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In this paper, based on the non-linear mechanics theory of the drill pipe, a mechan-
ical model of stick-slip vibration of the drill pipe has been established by consid-
ering the torsional properties of the drill pipe, kinetic energy and the motion law 
of the bit. The example calculations and sensitivity analysis of the parameters are 
carried out. The results show that increasing the rotational speed, viscous damp-
ing, length of the drill collar and de-creasing the weight of bit have the effect of 
suppressing the stick-slip vibration. 
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viscosity reduction efficiency

Introduction

During the drilling process of deep and ultra-deep wells, with the in-crease of forma-
tion depth, the geological conditions become more complicated and the drilling process faces 
more challenges. In addition, with the increase of drill string length, the equivalent torque stiff-
ness of drill string decreases and the transfer torque is insufficient. Under the friction between 
drill string, drill bit, wellbore and bottom hole, the drill string system is prone to produce axial, 
transverse and torsional coupling vibration [1]. Among them, stick-slip vibration caused by 
torsional vibration is the most serious one, which is the main reason for the decline of drilling 
quality and the failure of drilling tools [2]. The stick-slip vibration widely exists in the drilling 
process of deep wells, which not only affects the drilling cost and completion cycle, but also 
accelerates the fatigue failure of the drilling tools, and seriously threatens the drilling safety [3]. 
The study of the stick-slip vibration characteristics of the drill pipe is of great significance to 
improve the drilling efficiency of deep oil and gas resources.

Scholars noticed the stick slip phenomenon of the drill string during the drilling proce-
dure of extended-reach wells. Richard, et al. [4] believe that the viscous vibration of drill string 
is a kind of self-ex-cited vibration which is caused by the interaction between drill string and 
wellbore as well as between drill bit and formation. Jia et al. [5] explained the basic principle 
of stick-slip vibration based on the rock breaking mechanism, and studied the influence of the 
interaction between bit and rock on the stick-slip vibration of the bit. Domestic research on 
stick-slip vibration of drill string started late. In 2001, analyzed the stability of the drill string 
system under the bit torque and frictional torque between the drill string and the wellbore, and 
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gave the rea-sons of the stick-slip vibration of the drill string. Zhu et al. [6] studied the stick-slip 
vibration characteristics of bit in deep formation and the motion law of drill bits by establishing 
the torsional pendulum model of drill string with concentrated mass. Ma et al. [7] designed a 
test platform to explore the effects of parameters such as rotational speed, frictional resistance 
and drill string length on stick-slip vibration, which has certain reference significance for con-
trolling drill string stick-slip vibration. Liu [8] and Tian et al. [9] studied the stick-slip vibration 
characteristics of drill string system under different drilling parameters based on the axial and 
torsional coupled vibration model of drill string. The results showed that the influence of drill 
string stick-slip and bit runout could be minimized and the ROP could be in-creased by select-
ing appropriate parameters.

In this paper, based on the non-linear mechanics theory of drill string, a mechanical 
model of stick-slip vibration of drill string has been established by considering the torsional 
mechanical properties of drill string, kinetic energy and the motion law of the bit. The influence 
law of the stick-slip vibration characteristics of the deep well drill string has been revealed.

Mechanical model

The drill string system is a complex system composed of multiple components, and 
it is very difficult to establish a complete dynamic model of the drill string. In this paper, in 
order to facilitate the study, the drill string system is simplified into a four-DoF model, and the 
dynamic model is established for the rotating rotary table, drill pipe, bottom hole assembly 
(BHA) and bit, respectively. In order to simplify the model reasonably, the mechanical model of 

drill string system contains the assumptions: The drill 
string system is in a vertical well. The lateral vibra-
tion and axial vibration of the drill pipe is not consid-
ered. The effect of frictional resistance between the 
drill pipe and the well wall on the drilling process is 
not considered. The influence of drilling fluid on the 
drill string is not considered. Neglect the change of 
strength of downhole rock.

According to the aforementioned five assump-
tions, the simplified model of the dynamics of the 
drill string system is shown in fig. 1.

