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A local fractional modification of the Duffing equation is considered, and the 
homotopy perturbation method is employed to reveal its frequency-amplitude re-
lationship, which is of paramount importance in the optimal design of the energy 
harvesting devices and chatter detection. Effects of the initial conditions on the 
periodic property is also discussed.  
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Introduction 

Duffing equation is a ubiquitous model for non-linear vibration systems [1-4] be-

cause many complex vibration problems can be finally simplified to the well-known Duffing 

equation or its modification. A nano/micro beam vibration plays an import role in engineering 

applications [5-7] and micro/nano electromechanical systems [8-13], furthermore a vibration 

system can be used for analysis of the energy harvesting efficiency [14-16], and thermal prop-

erty of the cocoon-like porous medium [17]. In literature, Duffing equation has been widely 

used as a good paradigm for verification of some an analytical method, e.g., the fractional re-

sidual method [18], the variational iteration method [19, 20], the variational approach [21], 

the homotopy perturbation method [22, 23] and its various modifications [24, 25], and He’s 

frequency formulation [26-31]. 

In this paper, the homotopy perturbation method [22, 23] will be applied to reveal 

the frequency-amplitude relationship of Duffing equation with local fractional derivatives 

[32-34], and its application to energy harvesting will be discussed.  

Preliminaries of local fractional calculus  

In this section, we introduce some mathematical preliminaries of the local fractional 

calculus theory in fractal space for our subsequent development. 

Definition 1. Suppose that there is [32, 33]: 

 0( ) ( )u t u t    (1)
 

with 0 ,t t   for , 0    and , R   , then u(t) is called local fractional continuous at  

t = t0 and it is denoted by lim u(t) = u(t0). 
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Definition 2. Suppose that the function u(t) is satisfied the condition (1) for  

t Î (a, b), it is called local fractional continuous on the interval (a, b), denoted by [32, 33]: 

 ( ) ( , )u t C a b  (2) 

Definition 3. In fractal space, let u(t) Î Cα(a, b), the local fractional derivative of 

u(t) of order α at t = t0 is given by [32, 33]:  
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where 0 0[ ( ) ( )] (1 ) [ ( ) ( )].u t u t u t u t          

Definition 4. Let the function u(t) satisfied the condition (2), the local fractional in-

tegral of u(t) of order  in the interval [a, b] is defined by [32, 33]: 
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where 1 ,j j jt t t    1 2max , , ,... ,jt t t t     and 1[ , ],j jt t   0,..., 1,j N  0 , ,Nt a t b   

is a partition of the interval [ , ].a b   

Homotopy perturbation method for local fractional Duffing equation 

A non-linear vibration system with local fractional derivatives [32, 33] can be gen-

erally written in the form: 
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where A and B are constants and g is a non-linear restoring force and g(u)/u > 0.  

When g(u) = au + bu3, we have the local fractional Duffing equation: 
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When α =1, eq. (6) was studied in [35], and the fractal modification of the Duffing 

equation was given in [36, 37]. The physical explanation of the local fractional calculus was 

given in [38-40], and the fractional order is relative to the two-scale fractal dimensions  

[41-43], and can be calculated by He-Liu fractal dimension formulation [44].  

In order to illustrate the process of the Homotopy perturbation method [22, 23], we 

explore the following Homotopy equation [22, 23]: 
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where  is a homotopy parameter. When p = 0, eq. (7) is a linearized one with a frequency of 

,  and when p = 1, eq. (7) becomes eq. (6). There are other approaches to construction of a 

needed homotopy equation for a special non-linear equation, details were discussed in [44-46]. 

