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The current numerical work examines the thermal energy transport 

controlled by magnetohydrodynamic buoyancy inside two distinct enclosure 

shapes filled with water-Ag-MgO nanohybrids. The outer wall of the 

enclosure is designed to be frigid, but the inner spaces are heated 

continuously. To do this, we used Comsol Multiphysics to develop a two-

dimensional code that solved the equations related mass, momentum, and 

energy. When the Prandtl number is assumed to be Pr = 6.58, the impact of 

relevant parameters such as Rayleigh number between 103 and 106, 

Hartmann number between 0 and 120, and the solid volume fraction of the 

nanohybrid on the flow and heat transfer performance of the enclosure are 

investigated after the validation of the numerical code. It is obtained that the 

average Nusselt number is a function of and increases with solid volume 

fraction of the nanohybrid. Furthermore, the average Nusselt number drops 

with Ha, with the effect being more pronounced for higher Rayleigh values. 

Key words: Hybrid nanofluids, Heat transfer, Magnetic field, Natural 

convection, Comsol Multiphysics. 

1. Introduction  

The rate of heat transfer in equipment used in different sectors has been the subject of numerous 

studies in recent years, due to its prevalence in various engineering fields, such as LED lamps [1–3], 

plasma manufacturing [4,5], and also, the enhancement of the performance of thermal systems 

including solar collectors [6,7], heat exchangers [8–10], bubble absorber systems [11,12], and systems 

for condensing and evaporating [13]. So, in order to increase the rate of heat transfer, special 

geometries [8] or using enriched fluids [12], such as nanofluids, can be configured or thermal areas 

can be increased, also it is possible to apply an electric current or magnetic field [14–18]. Due to their 

better thermal properties, nanofluids have recently gained popularity as a study area. In order to 

improve combined heat and mass transfer in ammonia-water bubble absorption processes, binary 

nanofluid is used in Ben Hamida et al. [12] paper's in-depth analysis. A systematic study shows that 
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nanoparticles boost gas absorption in absorbers, allowing for potentially smaller designs, and even 

enhance mass and heat transfer in binary nanofluids, especially at lower flow rates, lower starting 

concentrations, and higher temperatures [19].  

A potential heat transfer medium is hybrid nanofluid, which is an extension of binary nanofluid 

and contains two or more different types of nanoparticles inside the base fluid. So, by adopting hybrid 

nanofluid as a cooled ammonia-water absorption system, bubble absorbers can perform better and 

shrink in size [20]. Additionally, Ben Jabalah et al. [21] was discovered that hybrid nanofluids boost 

ammonia-water absorption but require optimal absorber design for full effect. Safaie et al. [22]  

investigates how radiation and free convection influence heat transfer in shallow cavity nanofluids, 

revealing their impact on flow behavior and heat transfer mechanisms. Ben Hamida et al. [1] using 

four water-based hybrid nanofluids to cool LEDs found all fluids reduced LED temperature, with 

Al2O3-TiO2 performing highest Nusselt number for heat transfer. Even a small increase (0.01%) in 

nanoparticle concentration significantly enhanced heat transfer (5.19% locally and 0.43% on average). 

Due to its various engineering uses, the effect of magnetic fields in enclosures has drawn the utmost 

interest from researchers. A numerical analysis of natural convection in the presence of magnetic 

fields in a square enclosure containing an ethylene glycol-copper nanofluid was carried out [15]. 

Additionally, Ben Hamida et al. [23] explores heat transfer in a water-Ag-MgO nanohybrid fluid 

under a magnetic field. They found that increasing the electric field voltage from 1V to 5V 

significantly boosted heat transfer capability.  

To solve the physical models, based on finite technical elements, we have developed a 

numerical study using the software COMSOL Multiphysics 6.1.  

In a quest for radically improved heat transfer in cavities, essential for efficient heat exchangers, 

this research explores a groundbreaking two-pronged approach: geometry optimization and hybrid 

nanofluid integration. We compare the heat transfer capabilities of traditional circular cavities to a 

novel, high-performance flower-shaped design, demonstrating its potential as a game-changer in heat 

exchanger technology. Furthermore, we move beyond conventional single-nanoparticle fluids by 

investigating the synergistic effects of hybrid nanofluids, which offer significantly enhanced heat 

transfer. This combined approach provides valuable insights that surpass studies limited to a single 

factor. Future work could involve transient simulations to delve deeper into the time-dependent heat 

transfer dynamics within these cavities.  

