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In this paper, we would like to briefly introduce some applications of fractional 
derivatives in the fields of heat and fluid-flows. However, our main focus is on 
study an inverse source problem for the Rayleigh-Stokes problem. The problem 
is severely ill-posed. We verify the ill-posedness of Problem 1, applying the mod-
ified Lavrentiev to construct a regularization from the exact data. After that, we 
established the convergent rate between the exact solution and its approximation. 
Furthermore, we have the estimate in Lq space. 
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Introduction

In the last few decades, the study of fractional models has received a lot of attention, 
in which the inverse problems and the problem of determining the error source function play 
an important role in engineering applications, mathematical finance, physics, image processing 
mechanisms, and continuous media, [1-13]. Duan et al. [14] and Trasov [15], they had plan to 
structure the fractal heat transfer equations in fractal media at low and high excess tempera-
tures. In this reference, their main aim is to propose the linear and non-linear heat transfer equa-
tions from the local fractional calculus point of view and to present the linear and non-linear 
oscillator equations arising in fractal heat transfer. Khan et al. [16], authors studied dealt with 
an exact solution for the MHD flow of a generalized Oldroyd-B fluid in a circular pipe. For the 
description of such a fluid, the fractional calculus approach has been used throughout the analy-
sis Based on modified Darcy's law for generalized Oldroyd-B fluid. The model Rayleigh-Stokes 
problem plays an important role in describing the behavior of some non-Newtonian fluids [17]. 
In this work, we consider the Rayleigh-Stokes problem:
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where

 	 ( )1,2,3 , and 0N N TΩ ⊂ = >

Here κ > 0 is a constant, u0 ∈ L2(Ω), the notations ∂t = ∂/∂t, and ∂t 
α is the Riemann-Li-

ouville fractional derivative of order α ∈ (0, 1) defined by [18]:
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In this paper, we used the non-local condition:

	 0

( , )d = ( ), instead of ( , ) = ( )
T
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see in [19]. The couple functions (g, Φ) is approximated by (g, Φϵ) such that

	 2 ( ) (0, )L L Tg g ∞Ω− + Φ −Φ ≤  

Until now, very few papers have discussed the problem of investigating the source 
function for the Rayler-Stokes problem with integral terminal conditions. Therefore, it is a hot 
topic in the field of inverse problems to deal with ill-posed problems. There are many methods 
to regularize, typically as: the Tikhonov regularization method, [20, 22], quasi-reversibility 
method, [23, 24], and quasi boundary value method, [25, 26], the modified quasi boundary 
value method, [27], the truncation method, [28]. The modified Tikhonov regularization method 
[29], the fractional Tikhonov regularization method [30, 31], and the simplified Tikhonov reg-
ularization method [32]. The contribution of this paper could be summarized as: we verify that 
Problem 1 is ill-posed. Next, we construct a regularizing solution using the posterior method of 
modified iterated Lavrentiev regularization, the ideas of this method for interested readers can 
be found in digital document [33]. Afterthat, we show the convergent rate between the sought 
solution and its approximation.

Preliminary

Definition 1. Assume {λp, ϕp} be the eigenvalues and corresponding eigenvectors of 
the Laplacian operator –Δ in Ω. The family of eigenvalues:
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The solution of problem of eq. (1) is obtained:

0
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A simple calculation gives:
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whereby Kp is defined as in Lemma 2.1 of [34].
Lemma 1. Assume that:
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Proof. See in [20]. 
Lemma 2. Let Φ0, Φ1 are positive constants such that

	 0 1( ) [0, ]t t TΦ ≤ Φ ≤ Φ ∀ ∈
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Let choose
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Lemma 3. [35]. The following inclusions hold true: 
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The ill-posedness of inverse source problem of eq. (1)

Theorem 1. The inverse source problem of eq. (1) is non-well-posed.
Proof. A linear operator

	
2 2: ( ) ( )L LΩ → ΩP

is defined: 