Following what is requested by the Homotopy perturbation method [22, 23], we as-

sume: 

 2
0 1 2    ...u u pu p u     (8) 
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Equation (7) is decomposed into a series of linear equations. The first two linear dif-

ferential equations are: 
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and 
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Solving eq. (9), we can get the solution: 

 0( ) cos ( )u t C t 
     

 (11) 

 
2

2 2

2

π
arcta, n 0

2

A

B

A
C B 



 


 
     

 
   

(12) 

where cos t  and arctan t  are, respectively, modified functions of cos(t) and arctan(t) in the 

local fractional sense [32, 33]. Now eq. (10) becomes: 
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After a simple calculation, eq. (13) becomes: 
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In order to be a periodic solution of 1u , the coefficient of cos ( )t   must be zero, 

that is: 
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Solving   from eq. (15) results in: 
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or 
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That is: 
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(18) 

Now eq. (13) becomes: 
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The solution of eq. (19) is: 
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The approximate solution is: 

 +
3

0 1 2
( ) cos ( ) [cos (3 3 ) cos ( ) ]

32

bC
u t u u C t t t  

       


        (21)

 
where   is given in eq. (18). 

The approximate period can be calculated: 
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When 1,  our result is same as that in [35]. In order to obtain higher order approx-

imations, we expand the coefficient of the linear term in the form [45-47]: 

 2 2
1 2    ...a pp       (23) 

Following the solving process of the homotopy perturbation method [45-47], we 

have: 
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and 
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Solving u0 and u1 from eqs. (24) and (25) respectively, we have: 

 0( ) cos ( )u t C t 
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And 1  is obtained in a similar way: 
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Now eq. (26) becomes: 
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That is: 
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The coefficient of cos( )t  in eq. (31) has to be zero, that is: 

 
2 5

2 2

3
0

128

b C
C


   (32)

 
or  

 
2 4

2 2

3

128

b C



  (33) 

The solution of eq. (31) is: 
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The second-order approximate solution is: 
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where u0, u1, and u2 are given, respectively in eqs. (27), (28), and (34).  

The frequency can be calculated according to eq. (31): 
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where 1  and 2 are given, respectively in eqs. (29) and (33), so we have: 
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Finally, we obtain: 
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Equation (40) shows that the frequency depends upon strongly the initial conditions.  

Vibration energy harvesting 

The vibration energy harvesting [48-50] is to convert the vibration energy to electri-

cal energy, and the frequency property of the transducer plays an important role in the energy 

harvesting efficiency [14-16]. Equation (22) shows the amplitude-period relation, it is obvious 

that a low frequency leads to a large amplitude. The low-frequency property [37, 51, 52] af-

fects greatly the energy harvesting efficiency. Equation (22) also reveals that the initial condi-

tions also affect the frequency property. Forced vibrating systems were discussed in [53], and 

when g(u) in eq. (1) involves even non-linear term, the pull-down instability [54] has to be 

considered. 

The chatter signal during the machining process can be also described by a fractal 

vibration system, and it has obvious advantages over the fractional convolutional neural net-

work [55] and deep learning system or machine learning technology [56, 57].  

Conclusion 

In this paper, the approximate frequency of Duffing equation with the local fraction-

al derivatives is given by the homotopy perturbation method, which is proved to be an un-

precedented and powerful method for the local fractional calculus. The effect of the initial 

conditions on the periodic property is also elucidated, eq. (22). The frequency-amplitude rela-

tionship gives a fast and effective insight into the periodic property of a local fractional vibra-

tion system, and it can be used for the optimal design of the energy harvesting devices and 

chatter detection of machining process.  

Acknowledgment 

The paper is supported by the teacher education curriculum reform project in Henan 

Province (2021-JSJYZD-027), the key scientific research of institutions of higher learning in 

Henan Province Project plan (21A110018) and the Natural Science Foundation of Henan 

Province (222300420507). 

References 

[1] Kovacic, I., Brennan, M. J., The Duffing Equation: Non-linear Oscillators and their Behaviour, John 
Wiley & Sons, New York, USA, 2011 

[2] Hoang, L. T. T., A New C0 Third-Order Shear Deformation Theory for the Non-linear Free Vibration 
Analysis of Stiffened Functionally Graded Plates, Facta Universitatis Series: Mechanical Engineering, 
19 (2021), 2, pp. 285-305 

[3] Yusufoglu, E., Numerical Solution of Duffing Equation by the Laplace Decomposition Algorithm, Ap-
plied Mathematics and Computation, 177 (2006), 2, pp. 572-580 