2. Formulation of the problem 

The coordinate system and physical model are depicted in Figure 1. A circular enclosure of 

diameter L filled with water-Ag-MgO nanohybrid makes up the initial computational domain. Along 

the horizontal and vertical mid-plane, four inner circular cylinders with diameters of d are spaced apart 

at a distance of s. A flower-shaped enclosure with dimensions L1 and L2 included within it two gaps 

with the same outer shape in dimensions d1 and d2 make up the second computational domain, which 

is also filled with water-Ag-MgO nanohybrid. The outer walls of the two types of enclosure are set to 

temperature Tc, while the inner ones are set to temperature Th. The two models were designed to be 

with the same area to be compared. In the vertical direction, a magnetic field of uniform strength    is 

applied. It was determined that    was a variable where Hartmann number changed from 0 to the 

greatest value of 120. 
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Fig. 1. (a)-Schematic of the shape 1 of the physical problem; (b) – Mesh of shape 1 used in 

Comsol Multiphysics 

(c)-Schematic of the shape 2 of the physical problem; (d) – Mesh of shape 2 used in Comsol 

Multiphysics 

Table 1 provides an overview of the boundary criteria applied to dimensional and dimensionless 

forms. The boundaries of the geometries were designated numerically. For the circular shape, '1-1' 

represents the outer boundary, while '1-2,' '1-3,' '1-4,' and '1-5' represent the boundaries of the four 

inner circles. Similarly, in the flower shape, '2-1' denotes the outer boundary, and '2-2' and '2-3' 

represent the inner boundaries. 

Table 1. Boundary conditions. 

 Dimensional form Dimensionless form 

Border  Condition 

on   

Condition on 

  

Condition 

on   

Condition 

on    
Condition on 

   
Condition on 

   
1-1 0 0    0 0 0 

1-2 0 0    0 0 1 

1-3 0 0    0 0 1 

1-4 0 0    0 0 1 

1-5 0 0    0 0 1 

2-1 0 0    0 0 0 

2-2 0 0    0 0 1 

2-3 0 0    0 0 1 

In our study, specific temperatures are utilized along with a Prandtl number (Pr) to clearly 

define the hydrodynamic and thermal boundary conditions. The inner boundaries, symbolizing the 

heated cylinders, are persistently maintained at a temperature of Th = 1, while the outer boundaries, 

representing the enclosure walls, remain steady at a temperature Tc = 0. This creates a significant 
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temperature contrast that drives the heat transfer process. Additionally, the Prandtl number is set to 

          , indicating a moderately viscous fluid where heat conduction plays a more prominent role 

compared to bulk fluid motion. 

All dimensions are sited in table 2. 

                                   Table 2. Dimensions of the model studied. 

Parameters  Values 

L (m) 0.45 

L1 (m) 0.45237 

L2 (m) 0.41529 

s (m) 0.18 

d (m) 0.09 

d1 (m) 0.108 

d2 (m) 0.10468 

2.1. Hypotheses 

In this work, the following hypotheses are taken into consideration: 

- It is assumed that fluid flow is laminar, steady, two-dimensional, and incompressible. 

- Heat and mass are transmitted in both directions (x,y). 

- The Boussinesq approximation yields constant fluid characteristics. 

- The transfer of radiant heat is not considered 

- Viscous dissipation's impact is disregarded. 

- The approximations for the boundary layer are accurate. 

- The hybrid nanofluid is treated as one liquid phase. 

- The nanoparticles are uniformly dispersed. 

2.2. Governing equations 

Utilizing the below-presented simplifying assumptions, the bidimensional, cartesian coordinates 

(x, y), equation system for thermal energy, linear momentum, and continuity is used to manage our 

physical problem.  

2.2.1 The dimensional governing equation  

 Mass conservation equation 
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 According to x, the momentum conservation equation 
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 Energy conservation equation 



5 
 

( 
  

  
  

  

  
)      (

   

   
 
   

   
) (4)

 

2.2.2 The non-dimensional governing equation  

Following the use of these numerous non-dimensional parameters and variables: 
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Our system of dimensionless equations is written as follows: 

 Mass conservation equation 
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where, respectively,    and    represent the dimensionless velocities corresponding to   and   . 

 According to   , the momentum conservation equation 
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 Energy conservation equation 

(  
   

   
   

   

   
)  

    

  
(
    

    
 
    

    
) (8)

 

2.2.3 Hybrid nanofluid properties  

The mixing theory of Ho et al. [24] can be used to compute the hybrid nanofluid's density as 

shown below. 

      (   )                    (9)

 

Where bf and hnf represent, respectively, the base fluid and the hybrid nanofluid. 

