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In recent years, the theory of local fractional calculus has been widely used in the
description of the fractional circuits. This paper presents a fractal RLC-paral-
lel resonant circuit (FRLC-PRC) using the local fractional derivative (LFD). The
FRLC-PRC is modeled by studying the non-differentiable (ND) lumped elements,
then the ND conductance is obtained with the help of the local fractional Laplace
transform (LFLT) and the ND parallel-resonant angular frequency (ND PRAF) is
analyzed. It is found that the FRLC-PRC becomes the ordinary one when the frac-
tional order § = 1. The obtained results show that the LFD is a powerful tool in the
description of fractal circuit systems.
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Introduction

The theory of fractional calculus has been put forward for more than 300 years. At
first, due to the lack of application background, its development is slow and there is no sub-
stantive research progress. In recent years, many researchers have been devoted to extending
the traditional integer order system to the fractional order domain and exploring the new char-
acteristics and laws of fractional order system. Therefore, the theory of fractional calculus has
become a research hotspot, and has been widely used in many fields, such as porous media
[1-3], oscillator [4], physics [5, 6], diffusion [7, 8], chaotic system [9] and other fields. The
existing research results show that the system has more possibilities, flexibility and DoF due to
the introduction of new fractional order variables. Recently, a new definition of LFD proposed
by Yanghas attracted a lot of attention in various fields such as physics [10-12], diffusion [13],
wave [14], circuits [15, 16] and so on. This paper mainly develops a new FRLC-PRC using the
LFD motivated by recent work in the fractal circuit systems.

Basic definitions

Definition 1. The local fractional derivative of function j(v) with the fractal dimen-
sion, J, (<0 <0 <0) is defined as [17]:
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Definition 2. The Yang’s sine function, Yang’s cosine function and Mittag-Leffler
function on Cantor sets with the fractal dimension X are defined [17]:
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where k € N.
Definition 3. Suppose the Yang local fractional Laplace type transform of function
j(v) expressed:
L[/ =5

there is the definition [17]:

Li[j(]=E}(A) =

i 5)jj( VE5(— A5 )@’ (5)

where Ly is the LFLT operator.
Theorem 1. There is the theorem for the LFLT of function j(v) with high order [17]:
i—1
Ly[j 0] = A2 Ly[j(m)]- Y A 14 (0) (6)
j=0
The ND lumped elements and KCL
The ND capacitor

The relation between the ND charge @4(v) and ND iy(v) within the LFD can be ex-
pressed [18]:

)
i) =2 ™)
Definition 4. The ND capacitance of the ND capacitor (NDC) can be defined [18]:
D, ~(v)
= 5,.C )
us c(v)
where u;(v) indicates the ND voltage of the ND capacitor (NDC). By using egs. (7) and (8), gives:
d’u )
i5c(v) = Cy——5— ©)
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The ND inductor

According to the Faraday law of electromagnetic induction, there is the relation be-
tween ND magnetic flux @s(v) and ND voltage:

d§®a‘ (V)
- S 10
us (V) a° (10)
Definition 5. We define the ND inductance of the ND inductor (NDI) within the LFD as [18]:
0;.(v)
Ly=—= (11)
Is,L (9]
By combining egs. (10) and (11), we have:
dNiN (V)
uy  (v)y=Ly———— (12)
N,L N TN
The ND resistor
Definition 6. We get the Ohm’s Law of the ND resistor (NDR) as:
i a () = 202 (13)
Rs

where u; (1), is2(v), and R; represent resistance value, the ND voltage, and ND current of the
ND resistor (NDR), respectively.
Kirchhoff ’s Current Law

Theorem 2. The Kirchhoff Current law (KCL) is expressed in detail that at any node
in the circuit,at any moment, the sum of the current flowing into the node is equal to the sum of
the current flowing out of the node, which can be expressed:

D iy =0 (14)

