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The aim of this paper is to determine analytic solutions to the steady/unsteady
2-D flows of a Newtonian fluid passing through a porous media. Using the stream
function, the analytical general solutions of the non-linear equations correspond-
ing to boundary-layer flows are determined by employing the extended approach
of variable separation. Some specific flow problems, described by given initial and
boundary conditions, are investigated using the obtained general analytic solu-
tions.
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Introduction

In the past few decades numerous numerical methods are developed to the solutions
of the differential equations but for correct qualitative understanding of the physical phenom-
ena, the exact solutions are crucial. A solution with a simple explicit form, generally an ex-
pression in finite terms of elementary or other well-known special functions, is referred to as
an exact solution. Due to their use in many disciplines of the science and technology, the exact
solutions play important role. These may be used for approximating the errors and for verifi-
cation of reliabilities in the approximate, asymptotic, and numerical analytical methods. The
fundamental equations for fluid motion are the Navier-Stokes (NS) equations. These equations
are non-linear PDE lacking of the general solution. Due to the non-disappearance of the inertial
term these equations have only few exact solutions. A vast variety of different mathematical
physics problems may be solved through using extended and functional separation of variables
[1-4] can be obtained. By the generalized separation of variables we means, to quest for exact
solutions of the NS equations in the form of finite sums. In [5-8], the applicability of the gen-
eralized and functional separation of variables to the NS equations and boundary-layer equa-
tions is established. They have derived a number of exact solutions. The exact solutions of NS
equations may be found in cases where these equations can be linearized and in cases where the
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PDE are reduced to the ODE which have the possibilities of solutions. Polyanin and Zaistsev
[9, 10], have dealt with the PDE in such manner. The flow of the fluid near the solid boundaries
are called boundary-layer (BL) flow. The BL equations can be obtained from the NS equations
by the order of magnitude analysis [11]. Thus the elliptical nature of the NS equations become
parabolic which simplifies the solution of the problem. The exact solutions of BL equations
are obtained by Polyanin. In [12] Polyanin and Zhurov have used generalized and functional
separation of variables to deal with the BL equations. Labropulu [13] used the inverse method
to find few more exact solutions for a second grade fluid. For the incompressible flow, as given
in egs. (1), (2), and (4), the momentum equations for the BL can be obtained by introducing the
stream functions and putting them in the basic NS equations. Such a process reduces the NS
equations (which are generally expressed in two unknown functions) to only one equation in a
single unknown function. For more details see [14-18]. The objective of the present article is
to investigate the steady/unsteady laminar 2-D BL flows of a Newtonian fluid over a flat plate
in a Darcy porous medium. Using the generalized method of the separation of variables, we
determine the general analytical solutions of the non-linear BL equations by considering the x-
and y-components of these equations separately. Particular problems, described by appropriate
initial-boundary conditions are studied based on the obtained general solutions. Further results
can be traced as [19-22].

Boundary-layer equations in porous medium

The BL equations in porous medium (steady case) we assume the laminar, 2-D incom-
pressible flow of a Newtonian fluid over a flat plate embedded in an isotropic, homogenous,
fully saturated Darcy porous medium. The plate represents the (x, y) plane of the co-ordinate
system oxyz and y-axis is perpendicular on the plate. The corresponding fluid velocities in the
x- and y-directions are u(z, x, ), v(t, x, ), respectively. In the case of 2-D flow, the velocity
component in z-direction is ignored. Using the Darcy’s law and introducing the boundary-layer
approximations, the continuity equation and the momentum equations take the form:

out,x,y)  ovtx.y) _

Ox oy
2
au(téfsy) +u(t,x,y) au(;xsy) +v(t,x,y) 6u(ta’xsy) :Va u((;9;’y)_ﬁu(t’x’y)_lap():;iy’t)
X Yy y K P X )
2
ov(t,x,y) Fut.x.y) ov(t,x,y) (1.2, 7) ovtxy) _  0vtxy) M V(.. y)_ié‘p(x,,y,t)
ot ox 0 o K p oy

where p is the constant fluid density, # — the dynamic viscosity, « — the permeability of porous
media, v — the kinematic viscosity, and p — the pressure. The system of PDE will be considered
along with the appropriate initial and boundary conditions.