The formulas below define   as the volume fraction of two different kinds of nanoparticles. 

            (10)

 

Where,     
 

 
 and      

 

 
 . 

The parameters of the nanofluid are ascertained using the classical models documented in the 

literature.[15] 
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The following equations provide the specific heat capacity of hybrid nanofluids: 

       
(   )                                

    
 (14)

 

According to the Maxwell model [25], the hybrid nanofluid's thermal conductivity is determined as 

follows: 
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(15)

 

According to Brinkman's model [26], the dynamic viscosity of a hybrid nanofluid is defined as 

follows: 

      
   

(          )
    (16)

 

Table 3 lists the hybrid nanofluid's constant thermophysical characteristics [12,27]. 

Table 3. Thermophysical properties of base fluid (water) with used nanoparticles 

Physical properties Ag [27] MgO [28] Water [27] 

Density ρ (kg/m
3
) 10500 3580 997.1 

Specific heat Cp (J/kg K) 535.6 955 4179 

Thermal conductivity k (W/m K) 429 45 0.613 

Thermal expansion coefficient β (1/K) 0.85  21 

Dynamic viscosity µ (kg/m s) - - 8.91.10
4
 

2.2.4 Nusselt number  

The Nusselt number, a dimensionless metric, is used to represent heat transfer. The established 

local Nusselt number on the hot inner wall is defined as: 
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The average Nusselt number     is calculated by integrating    : 

      
 

 
∫    
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Where A is the total surface area. 
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3. Resolving and validating numerical code  

Using the finite element-based software COMSOL Multiphysics 6.1, every system of equations 

used in this work that was previously described in detail, was solved. The extra-fine mesh has proven 

to be the best mesh after several mesh type testing in terms of a good validation of our numerical code 

with the experimental results. Figure 1.b. illustrates this form of mesh, which has 20024 elements and 

852 boundary elements for a circular shape and 17164 elements and 704 boundary elements for the 

second case shape shown in Figure 1.d. The current study is corroborated by contrasting Nu for 

various Ha values at        and        with the outcomes of Ben Hamida et al. [15] for 

magnetohydrodynamic natural convection in a square enclosure filled with ethylene glycol-Cu 

nanofluids, as shown in Table 4. The findings of the current study are in good agreement with those of 

Ben Hamida et al. [15]. 

Table 4. Average Nusselt number for various Ha values at        and         on the hot 

bottom wall 

Ha Ben Hamida [15] Present work 

Normal Fine Finer Extra fine 

0 9.94 9.86 9.89 9.92 9.98 

20 9.12 8.96 9.01 9.04 9.18 

40 7.5 7.38 7.43 7.45 7.56 

60 6.05 6.13 6.13 6.09 6.06 

120 3.35 3.93 3.78 3.55 3.38 

As can be seen from table 4, the extra-fine mesh demonstrates the closest agreement in Ha 

values compared to the reference study by Ben Hamida et al. [15]. This convergence towards the 

established results strengthens the validation of our numerical code and justifies our selection of the 

extra-fine mesh for further simulations. To ensure the accuracy and efficiency of our numerical 

simulations, we conducted a mesh independence study. This study involved evaluating the Nusselt 

number with progressively finer mesh densities.  Table 5 presents the Nusselt number values obtained 

for various mesh types, ranging from extremely coarse to extremely fine.  

As observed in the table, the Nusselt number exhibits a decreasing trend with increasing mesh 

density, indicating a refinement in the solution. Notably, the Nusselt numbers obtained with the 'extra 

fine' and 'extremely fine' meshes is the same. This suggests that the 'extra fine' mesh provides a 

sufficient level of discretization for capturing the flow and heat transfer phenomena with minimal 

mesh-induced errors. Therefore, the 'extra fine' mesh was chosen as the optimal mesh density for 

subsequent simulations, balancing accuracy with computational efficiency. 

Table 5. Mesh Independence 

Ha 
Extremely 

coarse 

Extra 

coarse 

Coarser  Coarse Normal Fine Finer Extra 

fine 

Extremely 

fine 

0 3.38 3.35 3.40 3.42 3.41 3.42 3.44 3.46 3.46 

20 3.35 3.32 3.37 3.39 3.38 3.39 3.41 3.43 3.43 

40 3.27 3.25 3.29 3.31 3.30 3.32 3.34 3.35 3.35 

60 3.18 3.16 3.21 3.23 3.22 3.23 3.25 3.27 3.27 

80 3.11 3.09 3.14 3.16 3.15 3.17 3.19 3.20 3.20 

100 3.06 3.05 3.09 3.11 3.11 3.12 3.14 3.16 3.16 

120 3.03 3.02 3.06 3.09 3.08 3.09 3.11 3.13 3.13 
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4. Results and Discussions  

