651
We assume that the functions &(¢), #(¢), and {(¢) remain bounded for all ¢ € [0, 77, such
that || &)l < Mz, |17l < My, || |le < M The boundedness of the variables &, #, and ¢ further

implies that I';, I',, and I'; are also bounded. For bounded &, #, and ¢, constants M., M,, and M,
can be found:

sup [5(1)| = (€], < M. supln(] =, <M, suple)| =[], <M,
teD; teD,] teD4

Next, we will demonstrate the linear growth property of the functions as stated in eq. (5):

& 00 < o suplel suplel 12, I, <Ll 3, #1200, =y, <2

€% €

|F2(t,§,77,§)|S6sup |§| sup |§|+O.55up|77|+ sup|§|SM§ +0.5M, +6M M, =M <o
t D, D,

eg, teg te,, teg

[Fs(@¢..¢)| < 6sup | sup |+ g sup[¢]< 6] [l + a1 < 6M M, +gM ¢ =My, <o
&€l (4

. teD, te

Thus, the functions I'}, I',, and I'; satisfy the Lipschitz condition with corresponding
constants p, 0.5, and ¢. Contraction occurs if V' < 1. We will verify the linear growth and Lip-
schitz conditions for I'}, I',, and T';:
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2
Ny O <307 | +3(n +120M2M2 < K (1+]ef), K, =—— <1
n
0.5
0,6 Em, 0 <90MEME + 0.5 +|& <K, (1+|n]"), K, = —5—2—5 <1

2742 2
OM:M; +M:;

Ly Of <90l [af +3qlcf < K- +[¢P). K, =—22
IF5 . O <900EL ol + 341" < Ko (416 K =0 D <
Thus, we have:

2 = 2 o= 3
|F1(tafian’§)_rl(taf27n:§)| SI<§|f1_f‘2| > with K§ :Epz
2 _ 5 2 ..o= 3
|F2(t9§777174)_F2(t’§’7727§)| SK}] |771_772| » with Kﬁ 25(05)2
2 _ = 2 ..o0= 3
D3t Em. ) -T5(t.Em. G| <K |6 -, with K¢=5q2

Fractal-fractional integral with exponential decay kernel

Based on the works of [22], let f{¢) be a differentiable function, y a constant frac-
tional order satisfying 0 <y < 1, and (¢) a positive continuous function, d(f) > 0. By consider
eq. (4), a novel fractional integral with an exponential decay kernel is defined:

FF-CF o
o (’)f(t) -

]lv(y) 50 [5 ®OIn@)+ ()} f+ j f(r){(s () In(z) + o(r )} 50 gy

(6)
N(y)Jo

Utilizing the defined fractional integral with the exponential decay kernel, we can
express eq. (6) in the form:

o= Z) 20 [5 () +2¢ )}g(t F)+

(7)
+$ ! g(r, f(r))[é"(r) In(7) +@}5<”dr
At the point ¢, 1 = (n + 1)At, eq. (7) simplifies:
_ 1y s | 0() — () 5(t,)
f(tn+l) N( ) |: At ll’ltn n :| (tn’f )+
b, ®)

v jg(r r] oo+ 22 e 0as

To streamline eq. (8), we define:

h(z, f(2) = g(z, f (r))[é () In(r) + 2 )} 5(x) ©
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Taking the difference of eq. (8) at the points #,.; = (n + 1)At and t,= nAt we have:

26, {5@"“)—5@) 5(,)
t

S =1, )+

N( ) n At lntn+ ] j|g(tnaf )_
(10)

j hr. f(F)d

1-7 o6, 1){50) 8ty), , , 8,)
N()

+— t o, f
N(}/) n -1 At -1 P :|g(n 1 f

n-1
Incorporating the Lagrange polynomial into eq. (9), we can reframe eq. (10):

< :, - St :
fn+1_fn+]1v(7) o {50“1)&50)1 , 43 )} ") jlv(y) S0

}'l

h(ty, f")
tn+l 1 (T_tn7 ) (11)
.{5@")—5(%_1) e+ 5§t”_1):|g (t y At O

Al NV | /"D
At !

n—1

We can rearrange eq. (11):

2z 1oy sa{a(w 5@, 0, )} 1y T P

fn+1:fn+N( )tn At N( )nl

n

6(tn)_5(tn—l) 6(tn—l) n—1 V4 h(tn’f )Ml
.{A—tlntn_]+t }(rnl,f v I Tt a2)

n-1

n— tn+l
_rht, . D (r—t,)dr
N(y)At 8

n

Calculating the integrals in eq. (12) gives:

[ _ _ 3(At)2 'nt1 _ _ (At)z
L (r—t,)dz — Ln (r—t,)dz 5 (13)

