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The couple-Higgs equation is an important non-linear evolution equation in the 
field of physics. In this paper, the couple-Higgs equation is investigated by employ-
ing the tanh function method, and the new solitary wave solution is successfully 
constructed. Finally, the physical properties of this solitary wave solution are elab-
orated by plotting the 3-D graphs with proper parameters.
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Introduction

Most of complex non-linear phenomena are described by the non-linear evolution 
equations in the real world, [1-5]. Therefore, it is of great significance to study the analytical 
solutions of non-linear evolution equations. There are many efficient methods for deriving the 
solutions of non-linear evolution equations, such as sub-equation method [6], unified solver 
method [7], modified extended direct algebraic technique [8], sine-cosine method [9], Jacobi 
elliptic function method [10], extended tanh-coth expansion methods [11], exponential function 
method [12], variational method [13], and many others methods [14-21].

Consider the couple-Higgs equation:
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where eq. (1) describes a system of conserved scalar nucleon interaction with a neutral scalar 
meson and Q represents a real scalar meson field and P represents a complex scalar nucleon 
field. For eq. (1), Wang [22] utilized the Hirota’s bilinear method, the solutions was found by 
Hafez et al. [23] using the exp(– Φ(ξ))-expansion method, Seadawy et al. [24] obtained the 
solutions via the modified extend tanh-function method, the solutions was obtained by Jabbari,  
et al. [25] utilizing the He’s semi-inverse method and the (G′/G)-expansion method, Ali et al. 
[26] utilized the Φ6-model expansion method to get the solutions.

The tanh function method is a powerful mathematical tool to deal with different 
types of evolution equations. In this paper, the couple-Higgs equation is studied by using the 
tanh function method for the first time, and new type of solitary wave solution is successfully 
derived. Finally, some 3-D figures are given to describe the corresponding solitary wave solu-
tion with proper parameters.
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General properties of the method

In this section, the tanh function method is elaborated in detail.
Consider the non-linear evolution equation:

( , , , , , , ) 0t x tx tt xxP u u u u u u = (2)
Use the traveling wave transformation:

( , ) ( ),u x t x ctϕ ξ ξ= = − (3)
Obtain the non-linear ODE:

( , , , ) = 0O ϕ ϕ ϕ′ ′′
 (4)

where O is the polynomial of φ = φ(ξ).
Now, a new independent variable is defined:

( ) = tanh( )Y ξ ξ (5)
We can find the following for some derivations:
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We present the tanh series:
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where n is the positive integer, and can be determined by using the balance principle.

Application of the method

In this section, the CHE is solved viaadopting the tanh function method.
Use the travelling wave transformation: 

( )( , ) ( )e , , ( , ) ( )i x tP x t U x t Q x t Vα βξ ξ λ ξ+= = + = (8)
Plug eq. (8) into eq. (1), and get:
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By utilizing the aforementioned transformation eq.(1), we have:

2 3 2 2( 1) ( 2 ) 2 ( ) 0U U V U i Uλ α β α λβ′′ ′− + + − − − − = (12)
2 2( 1) 2( ) 2 0V U UUλ ′′ ′ ′′+ − − = (13)

Integrate the second equality twice and put the constants of integration zero, get:
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Coefficient of the imaginary part in eq. (12) tends to zero, α = λβ is found. We have:
2 3 2 2( 1) ( 2 ) 0U U V Uλ α β′′− + + − − = (15)

Substituting eq. (14) into eq. (15) gives:
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Further we have:
4 2 3 2 2 2( 1) ( 1) ( )( 1) 0U U Uλ λ α β λ′′− + − + − + = (17)

According to the general properties of TFM, it can be considered:
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Substituting eq. (18) into eq. (17) gives:
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By balancing the height order derivative term d2U/dY2 with the non-linear term U3, 
gives n = 1. We get:
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Substituting eq. (20) into eq. (19), and have:
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This equation contains terms up to Y3. We set the coefficients of all powers of tanh(ξ)i,  

i = 1, 2, 3 to equal to zero:
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The result after solving the previous system:
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Figure 1. The 3-D graphs of eq. (22)  
for the values of α = 2 and β = 1

Figure 2. The 3-D graphs of eq. (23)  
for the values of α = 2 and β = 1

The corresponding 3-D graphs of eqs. (22) and (23) are plotting in figs. 1 and 2 with 
proper parameters.

Conclusion

In this paper, we successfully apply the tanh function method to construct new solitary 
wave solution for the couple-Higgs equation. Some 3-D graphs are presented with suitable pa-
rameters. These new results are helpful to further understanding of the corresponding physical 
phenomena. Furthermore, this proposed method will be used to investigate other non-linear 
evolution equations in future work.
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