4.1. Flow field 

In terms of streamlines, the combined effects of the Hartmann number and the hybrid nanofluid 

volume fraction on the flow features are investigated. Figure 2 and 3 shows the streamlines at    

    in different φ values of the circular and flower shape case, respectively. It is apparent that fluid 

close to the heated walls warms up and flows to the extremities of the outer wall in both cases. When 

the fluid particles come into contact with the neighboring cool surface, they fall, forming recirculation 

zones. Also, the vortices seem to get stronger uniformly as they get closer to the outside wall of in the 

circular case shape and in the case of the flower-shaped enclosure, the fluid particles fall after coming 

into contact with the top, cold surface, creating recirculation zones there compared to the bottom. By 

adding hybrid nanofluid, the density of the vortices is increased in the two shape cases which 

strengthens the flow cell. Convection impact, which is more pronounced at much higher Rayleigh 

numbers and eventually increases the force of such vortices, is the cause of this. It is clear that when 

Ha increases, the intensity of the vortices decreases because the magnetic force suppresses the buoyant 

force. 

 

Fig. 2. Dimensionless streamlines for the circular shape at        in different   values. 

4.2. Temperature field 

A thorough examination of isotherms helps for learning the physics involved in heat 

transmission within the two shapes used. Figure 4 and 5 shows, respectively, the isotherms of the 

circular and flower shape case at        in different φ values. It is clear that the convective flow 

becomes weaker as the magnetic field strength increases. when a result, when Ra increases, the 

isotherms often arrange themselves in a parallel pattern, and when the advection rate of the convection 
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flow is at its peak, a plume of temperature forms that forces the fluid towards the upper edge of the 

two types of enclosures under study. As a result, the isotherms near to the interior walls of the warmed 

interface in the middle of the two enclosures are warped. By adding hybrid nanofluid, it is seen that 

the isotherm pattern at        with      was reached at        in the case without nanofluid, 

at        . For this reason, we have applied the time factor. Figure 6 shows the evolution of the 

streamlines taking into account the time of both designed models. It is noted that using hybrid 

nanofluid have influence on the quick parallel arrangement of the streamlines around the gaps in the 

two cases. 

 

Fig. 3. Dimensionless streamlines for the flower shape at        in different   values. 

4.3. Heat transfer 

Figure 7 shows the effect of the hybrid nanofluid's volume percentage on the Nusselt number 

for various Hartmann values for the two tested designs. As can be seen from the figure 7, for both the 

1% and 2% volume fractions, the Nusselt number increases as the Hartmann number increases. The 

2% volume fraction increases significantly more than the 1% volume fraction, with a range of 8.26% 

to 8.57% when considering the circular shape. Similar to the circular shape, the Nusselt number in the 

flower shape also increases with increasing Hartmann number for both volume fractions. The 

increment for the 2% volume fraction is again slightly higher than for the 1% volume fraction, ranging 

from 8.21% to 8.44%. Here, we see that the Nusselt number for the flower shape is consistently higher 

than for the circular shape at 1% volume fraction. The difference ranges from 6.34% to 7.91%. 

According to the 1% volume fraction scenario, the Nusselt number for the flower shape is consistently 

higher than that of the circular shape at 2% volume fraction. The percentage difference is between 

6.35% and 7.81%. In conclusion, for both 1% and 2% volume fractions, the flower shape consistently 

exhibits a 6.34% to 7.91% higher Nusselt number compared to the circular shape. Additionally, the 

flower shape consistently exhibits a higher Nusselt number compared to the circular shape for both 
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volume fractions. In both scenarios, the Nusselt number reaches its greater value at     . 

Additionally, it is seen that for the same volume percent of the hybrid nanofluid, the flower shape 

results lead to a higher Nusselt value than the circular shape. Otherwise, the Nusselt value decreases as 

the Hartmann number rises in magnitude. 

 

Fig. 4. Isotherms for the circular shape at        in different   values. 