In the simplified model of the drill string, the 
rotary table, drill pipe, BHA and bit are connected by 
linear springs with torsional stiffness and torsional 
damping. During the drilling process, the drive sys-
tem drives the rotary table to rotate, and the rotary 
table drives the square drill pipe to rotate the BHA, 
which in turn drives the bit to rotate to break up the 
rock and drill into the well. From the simplified mod-
el of the drill string system in Figure 1, the governing 
equations of the drill string system can be obtained:
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Figure 1. Simplified model of  
drill string system
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where Jr, Jp, Jc, and Jb are the equivalent moment of inertia of the rotary table, drill pipe, drill 
collar and bit, respectively, krp, kpc, and kcb – the equivalent torsional stiffnesses of the springs 
connected to the neighboring drill pipes, respectively, crp, cpc, and ccb – the equivalent damping 
of the springs connected to the neighboring drill pipes, respectively, Tm – the torque of the rotary 
table, φr, φp, φc, and φb are the rotation angles at the rotary table, the drill pipe micro-element 
section, the drill collar micro-element section, and the bit, respectively, φ⋅r, φ⋅p, φ⋅c, and φ⋅b – the 
angular velocities at the rotary table, the drill pipe micro-element section, the drill collar mi-
cro-element section, and the bit, respectively, and φ⋅⋅ r, φ⋅⋅ p, φ⋅⋅ c, and φ⋅⋅ b – the angular accelerations 
at the rotary table, the drill pipe micro-element section, the drill collar micro-element section, 
and the bit, respectively.

The frictional torque at the rotary table Tar can be expressed:
ϕ= ar r rT c (2)

where cr is the viscous damping coefficient of the rotary table. 
The viscous friction moment Tab at the bit can be given:

ϕ= ab b bT c (3)
where cb is the viscous damping coefficient of the bit. 

Considering the different static and dynamic frictionrque between the bit and the for-
mation, combining the Karnopp friction model and the Stribeck curve to express the dynamic 
frictionrque in the process of rock breaking of the bit, we can get the expression of frictionrque 
Tfb(x) between the drill bit and the formation:
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where Tsb is the maximum static frictionrque, Teb(x) – the torque accumulated by the drill string 
due to torsion driven by the rotary table when the bit sticks, Dv – the critical rotational speed 
between dynamic friction and static friction of the bit, Wob – the weight of bit, Rb – the radius of 
the bit, and µb(φb) – the dry friction coefficient.

Here Tsb can be given:
µ=sb b ob sbT R W (5)

Here µ⋅ b(φ⋅ b) can be expressed:
( ) ( ) b be γ ϕµ ϕ µ µ µ −= + − 
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When the torque is larger than the maximum static frictionrque,Teb(x) can be ex-

pressed:
( ) ( ) ( ) ( )ϕ ϕ ϕ ϕ ϕ= − + − −x   eb cb cn b cb cn b ab bT c k T (7)

Here

( )
( )
( )
( )

eb

eb eb

eb

1 0 1 0
sgn 0 0 and sgn 0 0

1 0 1 0

ϕ
ϕ ϕ

ϕ

> > 
 = < = =    
 − < − <

x
x x

x



 



b

b

b

T
T T

T
(8)

During the drilling process, in order to make the rotary table rotate at a stable speed, 
the driving torque of the rotary table should be adjusted according to the real-time speed of the 
rotary table and the bit. There are classical PID control and linear robust control, etc., but simple 
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reduced order closed-loop control is often used to control rotary speed in drilling string system 
of oil and gas wells. 

The closed-loop governing equation of rotary speed can be expressed:
( ) ( ) ( )1 2 3dω ϕ ω ϕ ϕ ϕ= − + − − −∫   m d r d r r bT K K t K (9)

where ωd is the rotational speed of the rotary table and K1, K2, K3 are the gain coefficients of the 
control system.

Case study and parameter sensitivity analysis

Case study

A deep well is selected for example calculation, and the basic parameters of the drill 
string system are shown in tab. 1.

Table 1. Basic operating parameters

Well depth Drill pipe (DP) 
length

Heavy  
DP length

Drill  
collar length

The DP 
external diameter

2841 m 2609 m 135 m 97 m 139.7 mm
The DP 

]internal diameter
Heavy DP 

external diameter
Heavy DP 

internal diameter
Drill collar 

external diameter
Drill collar 

internal diameter
118.6 mm 139.7 mm 76.2 mm 203.2 mm 71.45 mm

Radius of bit Rotational speed WOB Coefficient of 
static friction

Coefficient of 
kinetic friction

203.2 mm 80 rpm 80000 N 0.8 0.5

As shown in figs. 2 and 3, when the rotary table is moving at the initial rotational 
speed, there is stick-slip vibration below the rotary table. Although the rotary table moves well, 
the drill pipes, heavy drill pipes, and drill collars have the tendency of stick-slip vibration, and 
the bit has completely occurred stick-slip vibration. From the angular displacement curve, it can 
be clearly seen that the rotary table curve is relatively smooth, with a linear trend of increase, 
and the angular velocity does not appear 0, indicating that the rotary table does not have a stick-
slip vibration phenomenon similar to that of the drill bit. Combined with the curves of angular 
displacement and angular velocity, stick-slip vibration has occurred at the bit.