Substituting eq. (13) back into eq. (12) yields the approximation:

A R bt AP CON R RSO Il U o(t,) L=y 8,
Just fn"'N() { Ar Inz, +—"= :|(n5f)N()nl

L9,

n—1

n

n

(14)

Y h(t, |, f" AL

V4
gy TN

.{5@)—5(@_])

v }g(tnl,f”‘ln

Thus, we arrive at the final approximation:

~ T 4 §(t )| 6(,.)—0(t,) o(t,) 1= 5(;n D
fn+l fn N( ) |: At lntn+ fn :| (n’f ) N( )
é‘(l‘n ) - 5(tn—l ) é‘(tn—l) n—1 37/ n /4 n—1
-|:—At Inz,_, +—tn_l :|g(tn_l,f )+ ING) h(t,, f")At +—4N(7) h(t,_i, [ )AL
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Figure 1. At a =1 and = 1.2, figs. 1(a)-1(d) illustrate the synchronization of the
original system, while figs. 1(e)-1(h) depict the synchronization of the controlled system
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Figure 2. Comparison between the synchronization of the CF FF system (2), resp. control
system (3), illustrated in figs. 2(a)-2(d), resp. figs. 2(e)-2(h), for « =1 and § = tanh(1 + ¢)
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Numerical simulation

To generate the numerical results for each compartment of the model, we created a
numerical scheme. The MATLAB was used to analyze the results for various fractional orders
and fractal dimensions. Comparison between the synchronization of the CF fractal-fraction-
al system (2), resp. control system (3), illustrated in figs. 1(a)-1(d), resp. figs. 1(e)-1(h), for
a=1,p=1.2,see fig. 1. Comparison between the synchronization of the CF fractal-fraction-
al system (2), resp. control system (3), illustrated in figs. 2(a)-2(c), resp. figs. 2(d)-2(f), for
a =1, f=tanh(l + ¢), see fig. 2.

Discussion

This paper applies CF FFO to analyze chaotic behaviors in the NLS, utilizing a FF
calculus approach to enhance the analysis of chaotic systems. It explores chaos theory, focusing
on systems highly sensitive to initial conditions and strange attractors. The study highlights the
advantage of CF operators in modelling complex behaviors and memory effects, which are lim-
itations of classical calculus. Using fixed-point theorems (Schauder and Banach), the authors
establish the existence and uniqueness of solutions, ensuring the observed chaos is intrinsic to
the system. Numerical simulations conducted in MATLAB explore system dynamics across
different fractional orders, visually validating the theoretical findings and demonstrating how
parameter variations affect the system. Additionally, the paper discusses control techniques for
managing Newton-Leipnik chaos.

Conclusion

This study models the time-varying NLS using CF FFD with non-singular kernels. It
combines qualitative analysis (existence, stability) and quantitative analysis (numerical solu-
tions, simulations), proving solution uniqueness with fixed-point theorems. By using FF cal-
culus, the research offers a refined approach to modelling and controlling chaotic systems,
advancing chaos theory.

Acknowledgment

The authors would like to acknowledge the Deanship of Graduates Studies and Scien-
tific Research, Taif University, for funding this work.

References

[1] Leipnik, R. B., Newton, T. A., Double Strange Attractors In Rigid Body Motion, Phys. Lett. A., 86 (1981),
2, pp. 63-67

[2] Lofaro, T., A Model of the Dynamics of the Newton-Leipnik Attractor, Int. J. Bifurc. Chaos, 7 (1997), 12,
pp- 2723-2733

[3] Wang, X., Tian, L., Bifurcation Analysis and Linear Control of The Newton-Leipnik System, Chaos,
Solitons and Fractals, 27 (2006), 1, pp. 31-38

[4] Richter, H., Controlling Chaotic System with Multiple Strange Attractors, Phys. Lett. 4., 300 (2002), 2-3,
pp. 182-188

[5] Sheu, L.J., et al., Chaos in the Newton-Leipnik System with Fractional Order, Chaos, Solitons and Frac-
tals, 36 (2008), 1, pp. 98-103

[6] Almutairi, N., Saber, S., Chaos Control and Numerical Solution of Time-Varying Fractional New-
ton-Leipnik System Using Fractional Atangana-Baleanu Derivatives, AIMS Mathematics, 8 (2023), 11,
pp- 25863-25887

[7] Chen, H. K., Lin, T. N., Synchronization of chaotic Symmetric Gyros by One-Way Coupling Conditions,
ImechE J. Mech. Eng. Sci., 217 (2003), 3, pp. 331-40