 

Fig. 5. Isotherms for the flower shape at        in different   values. 
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This study breaks new ground in heat transfer by employing nanohybrids (mixtures of multiple 

fluids) within enclosures of varying shapes (circular and wavy) compared to existing research that 

focuses on nanofluids in square geometries[15,29,30]. Combining unique nanohybrids, which 

significantly impact thermal properties and flow patterns, with investigations of circular and wavy 

enclosures, this research offers fresh perspectives on optimizing heat transfer through its influence on 

both fluid properties and enclosure geometry. Our approach complements existing studies by 

analyzing similar factors like the Rayleigh and Hartmann numbers, but with the key distinction of 

using nanohybrids. This allows for a direct comparison of how these fluids influence flow patterns and 

heat transfer (through Nusselt number) compared to traditional nanofluids. Ultimately, this 

comparative analysis validates the potential of nanohybrids for enhanced heat transfer across different 

geometries, including the introduction of a novel wavy enclosure for further exploration. 

 

Fig. 6. Isotherms depending on time for the circular and the flower shape at        in 

different   values. 

5. Conclusion  

The current study concentrates on a numerical modeling of two-dimensional mass and heat 

transfer of natural convection with the addition of hybrid nanofluid in the presence of a magnetic field 

in two separate developed models. The program Comsol Multiphysics was used to do the numerical 

resolution. Following the verification of our model, the effect of the nanoparticle volume fraction on 

the two investigated forms was demonstrated in terms of streamlines, isotherms, and Nusselt number. 
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The findings show that the presence of a magnetic field causes a slight attenuation of the streamline 

vortices inside the enclosure, and that the strength of the circulation increases with increasing 

Rayleigh number and reduces with increasing Hartmann numbers. However, when the volume fraction 

of nanoparticles rises, the effect of adding nanoparticles becomes more and more noticeable in both 

the examined geometries. and if you factor in time, using hybrid nanofluid can get the same outcome 

faster. Additionally, results show that the Nusselt number increases when the hybrid nanofluid's 

volume fraction is raised from 1% (        ) to 2% (        ). This finding reveals a possible 

link between volume fraction and heat transfer enhancement, which calls for additional exploration 

with a broader range of volume fractions. In this investigation, the design of the flower produced some 

significant differences in heat transfer values compared to the circular one. Additionally, incorporating 

hybrid nanofluids further improved heat transfer, with a noticeable effect even at a modest volume 

fraction increase from 1% to 2%. These findings suggest that optimizing cavity design and employing 

hybrid nanofluids are promising strategies for improving heat exchanger performance. In conclusion, 

this research on natural convection heat transfer with nanohybrids and complex geometries has the 

potential to significantly advance the field. By employing nanohybrids, a more intricate mixture of 

fluids, and exploring geometries beyond the typical square enclosure (circular and wavy shapes), our 

research explores unexplored areas. Future research directions could involve exploring a wider range 

of nanofluid volume fractions, investigating different nanoparticle combinations, and incorporating 

transient simulations to analyze the time-dependent behavior of heat transfer in these geometries. 

 

Fig. 7. Nusselt number for circular and flower shape at        in different   values. 

Nomenclature 
Cp - Specific heat (Jkg

-1
K

-1
)  

   – Strength of magnetic field   L – Diameter of the circular shape (m) 

k – Thermal conductivity (Wm
-2

K
-1

) L1 – diameter 1 of the flower shape (m) 

d1 – Diameter of the inner flower shape (m) L2 – diameter 2 of the flower shape (m) 

d2 – Diameter of the inner flower shape (m) d – diameter of the inner cylinder (m) 

   – Nusselt number     – Hartmann number 

Pr - Prandtl number Ra - Rayleigh number 

T – Temperature (K) T* - Dimensionless temperature 

Th - Temperature of hot fluid (K) Tc - Temperature of cold fluid (K) 

Subscripts 

hnf - Hybrid nanofluid np – Nanoparticle 
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Bf – Base fluid Dimensionless coordinates 

     - Velocity components in x, and y 

directions 

NH – Hybrid nanofluid 

       - Dimensionless velocity components c - cold 

     - Cartesian coordinates h – hot 

       - Dimensionless coordinates  

Greek symbols 

ρ - Density (Kgm
-3

)   – Cinematic viscosity (m
2
s

-1
) 

β - Expansion coefficient (K
-1

)     – Dynamic viscosity (kgm
-1

s
-1

) 

  - Thermal diffusivity (m
2
s

-1
)      - Thermal conductivity of the hybrid 

nanofluid (Wm
-1

K
-1

) 

    - Density of the hybrid nanofluid (Kgm
-3

)      - Dynamic viscosity of the hybrid 

nanofluid (Kgm
-1

s
-1

) 

(   )   - Heat capacity of the hybrid nanofluid   – Volume fraction of hybrid nanofluid 

  – Direction of magnetic field, °   – Direction of magnetic field, (AmV
-1

) 
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