Steady-state flow without pressure gradient in x-direction

In this case, the second equation of the system (1) becomes:

du(x,y) ou(x,y) _ u(x,y) u
u(x,y)%-i-v(x,y) ua);y =y u@y);y —;u(x,y) 2)

We introduce the stream function w(x, y):

8'w(6x, ¥) ()= — ow(x,y)

u(x,y) = ox 3)
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and we will determine a set of functions which are solutions of the non-linear eq. (2). The ob-
tained parametric solutions will be particularized:

u(x,0) = x {8“(;’” + 6v(ax,y):| R
K X K K K

ov(x, y)
ox

“
u

V(.x, 0) = 0> 1imv(x7 J/) < 0,

Yoo

=0

Using (3), eq. (1) is identically satisfied, and the third equation in eq. (1) will give the
pressure gradient in the y-direction, after velocities u and v and are determined. Equation (2)
reduces at the non-linear equation:

ow(x,y) *w(x,y) Ow(x,y) O°wix,y) | OPw(x,y) p Ow(x.y)

5
oy Ox0y Ox 6y2 6y3 K Oy )
To solve (4), we assume the form of the stream functions as [21]:

w(x,y) = xF(y)+G(y) (6)

where F and G are arbitrary functions of y. Thus eq. (5) becomes:
x| (Fy) - FFy —vEp, +2|F 4| G ) - FGl, —var, +£6) | =0 7

¥ » w Ty vy » wy Ty
with v = u/p, eq. (7) gives:
Fr oL pEr —l(F')2 ~Pp-o (8)
Ty Ty P

G, F, ~FG}, ~vG, +%G; =0 )

Equation (8) is an autonomous equation and its order can be decreased by one. If a
particular solution of this equation is known, then by reduction of order, the corresponding
eq. (9) can be reduced to the second order. The particular solution of eq. (8) is given, see [22]:

q-2
F=qe™ -— o (10)
v

where ¢, ¢, are constants. We use eq. (10) to solve eq. (9), therefore:

2
Chy  CHh ——
m ce 2 2 k " 1 H r_
nyy+ T—T ny —; clczeczy+; Gy =0 (11)

Using reduction of order and putting G',(y) = U(y) in eq. (11), we obtain:

2_P
&y ) ——
U" + ﬁ_l U’ —l(cc e +ﬁjy:0 (12)
» y 172
v c v K

In order to obtain a solution (12), we assume U(y) =e2V(y), thus eq. (12), becomes:

14 -{ch +L+cleczy}Vy’ =0 (13)
KC,
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with the solution:

¥
V(y)= bljexp{—{ G ezn+[i+c§jy:ld77}+b2 (14)
o ve, KCy
Integrating two times, we obtain the function G(y) in the form:
n
G(y)= e 45 _[ Iexp{—{ieczg +[L+c§]§}d§dn:|+b3 (15)
¢ o ve, K,

Now, using eq. (6), the stream function is written:

c b e
w(x,y) = x| ¢e 2y—vcz+i +1Le? 4
KCy ) ¢

+b2J'e2 J.exp{ {C e 1 (p +c§]§}d§dn}b3
Kcy

The boundary conditions (4) are written in the form:

FO)=0, FO) =%, G'0) =y, G"(0) =y, |2 (17)
K K
Using egs. (16) and (17) we find:

¢ =—%\/%, ¢ =—\/%, F(y)=% %{l—eXp(—y\/%J} (18)

respectively:
K 2
Gy =, /yxp[—y.f{} +hy (19)
2 2 2
wx,y) = x 2 |22 {1 - exp(—y —p} —uy, /Lexp(—)q/—pJ +by (20)
2\ x K 2p K