Alsulami, A., et al.: Controlled Chaos of a Fractal-Fractional Newton ...
5160 THERMAL SCIENCE: Year 2024, Vol. 28, No. 6B, pp. 5153-5160

[8] Almutairi, N., Saber, S., Application of a Time-Fractal Fractional Derivative with A Power-Law Kernel
to the Burke-Shaw System Based on Newton’s Interpolation Polynomials, Methods X, 12 (2024), 102510

[9] Petras I., The fractional-Order Lorenz-type systems: A Review, Fract. Calc. Appl. Anal., 25 (2022), 2,
pp. 362-377

[10] Saber, S., Control of Chaos in the Burke-Shaw System of Fractal-Fractional Order in the Sense of Ca-
puto-Fabrizio, Journal of Applied Mathematics and Computational Mechanics, 23 (2024), 1, pp. 83-96

[11] Xu, C., et al., On Systems of Fractional Order Differential Equations for Order 1 < v < 2, Fractals, 31
(2023), 10, 2340073

[12] Samko, S. G., Fractional Integration and Differentiation of Variable Order, Anal. Math., 21 (1995), 3,
pp- 213-236

[13] Solis-Perez, J .E., et al., Novel Numerical Method for Solving Variable-Order Fractional Differential
Equations with Power, Exponential and Mittag-Leffler laws, Chaos, Solitons and Fractals, 114 (2018),
Sept., pp. 175-185

[14] Atangana, A., Baleanu, D., New Fractional Derivatives with Non-Local and Non-Singular Kernel: Theory
and Application Heat Transfer Model, Thermal Science, 20 (2016), 2, pp. 763-769

[15] Toufik, M., Atangana, A., New Numerical Approximation of Fractional Derivative with Non-Local and
Non-Singular Kernel: Application Chaotic Models, Eur: Phys. J. Plus, 132 (2017), 444

[16] Almutairi, N., Saber, S., On Chaos Control of Non-Linear Fractional Newton-Leipnik System Via Frac-
tional Caputo-Fabrizio Derivatives, Sci. Rep., 13 (2023), 22726

[17] Atangana, A., Fractal-Fractional Differentiation and Integration: Connecting Fractal Calculus and Frac-
tional Calculus to Predict Complex System, Chaos Solitons Fractals, 102 (2017), C, pp. 396-406

[18] Almutairi, N., Saber, S., Existence of Chaos and the Approximate Solution of the Lorenz-Lu-Chen System
with the Caputo Fractional Operator, AIP Advances, 14 (2024), 1 015112

[19] Caputo, M., Fabrizio, M., A New Definition of Fractional Derivative without Singular Kernel, Prog.
Fract. Differ. Appl., 1 (2015), 1, pp. 73-85

[20] Caputo, M., Fabrizio, M., On the Notion of Fractional Derivative and Applications to the Hysteresis Phe-
nomena, Mecc., 52 (2017), 13, pp. 3043-3052

[21] Atangana, A., Qureshi, S., Modelling Attractors of Chaotic Dynamical Systems with Fractal-Fractional
Operators, Chaos, Solitons and Fractals, 123 (2019), June, pp. 320-337

[22] Atangana, A., Araz, . S., Extension of Atangana-Seda Numerical Method to Partial Diferential Equations
with Integer and Non-Integer Order, Alex. Eng. J., 59 (2020), 4, pp. 2355-2370

[23] Almutairi, N., et al., The Fractal-Fractional Atangana-Baleanu Operator for Pneumonia Disease: Stability,
statistical and Numerical Analyses, AIMS Mathematics, 8 (2023), 12, pp. 29382-29410

[24] Salem, M. A., et al., Modelling COVID-19 Spread And Non-Pharmaceutical Interventions in South Afri-
ca: A Stochastic Approach, Scientific African, 24 (2024), €02155

[25] Salem, M. A., et al., Numerical Simulation of an Influenza Epidemic: Prediction with Fractional SEIR and
the ARIMA Model, 18 (2024), 1, pp. 1-12

[26] Ahmed, K. I. A., et al., Analytical Solutions for a Class of Variable-Order Fractional Liu System under
Time-Dependent Variable Coefficients, Results in Physics, 56 (2024), 107311

[27] Rania, et al., Mathematical Modelling and Stability Analysis of the Novel Fractional Model in the Caputo
Derivative Operator: A Case Study Saadeh, Heliyon, 10 (2024), 5, ¢26611

[28] Shao-Wen Y., et al., Qualitative Analysis of Implicit Delay Mittag-Leffler-Type Fractional Differential
Equations, FRACTALS (Fractals), 30 (2022), 8, pp. 1-14

Paper submitted: June 2, 2024
Paper revised: October 21, 2024 2024 Published by the Vinca Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: November 1, 2024 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.