Figure 2. Changes of angular displacement  
of each component of drill string 

Figure 3. Changes of angular velocity of  
each component of drill string
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Parameter sensitivity analysis

Rotational speed of rotary table

When the rotational speed of the rotary table are 40 rpm, 60 rpm, 80 rpm, and  
100 rpm, respectively, the motion of the bit is shown in figs. 4 and 5.

Figure 4. Change of bit angular displacement 
under different rotational speed

Figure 5. Change of bit angular velocity  
under different rotational speed

As shown in figs. 4 and 5, the smaller the rotational speed is, the longer stick-slip 
period of the bit is, the longer the stick-slip time is, and the fluctuation amplitude of the angular 
velocity of the bit is smaller. With the increase of rotational speed, the angular velocity of the 
bit increases and the sticking time is shortened. When the rotational speed reaches 100 rpm, the 
bit has no stick-slip vibration phenomenon, which indicates that increasing the rotational speed 
is beneficial to inhibit the occurrence of stick-slip vibration.

Weight of bit

When the weight of bit (WOB) are 60 kN, 80 kN, 100 kN and 120 kN, respectively, 
the motion of the bit is shown in figs. 6 and 7.

As shown in figs. 6 and 7, when the WOB is larger than 80 kN, the bit exhibits stick-
slip vibration phenomenon. With the reduction of WOB, the stick-slip vibration phenomenon of 
the bit disappears, and the smaller the WOB, the shorter the sticking period is. When the WOB 
exceeds a certain value, the bit appears obvious jamming phenomenon, and the larger the WOB, 
the longer the jamming period is, which shows that the reduction of the WOB can inhibit the 
stick-slip vibration.

Figure 6. Change of bit angular  
displacement under different bit pressure

Figure 7. Change of bit angular velocity  
under different bit pressure
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Length of drill collar

When the length of drill collar are 100 m, 200 m, 300 m, and 400 m, respectively, the 
motion of the bit is shown in figs. 8 and 9.

Figure 8. Change of bit angular displacement 
under different drill collar lengths

Figure 9. Change of angle velocity under 
different drill collar lengths

As shown in figs. 8 and 9, when the length of drill collar are 100 m, 200 m, 300 m, and 
400 m, respectively, the drill bit has obvious stick-slip vibration phenomenon. The shorter the 
stick-slip vibration period of the bit as the drill collar length increases. It indicates that increas-
ing the drill collar length can shorten the sticking time of the drill bit with a certain viscosity 
reduction effect.

Conclusion

This paper establishes a mechanical model of stick-slip vibration of the drill pipe 
by considering multiple parameters. Besides, the response law of stick-slip vibration charac-
teristics of the deep-well drill pipe has been obtained. The sensitivity analysis of parameters 
reveals that increasing rotational speed and decreasing WOB are conducive to suppressing the 
occurrence of stick-slip vibration, and at the same time, increasing the length of drill collar can 
shorten the sticking time of the bit with a certain viscosity reduction effect. The length of the 
drill collar is the main factor affecting viscosity reduction efficiency. The smaller the difference 
between the dynamic and static friction coefficients, the longer the collar is, the higher the 
rotational speed of the rotational speed, and the smaller the WOB are more conducive to the 
improvement of viscosity reduction efficiency.

Nomenclature
crp  – equivalent damping, [Nmsrad–1]
Dv  – critical rotational speed, [rads–1]
Rb  – radius of the bit, [m]
Tab  – viscous friction moment, [Nm]
Tar  – frictional torque, [Nm]
Teb  – torque exerted on the bit, [Nm]
Tfb  – frictionrque, [Nm]
Tm  – torque of the rotary table, [Nm]
Tsb  – maximum static frictionrque, [Nm]

Wob – weight of bit, [N]

Greek symbols

γb  – conversion factor, [–]
µob – coefficient of static friction, [–]
φb  – rotation angles at the bit, [rad]
φr  – rotation angles at the rotary table, [rad]
ωd  – rotational speed, [rads–1]
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