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The aim of this paper is to determine analytic solutions to the steady/unsteady 
2-D flows of a Newtonian fluid passing through a porous media. Using the stream 
function, the analytical general solutions of the non-linear equations correspond-
ing to boundary-layer flows are determined by employing the extended approach 
of variable separation. Some specific flow problems, described by given initial and 
boundary conditions, are investigated using the obtained general analytic solu-
tions. 
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Introduction

In the past few decades numerous numerical methods are developed to the solutions 
of the differential equations but for correct qualitative understanding of the physical phenom-
ena, the exact solutions are crucial. A solution with a simple explicit form, generally an ex-
pression in finite terms of elementary or other well-known special functions, is referred to as 
an exact solution. Due to their use in many disciplines of the science and technology, the exact 
solutions play important role. These may be used for approximating the errors and for verifi-
cation of reliabilities in the approximate, asymptotic, and numerical analytical methods. The 
fundamental equations for fluid motion are the Navier-Stokes (NS) equations. These equations 
are non-linear PDE lacking of the general solution. Due to the non-disappearance of the inertial 
term these equations have only few exact solutions. A vast variety of different mathematical 
physics problems may be solved through using extended and functional separation of variables 
[1-4] can be obtained. By the generalized separation of variables we means, to quest for exact 
solutions of the NS equations in the form of finite sums. In [5-8], the applicability of the gen-
eralized and functional separation of variables to the NS equations and boundary-layer equa-
tions is established. They have derived a number of exact solutions. The exact solutions of NS 
equations may be found in cases where these equations can be linearized and in cases where the 
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PDE are reduced to the ODE which have the possibilities of solutions. Polyanin and Zaistsev  
[9, 10], have dealt with the PDE in such manner. The flow of the fluid near the solid boundaries 
are called boundary-layer (BL) flow. The BL equations can be obtained from the NS equations 
by the order of magnitude analysis [11]. Thus the elliptical nature of the NS equations become 
parabolic which simplifies the solution of the problem. The exact solutions of BL equations 
are obtained by Polyanin. In [12] Polyanin and Zhurov have used generalized and functional 
separation of variables to deal with the BL equations. Labropulu [13] used the inverse method 
to find few more exact solutions for a second grade fluid. For the incompressible flow, as given 
in eqs. (1), (2), and (4), the momentum equations for the BL can be obtained by introducing the 
stream functions and putting them in the basic NS equations. Such a process reduces the NS 
equations (which are generally expressed in two unknown functions) to only one equation in a 
single unknown function. For more details see [14-18]. The objective of the present article is 
to investigate the steady/unsteady laminar 2-D BL flows of a Newtonian fluid over a flat plate 
in a Darcy porous medium. Using the generalized method of the separation of variables, we 
determine the general analytical solutions of the non-linear BL equations by considering the x- 
and y-components of these equations separately. Particular problems, described by appropriate 
initial-boundary conditions are studied based on the obtained general solutions. Further results 
can be traced as [19-22].

Boundary-layer equations in porous medium

The BL equations in porous medium (steady case) we assume the laminar, 2-D incom-
pressible flow of a Newtonian fluid over a flat plate embedded in an isotropic, homogenous, 
fully saturated Darcy porous medium. The plate represents the (x, y) plane of the co-ordinate 
system oxyz and y-axis is perpendicular on the plate. The corresponding fluid velocities in the 
x- and y-directions are u(t, x, y), v(t, x, y), respectively. In the case of 2-D flow, the velocity 
component in z-direction is ignored. Using the Darcy’s law and introducing the boundary-layer 
approximations, the continuity equation and the momentum equations take the form:
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where ρ is the constant fluid density, µ – the dynamic viscosity, κ – the permeability of porous 
media, n – the kinematic viscosity, and p – the pressure. The system of PDE will be considered 
along with the appropriate initial and boundary conditions. 

Steady-state flow without pressure gradient in x-direction

In this case, the second equation of the system (1) becomes:
2
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We introduce the stream function w(x, y):
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and we will determine a set of functions which are solutions of the non-linear eq. (2). The ob-
tained parametric solutions will be particularized:

0 =0 0
( , ) ( , ) 2 2( ,0) = , | =y

u x y v x y xu x x u u
y x

µ µ ρ ρ
κ κ κ κ

 ∂ ∂
+ + − ∂ ∂ 
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( , )( ,0) = 0, ( , ) < , | =lim y
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v x yv x v x y
x

µ
κ→∞

∂
∞ −

∂

(4)

Using (3), eq. (1) is identically satisfied, and the third equation in eq. (1) will give the 
pressure gradient in the y-direction, after velocities u and v and are determined. Equation (2) 
reduces at the non-linear equation:

2 2 3
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To solve (4), we assume the form of the stream functions as [21]:

( , ) = ( ) ( )w x y xF y G y+ (6)

where F and G are arbitrary functions of y. Thus eq. (5) becomes:

( )2 = 0          y yy yyy y y y yy yyy yx F FF F F G F FG G Gµ µν ν
κ κ
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with n = µ/ρ, eq. (7) gives:

( )21 1 = 0yyy yy y yF FF F Fρ
ν ν κ

′′′ ′′ ′ ′+ − − (8)

= 0y y yy yyy yG F FG G Gµν
κ
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Equation (8) is an autonomous equation and its order can be decreased by one. If a 
particular solution of this equation is known, then by reduction of order, the corresponding  
eq. (9) can be reduced to the second order. The particular solution of eq. (8) is given, see [22]:
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where c1, c2 are constants. We use eq. (10) to solve eq. (9), therefore:
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Using reduction of order and putting G ′y (y) = U(y) in eq. (11), we obtain:
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In order to obtain a solution (12), we assume U(y) =ec2V(y), thus eq. (12), becomes:
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with the solution:
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∫ (14)

Integrating two times, we obtain the function G(y) in the form:
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Now, using eq. (6), the stream function is written: 
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The boundary conditions (4) are written in the form:

0 0
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Using eqs. (16) and (17) we find:
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Steady-state flow without pressure gradient in y-direction

The y-component of the BL equations takes the form:
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Using the stream function w(x, y) given by eq. (3), we get:
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To find a solution, we assume the form of the stream function as [15]:
 w(x, y) = F(x) + n λy 

The λ is any and F(x) is general function. Substituting in eq. (21) we get:
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Putting F ′x = U, reduces the preceding equation:
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where α1 = κλ/ρ, β1 = b1α1, b2 are the constants of integration. Thus, the solution has the form:
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Let us to use the general solution (17) for the flow with the boundary conditions:
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In this case we obtain:
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Now, using the x-component of BL equation, we determine the pressure gradient in 
x-direction:

2
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x
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∂
∂

(26)

respectively, the pressure:
2

0 0( , ) = , = constp x y x p pµ λ
κ

+ (27)

Unsteady 2-D boundary-layer flow 

In this section, we determine general analytical solutions to eq. (1). The obtained 
solutions will be particularized for given initial and boundary conditions. 

Unsteady boundary-layer flow without pressure gradient in the x-direction

The desired equation is obtained from the NS eq. (1), by neglecting the forcing term 
and considering the equation in the porous medium. Thus we have:
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Introducing the stream function eq. (28), we get:
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Using the method of generalized separable variable [10], we assume:

( , , ) = ( , ) ( , )w t x y xF y t G y t+ (30)

where F and G are general functions. Thus eq. (30) gives:
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To find solution of eq. (31), let us consider:

= ( )e ( )yF t tλφ θ+ (33)

where ϕ and θ are general functions to be determined and λ is any constant [12]. Substituting 
(33) in eq. (31), we get:
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Now, we solve eq. (34) by separation of functions. We have:
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with the general solution:
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Finally, the stream function is given:

2 1
1 2( , , ) = e ( )t y t ydw t x y x e d tβ λ β λβ β
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λ λ
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(41)

and the pressure p(t, x, y) is obtained from the eq. (1). Now, we determine the solution for the 
unsteady BL flow with the initial and boundary conditions:
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Using eqs. (3), (41), and (42) we obtain:
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Unsteady boundary-layer flow without pressure gradient in the y-direction

The y-component of the momentum equation for the unsteady BL equations is given by: 
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applying stream functions to eq. (44), we obtain:
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To solve eq. (45), we assume:
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where F and G are general function as used in [10]. Substituting (46) in eq. (45), we obtain:
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First, we solve eq. (47), and for this we let use the technique been applied in [12]:
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Using F and considering eq. (48), we get:
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We can also solve eq. (50) for ϕ, therefore, we rewrite it:

=t
µφ φ λθ
κ

 ′ − + 
 

(53)

Separating the variable and integrating w.r.t. t, we have:

d
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Therefore, F takes the form:
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Now, we use the value of F to solve eq. (48), therefore, first let ∂G/∂x = U in eq. (48) 
we get:
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To solve this we assume U = eλxH(t), H is a general function of t, in eq, (38) and sim-
plifying, we get: 
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φ
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The integral to eq. (57):
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Integrating both sides w.r.t x, we get:

2
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Therefore, the general solution becomes:

d
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1 3( , , ) = e
t x t

w t x y y y
µ λ θ
κγ

γ θ γ
λ

 
− + 

  + + + 
 

∫ (61)

where y1, y2, and y3 are the constants obtained by integration of eqs. (53), (57), and (59), respec-
tively. Appropriate initial-boundary conditions for the problem studied in this section can be 
considered in a similar manner as in the previous section. 

Numerical solution of the transformed coupled  
systems (8) and (9)

Here in this section by the help of shooting method, we plot the solutions correspond-
ing to the different values of the parameters in fig. 1.  
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Conclusion

We have found the exact solutions for the BL equations in a porous medium. The 
x- and y- components of these equations are treated independently. Moreover, the solutions are 
found for both the steady and unsteady cases. We have used the inverse method which is one 
of the famous method for finding the exact solutions of differential equations. The solutions 
are given in equations (20) for component and equation (25) for component of the steady case. 
Similarly, for the unsteady case the solutions are given in equation (43) and equation (61) for 
component and component, respectively.
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