[4] He, C. H., et al., Hybrid Rayleigh -Van der Pol-Duffing Oscillator (HRVD): Stability Analysis and Con-
troller, Journal of Low Frequency Noise, Vibration & Active Control, 41 (2022), 1, pp. 244-268 

[5] Jankowski, P., Detection of Non-local Calibration Parameters and Range Interaction for Dynamics of 
FGM Porous Nanobeams Under Electro-Mechanical Loads, Facta Universitatis Series: Mechanical En-
gineering, 20 (2022), 3, pp. 457-478 



Yang, Y.-J., et al.: Local Fractional Duffing Equation: Its Periodic Property and … 
THERMAL SCIENCE: Year 2024, Vol. 28, No. 3A, pp. 2135-2142 2141 

[6] Faghidian, S. A., Tounsi, A., Dynamic Characteristics of Mixture Unified Gradient Elastic Nanobeams, 
Facta Universitatis Series: Mechanical Engineering, 20 (2022), 3, pp. 539-552 

[7] Limkatanyu, S., et al., Bending, Bucking and Free Vibration Analyses of Nanobeam-Substrate Medium 
Systems, Facta Universitatis Series: Mechanical Engineering, 20 (2022), 3, pp. 561-587 

[8] He, J.-H., et al., Pull-in Stability of a Fractal System and Its Pull-in Plateau, Fractals, 30 (2022), 9, 
2250185 

[9] He, J.-H., et al. Periodic Property and Instability of a Rotating Pendulum System, Axioms, 10 (2021), 3, 
191 

[10] Tian, D., et al., Fractal N/MEMS: From Pull-in Instability to Pull-in Stability, Fractals, 29 (2021), 2, 
2150030  

[11] Tian, D., He, C. H., A Fractal Micro-Electromechanical System and Its Pull-in Stability, Journal of Low 
Frequency Noise Vibration and Active Control, 40 (2021), 3, pp. 1380-1386  

[12] He, C. H., A Variational Principle for a Fractal Nano/Microelectromechanical (N/MEMS) System, In-
ternational Journal of Numerical Methods for Heat & Fluid Flow, 33 (2023), 1, pp. 351-359 

[13] He, J.-H., Fast Identification of the Pull-in Voltage of a Nano/Micro-Electromechanical System, Journal 
of Low Frequency Noise Vibration and Active Control, 41 (2022), 2, pp. 566-571 

[14] Erturk, A., Inman, D. J., Broadband Piezoelectric Power Generation on High-Energy Orbits of the Bista-
ble Duffing Oscillator with Electromechanical Coupling, Journal of Sound and Vibration, 330 (2011), 
10, pp. 2339-2353 

[15] Sebald, G., et al., Experimental Duffing Oscillator for Broadband Piezoelectric Energy Harvesting, 
Smart Materials and Structures, 20 (2011), 10, 102001 

[16] He, C. H., et al., Controlling the Kinematics of a Spring-Pendulum System Using an Energy Harvesting 
Device, Journal of Low Frequency Noise, Vibration & Active Control, 41 (2022), 3, pp. 1234-1257 

[17] Liu, F. J., et al., Thermal Oscillation Arising in a Heat Shock of a Porous Hierarchy and Its Application, 
Facta Universitatis Series: Mechanical Engineering, 20 (2022), 3, pp. 633-645 

[18] Yang, Y. J., Wang, S. Q., Fractional Residual Method Coupled with Adomian Decomposition Method 
for Solving Local Fractional Differential Equations, Thermal Science, 26 (2022), 3B, pp. 2667-2675 

[19] Wang, S. Q., He, J. H., Variational Iteration Method for Solving Integro-Differential Equations, Physics 
letters A, 367 (2007), 3, pp. 188-191 

[20] Deng, S. X., Ge, X. X., The Variational Iteration Method for Whitham-Broer-Kaup System with Local 
Fractional Derivatives, Thermal Science, 26 (2022), 3B, pp. 2419-2426 