Steady-state flow without pressure gradient in y-direction

(16)

The y-component of the BL equations takes the form:

ov(x,
u(xay)%_‘_

V(x.y) avgc,y) o%v(x, y) uv(x ) @1

a 2
Using the stream function w(x, y) given by eq. (3), we get:

ow(x,y) *w(x,y) Ow(x,y) O°wix,y) | OPw(x,y) p Ow(x.y)
oy ox? Ox Oyox ayzax K Ox

(22)

To find a solution, we assume the form of the stream function as [15]:
wix, y) =F(x) + viy
The A is any and F(x) is general function. Substituting in eq. (21) we get:

VAF! = -EF
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Putting F'] = U, reduces the preceding equation:
vau'=-£u
K
Integration yields:
(P,
U=be ["’J

as u = vp. Now since U = F, therefore
X

F(x)=—fe “ +b,

where a, = kl/p, | = bia,, b, are the constants of integration. Thus, the solution has the form:

X

W)= —Bie @ +viy+b, (23)

Let us to use the general solution (17) for the flow with the boundary conditions:

U(O, y) = Vﬂ“, V(On y) () (24)
In this case we obtain:
()
u(x,y)=vAa, v(x,y)=vye A
(%) =
A

w(x,y) =vAy—v, ﬁe
el

Now, using the x-component of BL equation, we determine the pressure gradient in
x-direction:

op_ WA
e (26)
Ox K
respectively, the pressure:
2
p(x,y)= L Po»> Po = const 27)
K

Unsteady 2-D boundary-layer flow

In this section, we determine general analytical solutions to eq. (1). The obtained
solutions will be particularized for given initial and boundary conditions.
Unsteady boundary-layer flow without pressure gradient in the x-direction

The desired equation is obtained from the NS eq. (1), by neglecting the forcing term
and considering the equation in the porous medium. Thus we have:

2
du(t,x,y) Qu(t, x, ) Qb y) GOV My gy (28)
ot 0x y y K

Introducing the stream function eq. (28), we get:

+u(t,x,y)

+v(t,x,)

Owit,x,y) | Owit,x,y) Wit x,y) Wt %,p) Pt x,y) | OWtx,y)  p Ow(t,x,y)
Otoy oy Ox0y ox 8y2 8y3 K oy

(29)
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Using the method of generalized separable variable [10], we assume:
w(t,x,y) = xF(y,0)+ G(y,1) (30)
where F and G are general functions. Thus eq. (30) gives:
2 2 2 3
OF (oF) _po0F OF poF_ (31)
otoy \ oy

2 2 3
PG P3G _,PG_ 86 uiG o)
otdy Oy Oy 8y2 8y3 K Oy

To find solution of eq. (31), let us consider:

F = ¢(t)e™ +06(1) (33)

where ¢ and 6 are general functions to be determined and A is any constant [12]. Substituting
(33)in eq. (31), we get:

P —/1¢0—v12¢+%¢ =0 (34)
Now, we solve eq. (34) by separation of functions. We have:
¢ 2 M
=A0(t)+vA° ==, [ =constant 35
#(0) . 3
Introducing the notation:
By =va? -£
K
we obtain:
o) = % = constant, @(1) = fe” (36)
respectively:
O (37)

Using eq. (37) and making:
aG(y7t) — e/lyH(t)

Equation (32) becomes:

]Ij-rlt_((tt)) = [ = constant (38)
with the general solution:
H(t)=de” (39)

respectively:

d
G(y,t) = jeﬂ‘*” +d, (1) (40)
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Finally, the stream function is given:
w(t,x,y) = x[ Bl +%} +%eﬁ’+‘y +d, (1) (41)

and the pressure p(¢, x, ¥) is obtained from the eq. (1). Now, we determine the solution for the
unsteady BL flow with the initial and boundary conditions:
u(x,,0) =vA*xe™, v(x,y,0)=vi(1—e™)
A 42
u(x,O,t)=ﬁxe K, limu(t,x,y)=0 42)
K

y—0

Using egs. (3), (41), and (42) we obtain:

u(t,x,y)= %exp[—%t—\/%yj, v(t,x,y) =V %{exp[—%t —\/%yJ—l} (43)