The FRLC-PRC modeled by LFD

The FRLC-PRC modeled by the LFD is shown in fig. 1, there is the following expres-
sion according to the parallel theory:

us;(V)=uspg(V)=us  (v)=usc(v) (15) o v
According to eq. (12), there is: o | ol ol
d(s’}s (V)
us (V) =Ls . (16) 1
By using eq. (15), we obtain: Uy ) R, [:l (ep— L
d%is , (v . y
usp(v) =L 15+() a7 UsaV) 5V) Uy (V)
dv
We now plug eq. (17) into the eq. (13), ¢

giving:
Ly d(si& %) Figure 1. The FRLC-PRC model within LFD

is p(v)=—"——""—"F 18
s.r(V) R, d° (18)
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Similarly, there is:

d%i5 , (v)
50 () = Ly — 25— (19)
By using eq. (19) and eq. (9) produces the expression:
d*i; (v
is.c (") = LsCy —d%;( ) (20)
v

Applying the KCL, yields:
is; (V) =is gV +is (V) +isc(v) (1)
Take substitution of egs. (18) and (20) into eq. (21), yields:

. Ly 45, (V) 05, ()
(v) = . +LsCs : + 22
L5 (V) Ré- dv5 56 dv25 Is.L (V) ( )
With the help of egs. (15) and (16), we have:
d(sia (V)
us,(v)=Ls———— 23
5. 5 (23)

Having LFLT for egs. (22) and (23), respectively, gives:

—i L s, . s, ) . s,
=5 ()= AE5 (D=5, ) |+ LiCy | APEF (D= AT O0) 15, 0) [+ 254 () 4)

5
and
=5 () = Ly 725 (1) =i, O] (25)
Forzero-state of the circuit that i;,(0) = 0, eqs. (24) and (25) can be reduced:
s L =51 —=is —is
B2 ()= R—Mf": DL+ LsCsAPERH (W) +ES () (26)
5
and
B (A) = LsA°ESH (A) 27)
Dividing eq. (26) by eq. (27) to get:
1
Y5(A) =G5 +GsA° +
5(A)=Gs +Gy A7 (28)

where Gj is the ND conductance, and G5 = 1/R;. Based on the aforementioned expression, we
get the ND input admittance by letting 1 = iw as:

Y§ (lZU) = Gé‘ + Gg (10)5 +L§(l'—w-)5 (29)

That is:

. . 1
Yy (i) = G +16{C505 - w(s] (30)
5

Then we can get the modulus value of input admittance:

2
| Y; (i) =\/G§+[ng5— 15] (31)
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when the ND circuit resonates, the ND input voltage and ND current are in the same phase, and
input admittance imaginary part is zero:

1

Csw’ —
d Lsw

5=0 (32)

which gives
1

OO T Iy (33)

where @, is the ND resonant angular frequency (ND RAF). When resonance occurs, the input
admittance has the minimum modulus, the ND input admittance is a pureconductance, and
the shunt part of NDC and NDI is equivalent to an open circuit. It is easily seen that different
@;, can be obtained by using different Ly, Cy and fractional orders ¢. It’s interesting that when
0 =1, the fractal RLC-parallel resonant circuit becomes the ordinary one, the ND input admit-
tance:

1
Y(i@)=G+i| Co——
(i) ( ij (34)
and the ND resonant angular frequency changes:
1
Ty = —— 35
e 2

In accordance with eq. (26), the ratio of the modulus of the ND input voltage to the
modulus of the ND input current:

2
i )|y, ()], G3 +[CNwN - ;N J (36)
N

Conclusion

By studying the ND lumped elements within the LFD, we successfully propose the
FRLC-PRC for the first time, then the ND conductance and ND PRAF are obtained with help of
the LFLT. The ND PRAF and the characteristics of FRLC-PRC are analyzed by using different
input signals and parameters in detail. Interestingly, it is found that the FRLC-PRC becomes the
ordinary one in the special situation J = 1. The obtained results are expected to open some new
perspectives towards the characterization of ND electric circuits via LFD.
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