[21] Wang, S. Q., A Variational Approach to Non-linear Two-Point Boundary Value Problems, Computers & 
Mathematics with Applications, 58 (2009), 11, pp. 2452-2455 

[22] He, J.-H., Homotopy Perturbation Technique, Computer Methods in Applied Mechanics and Engineer-
ing, 178 (1999), 3-4, pp. 257-262 

[23] He, C. H., El-Dib, Y. O., A Heuristic Review on the Homotopy Perturbation Method for Non-
Conservative Oscillators, Journal of Low Frequency Noise Vibration and Active Control, 41 (2022), 2, 
pp. 572-603 

[24] Nadeem, M., Li, F. Q., He-Laplace Method for Non-linear Vibration Systems and Non-linear Wave Equa-
tions, Journal of Low Frequency Noise, Vibration and Active Control, 38 (2019), 3-4, pp. 1060-1074 

[25] He, J.-H., El‐Dib, Y. O., The Reducing Rank Method to Solve Third‐Order Duffing Equation with the 
Homotopy Perturbation, Numerical Methods for Partial Differential Equations, 37 (2021), 2, pp. 1800-
1808. 

[26] He, J.-H., The Simplest Approach to Non-linear Oscillators, Results in Physics, 15 (2019), 102546 
[27] He, C. H., Liu, C., A Modified Frequency-Amplitude Formulation for Fractal Vibration Systems, Frac-

tals, 30 (2022), 3, 2250046 
[28] Ma, H. J., Simplified Hamiltonian-Based Frequency-Amplitude Formulation for Non-linear Vibration 

Systems, Facta Universitatis-Series Mechanical Engineering, 20 (2022), 2, pp. 445-455 
[29] Tian, Y., Frequency Formula for a Class of Fractal Vibration System, Reports in Mechanical Engineer-

ing, 3 (2022), 1, pp. 55-61 
[30] Lyu, G. J., et al., Straightforward Method for Non-linear Oscillators, Journal of Donghua University 

(English Edition), 40 (2023), 1, pp. 105-109 
[31] He, J.-H., The Simpler, the Better: Analytical Methods for Non-linear Oscillators and Fractional Oscilla-

tors, Journal of Low Frequency Noise Vibration and Active Control, 38 (2019), 3-4 pp. 1252- 1260 
[32] Yang, X. J., Advanced Local Fractional Calculus and Its Applications, World Science Publisher, New 

York, USA, 2012 



Yang, Y.-J., et al.: Local Fractional Duffing Equation: Its Periodic Property and … 
2142 THERMAL SCIENCE: Year 2024, Vol. 28, No. 3A, pp. 2135-2142 

[33] Yang, X. J., et al., Local Fractional Integral Transforms and their Applications, Academic Press, Pitts-
burgh, Penn., USA, 2015 

[34] Sun, J. S., Approximate Analytic Solution of the Fractal Fisher’s Equation via local fractional Varia-
tional Iteration Method, Thermal Science, 26 (2022), 3B, pp. 2699-2705 

[35] He, J.-H., et al., Homotopy Perturbation Method for Strongly Non-linear Oscillators, Mathematics and 
Computers in Simulation, 204 (2023), Feb., pp. 243-258 

[36] He, J.-H., et al., Homotopy Perturbation Method for Fractal Duffing Oscillator with Arbitrary Condi-
tions, Fractals, 30 (2022), 9, 22501651 

[37] He, C. H., et al., Low Frequency Property of a Fractal Vibration Model for a Concrete Beam, Fractals, 
29 (2021), 5, 2150117 

[38] Wang, K. L., et al., Physical Insight of Local Fractional Calculus and Its Application to Fractional KdV-
Burgers-Kuramoto Equation, Fractals, 27 (2019), 7, 1950122 

[39] Wang, K. L., He, C. H., A Remark on Wang’s Fractal Variational Principle, Fractals, 27 (2019), 8, 
1950134 

[40] He, J. H., et al., Solitary Waves Travelling Along an Unsmooth Boundary, Results in Physics, 24 (2021), 
104104 

[41] He, C. H., Liu, C., Fractal Approach to the Fluidity of a Cement Mortar, Non-linear Engineering, 11 
(2022), 1, pp. 1-5 