Unsteady boundary-layer flow without pressure gradient in the y-direction

The y-component of the momentum equation for the unsteady BL equations is given by:

ov(t,x, ) v(t,x,y) ovtx,y) _ OWtxy) _p
— 0t t) 5 — 0t t) 5 = - ta 5
Py u(t,x,y) o v(t,x,y) 3 v P - v(t,x,y) (44)
applying stream functions to eq. (44), we obtain:
Wit x,y) | owit.x,p) OPw(t,x,y)  Owlt,x,y) Wit xy) | O W(tx,y) oWt x,y)

Otox oy ox? ox Oyox oy*ox K Ox

(45)

To solve eq. (45), we assume:
w(t,x,y) = yF(x,t)+ G(x,t) (46)
where F and G are general function as used in [10]. Substituting (46) in eq. (45), we obtain:

O'F 62F_(6Fj2 poF _

—t — | +=—= 47
OxOt ox? ox K Ox “47)

2 2
_a G+F_a G_a_Ga_F+ﬁa_G:O
Oxot oxr Ox ox Kk Ox

First, we solve eq. (47), and for this we let use the technique been applied in [12]:
F = g(t)e™ +0(t) (49)
Using F and considering eq. (48), we get:

(48)

4+ g0 +L9=0 (50)
K
Solving eq. (50) for 6, we obtain:
14 u
g=—_—_"1_~
Aé Ik D
Thus:
1 !
Foget Lo (52)
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We can also solve eq. (50) for ¢, therefore, we rewrite it:

¢=—¢[ze+ﬁ] (53)
K
Separating the variable and integrating w.r.t. z, we have:
—[ﬁtmjadt]
K 54
P=ne %)
Therefore, F takes the form:
£ Hdtjwlx
F=ye [K '[ +6 (53)
Now, we use the value of F to solve eq. (48), therefore, first let 0G/0x = U in eq. (48)
we get:
6_U+ ¢e’1x—lﬁ—i a—U—/1¢e/b‘U+ﬁU=0 (56)
ot A¢ Ak ) oOx K

To solve this we assume U = e~H(f), H is a general function of ¢, in eq, (38) and sim-
plifying, we get:

H; —%H =0 (57)
The integral to eq. (57):
H=y,¢ (58)
Thus:
oG .
U=—==ypc" (59)
ox

Integrating both sides w.r.t x, we get:
G(x, 1) = 772¢e“ 7 (60)

Therefore, the general solution becomes:

y ﬁt—l[)ﬁj.ﬁdt]
w(t,x,y) = 7, [w%}e’“ +6y+7;3 (61)

where yy, y,, and y; are the constants obtained by integration of egs. (53), (57), and (59), respec-
tively. Appropriate initial-boundary conditions for the problem studied in this section can be
considered in a similar manner as in the previous section.

Numerical solution of the transformed coupled
systems (8) and (9)

Here in this section by the help of shooting method, we plot the solutions correspond-
ing to the different values of the parameters in fig. 1.
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0.08[ W,

Figure 1. Plots of the solution
at different values of the
parameters for the proposed
problem

Conclusion

We have found the exact solutions for the BL equations in a porous medium. The
x- and y- components of these equations are treated independently. Moreover, the solutions are
found for both the steady and unsteady cases. We have used the inverse method which is one
of the famous method for finding the exact solutions of differential equations. The solutions
are given in equations (20) for component and equation (25) for component of the steady case.
Similarly, for the unsteady case the solutions are given in equation (43) and equation (61) for
component and component, respectively.
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