=1 0 0

( ) = ( , ) ( )d d , ( ) = ( , ) ( )d
T t

p p p
p

f x t s s s t f x q x fα φ φ ω ω ω
∞

Ω

  
  − Φ
    

∑ ∫ ∫ ∫P K (10)

where

	 =1 0 0

( , ) = ( , ) ( )d d ( ) ( )
T t

p p p
p

q x t s s s t xω α φ φ ω
∞   
  − Φ
    

∑ ∫ ∫K

Due to q(x, ω) = q(ω, x), we know P is self-adnoint operator. The PN is the finite rand 
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From eqs. (10) and (11), we have:
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Therefore, we have || PN – P ||2L2(Ω) → 0 in the sense of operator norm:
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Also, K is a compact operator. Next, the SVD of P:
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By eq. (6), the source term corresponding to k:

	

1 1

=1 0 0 0 0

( ) = ( , ) ( )d d , = ( , ) ( )d d
T t T t

k k
p p k p k

kp

f x t s s s t t s s s t
φ

α φ λ α φ
λ

− −
∞     

    − Φ − Φ
        

∑ ∫ ∫ ∫ ∫K K



Phong, T. T., et al.: Identifying of Unknown Source Term for the Rayleigh-Stokes ... 
THERMAL SCIENCE: Year 2023, Vol. 27, Special Issue 1, pp. S273-S286	 S277

With  = 0 then f = 0. An error in L2-norm between k and :

2 2( ) ( )

1 1=   = = 0lim limk k
L Lk kk kλ λΩ Ω→+∞ →+∞

 
− → −   

 
    (12)

The estimate error between f k and f :
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Combining eqs. (12) and (13), the inverse source problem of eq. (1) is ill-posed.

Conditional stability of source term f 

Theorem 2. Let:
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Proof. See in [20].

The modified Larentiev regularization method for problem of eq. (1)

In this subsection, the modified Larentiev regularization method is considered and 
gives the convergent rate, we denote the noise measurement of (Φ, g) as (Φϵ, gϵ). Based on the 
[33], form now on, for a shorter, we denote:

	 0 0

( , ) = ( , ) ( )d d
T t

p p t s s s tα α
 
 Φ − Φ
 
 
∫ ∫  K

the modified iterated Lavrentiev is introduced:
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This implies that:
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By condition (15), we know that:
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Now, here we denote a† satisfies:
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Next, we have the convergent rate for the modified iterated Lavrentiev eq. (18) solu-
tion and the sought solution (6).
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The right hand side of eq. (21) can be bounded:
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Estimate of K2: 
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We obtain
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Thank to eq. (19), we have:
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The proof of this Lemma is completed.
Theorem 3. For σ > 0, assume that f ∈ Hσ(Ω) such that ||f ||Hσ(Ω) ≤ E. Let:
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As a consequence, for ϵ tends to 0, we have:
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 
  

(31)
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Let us evaluate Xi, i = 1, 2, 3, step by step.
Estimate of Xi: By the inequality:

	 1 2 1 2 1 2| | | |, 1, , [0,1]c cy y c y y c y y− ≤ − ≥ ∈

and the boundary condition f ∈ L2(Ω), we obtain that:
†

1 2 ( )
| |< , >

( , ) ( , ) p L
p p

X a gβ β φ
β α β α Ω

≤ −
+ Φ + Φ

 

 

     

†
2 ( )1

 ( , )
| |sup
( ( , )) ( ( , ))

p
Lp p p

a g
β α

β α β α Ω≥

Φ −Φ
≤

+ Φ × + Φ






 
 

                                 
1 †

2 ( ) 1
| ( ) |sup pL p

a gβ α−
Ω ≥

≤   

                                 
1 † 1

2 2 1( )
 

L
a gβ λ− −

Ω
≤   C

(32)

Thank to eq. (26), we can find that:
2

21 1
1 2 2 1( )

   
( 1)L

EX g
σ

β λ
ζ

+− −
Ω

 
≤  − 

 

R
 C


(33)

Estimate of X2 and Estimate of X3 assessed is as simple as follow, by

	

†

1
( , )

a

p

β
β α

 
≤  + Φ 

and in the view of the stopping rule eq. (19), we conclude:

2 3 and  X X ζ≤ ≤  (34)
Combining eqs. (29), (33), and (34), we receive:

[ ]
2 2

12 22† 2 1( )2 ( )
 ( )  ( 1)  ( 1)La L

f f g E σ σζ λ ζ− −+ +
ΩΩ

 
 − ≤ − + +
 
 

 R  C (35)

Thank to a priori bound condition f ∈ Hσ(Ω) one has:
†

2
† 2, ( ) =1

2 ( )

,
( )

( , ) ( , )

a
p

p pa L p pp
L

g
f f E

σ φβλ
β α α

∞

Ω

Ω

 
Ξ − ≤ ≤  + Φ Φ 

∑   (36)

We deduce:

2 11
2 11 1 2† 2 1( )2 ( )

  ( 1) ( , )
( 1)La L

Ef f E g T

σ
σσ

σ
σ σ λ ζ σ

ζ

+
+ −+ +

ΩΩ

 
  − ≤ + +  −  

 

R
 C 


(37)

On the other hand, estimating the first term of eq. (29), we get:

† † 1 2 32, ( )a a L
f f

Ω
− ≤ + +


S S S (38)
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where
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1
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,
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
S
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(39)

Let us evaluate Sj, j = 1, 2, , we obtain that:
Estimate of S1, we have:

† †

1
1 1

( , ) ( , )
1 1 1 1

( , ) ( , )
  ,  sup sup

( , ) ( , )

a a
p p

p p
p

p pp p
g g

α α
β α β α

φ
α α≥ ≥

   Φ Φ
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Φ Φ

 

 


 

 

 
S 

 

(40)

Due to Bernoulli inequality, we have

	

†

†( , ) ( , )
1 1  

( , ) ( , )
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p p

p p
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α α
β α β α
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This is to show us that:
†

† † †1
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−
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Estimate of S1, S2 can be bounded:
†

† 2 ( )
2

0
2 ( )

,( , )
1  

( , ) ( , ) ( , )

a
pp L

p p p
L

fg aφαβ
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

 

 
S

   C

 

(42)

Estimate of S3, using the same proof eq. (33) and condition f ∈ L2(Ω), we have:
2

2 2( ) 1
3 2 1

 
  

( 1)
L

f E σ
λ

β ζ
+Ω − 
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 R
S C


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(43)

Combining eqs. (41)-(43), we have:
2

† 2 2 2( ) ( ) 1
† † 2 12, ( ) 0
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L L
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λ
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+Ω Ω −

Ω

    − ≤ +   −   

 

ò

 R
C

C
(44)



Phong, T. T., et al.: Identifying of Unknown Source Term for the Rayleigh-Stokes ... 
THERMAL SCIENCE: Year 2023, Vol. 27, Special Issue 1, pp. S273-S286	 S283

Therefore, by eqs. (37) and (44), we conclude:
2

2 2( )1 † 1 12 2† 2 1( )2, ( ) 0
2 max 1,     

1
L

La L

g Ef f a f
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σβ β λ
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

R
  C

C
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(45)

The provision of this Theorem is completed.

Regularization with the estimate in Lq paces 

In this subsection, let gϵ is observation data and satisfied that:

( )qL
g g

Ω
− ≤   (46)

Theorem 4. Let gϵ be as in eq. (46) and f belongs to Hσ(Ω) for any σ > 0. We get a 
regularized solution:

=1 =1

0 0 0 0
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By choosing:
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then we get
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Proof. Since the Sobolev embedding

	 ( ) ( )qL σΩ ΩH

 then a exists constant C(q,σ) such that:
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 For σ > 0, we have:
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We consider the term:
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Indeed, we get:
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Next, the estimate error of

	 ( )
f f
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we receive:
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From eq. (51), we can know:
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Using the condition in eq. (50), we can know:
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Due to Sobolev embedding:
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combining eqs. (51)-(53), we conclude that:
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Conclusion

This study examines the Rayleigh-Stokes equation’s inverse source issue. The regu-
larized solution was developed using the modified Lavrentive regularization approach. After 
that, we considered the convergent rate between the exact solution and its approximation.
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