[42] He, C. H., et al., A Fractal Model for the Internal Temperature Response of a Porous Concrete, Applied 
and Computational Mathematics, 21 (2022), 1, pp. 71-77 

[43] He, C. H., et al., A Novel Bond Stress-Slip Model for 3-D Printed Concretes, Discrete and Continuous 
dynamical Systems-Series S, 15 (2022), 7, pp. 1669-1683 

[44] He, C. H., Liu, C., Fractal Dimensions of a Porous Concrete and Its Effect on the Concrete’s Strength, 
Facta Universitatis Series: Mechanical Engineering, 21 (2023), 1, pp. 137-150  

[45] He, J.-H., et al., A Good Initial Guess for Approximating Non-linear Oscillators by the Homotopy Per-
turbation Method, Facta Universitatis, Series: Mechanical Engineering, 21 (2023), 1, pp. 21-29  

[46] He, J.-H., Homotopy Perturbation Method with Two Expanding Parameters, Indian Journal of Physics, 
88 (2014), 2, pp. 193-196 

[47] Yu, D. N., et al., Homotopy Perturbation Method with an Auxiliary Parameter for Non-linear Oscilla-
tors, Journal of Low Frequency Noise, Vibration and Active Control, 38 (2019), 3-4, pp. 1540-1554 

[48] Ghouli, Z., Belhaq, M., Energy Harvesting in A Delay-Induced Parametric van der Pol-Duffing Oscilla-
tor, European Physical Journal-Special Topics, 230 (2021), Nov., pp. 3591-3598 

[49] Jia, Y. Review of Non-linear Vibration Energy Harvesting: Duffing, Bistability, Parametric, Stochastic 
and Others, Journal of Intelligent Material Systems and Structures, 31 (2020), 7, pp. 921-944 

[50] He, J.-H., et al., Stability of Three Degrees-of-Freedom Auto-Parametric System, Alexandria Engineer-
ing Journal, 61 (2022), 11, pp. 8393-8415 

[51] He, J.-H., et al., Fractal Oscillation and Its Frequency-Amplitude Property, Fractals, 29 (2021), 4, 
2150105 

[52] Lv, G. J., Dynamic Behaviors for the Graphene Nano/Microelectromechanical System in a Fractal 
Space, Journal of Low Frequency Noise Vibration and Active Control, 42 (2023), 3 

[53] He, J.-H., et al., Forced Non-linear Oscillator in a Fractal Space, Facta Universitatis, Series: Mechanical 
Engineering, 20 (2022), 1, pp. 1-20 

[54] He, J.-H., et al., Pull-Down Instability of the Quadratic Non-linear Oscillators, Facta Universitatis, Se-
ries: Mechanical Engineering, 21 (2023), 2, pp. 191-200  

[55] Kuo, P. H., et al., Novel Fractional-Order Convolutional Neural Network Based Chatter Diagnosis Ap-
proach in Turning Process with Chaos Error Mapping, Non-linear Dynamics, 111 (2023), 8, pp. 7547-7564  

[56] Kuo, P. H., et al., A Thermal Displacement Prediction System with an Automatic LRGTVAC-PSO Op-
timized Branch Structured Bidirectional GRU Neural Network, IEEE Sensors Journal, 23 (2023), 12, 
pp. 12574-12586  

[57] Wang, S. Q., et al., An Ensemble-Based Densely-Connected Deep Learning System for Assessment of 
Skeletal Maturity, IEEE Transactions on Systems, Man, and Cybernetics: Systems, 52 (2020), 1, pp. 
426-437 

 

Paper submitted: April 6, 2022 © 2024 Society of Thermal Engineers of Serbia.  
Paper revised: May 19, 2023 Published by the Vinča Institute of Nuclear Sciences, Belgrade, Serbia. 
Paper accepted: May 19, 2023 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.  

https://www.webofscience.com/wos/author/record/22416357
https://www.webofscience.com/wos/author/record/1737927
http://www.vin.bg.ac.rs/index.php/en/

