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The primary goal of this work is to determine heat and mass transfer through 
fluid-flows sheets dealing mathematical modelling for stagnant and varying thick-
ness, considering magnetic fields, permeability, heat source/sink, radiation, Joule 
heating, chemical reactions, and buoyancy force. The Runge-Kutta fourth order 
Method (RK-4th order) is used to transform PDE into ODE utilizing similarity con-
versions. To tabularize mathematical remarks of the local parameters, RK-4th has 
been developed in MATLAB. For diverse parameters under diverse constant and 
changing thickness circumstances of fluid characteristics, Nusselt and Sherwood 
parameters are examined and quantified. Temperature, velocity, and volume frac-
tion graphical representations are used to describe the effects of various factors. 
When it comes to irregular fluid properties, the coefficient of skin friction has a 
bigger impact than when it comes to continuous fluid characteristics. However, 
in the situation of inconstant fluid properties, the local Nusselt number is smaller 
than in the case of constant fluid characteristics. The RK 4th technique produced 
high precision computational results, according to the findings.
Key words: Williamson nanofluid, varying thermal conductivity,  

varying thickness, RK-4th, buoyancy force

Introduction

Nanofluid is a new type of fluid created by combining nanometer sized particles 
with the basic fluids. Because of their superior thermophysical characteristics, the use of 
nanofluids in place of base fluids has been discovered to have potential utilization in a variety 
of fields.

Hayat e al. [1] examined the impacts of heterogenous and homogenous reactions of 
various types of base fluid along with nanoparticles passes via a non-linear stretched surface 
with instable surface profile. Kho et al. [2] discussed the heat transport with thermos radiative 
impression on Williamson fluid over a stretched sheet along with hydromagnetic impact and 
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nanoparticles. Krishna et al. [3] analyze 3-D nanofluid motion under the impact of slip effect and 
heat radiation on a non-uniform thickness mounting sheet using Cu-water and Al50Cu50-water 
nanofluids. The impacts of non-linear thermal radiation and 1st order chemical reaction on the 
boundary-layer flow of Williamson nanofluid across a non-uniformly thicked stretched Riga 
plate were explored by Kumar et al. [4]. Reddy et al. [5] considered the velocity and heat transfer 
profiles along with the variable thickness and thermal conductivity of non-Newtonian William-
son fluid with nanoparticles. Hamid and Khan [6] examined the unsteady flow of Williamson 
nanofluid pushed by a radially extending geometry under the impact of a moving magnetic field, 
mixed convection, and the newly suggested zero nanoparticles mass flux assumption.

Aliy and Kishan [7] analyzed the electromagnetism flow of Williamson nanofluid with 
heat and mass transference over a warmed non-flat surface along with a varying thickness under 
the influence of an electric field. Kumar et al. [8] researched the heat and mass transport appear-
ances of 3-D bio convective nanofluid-flow across a slandering surface with slip impacts under 
uneven heat sink or source, the rmophoresis, and Brownian motion of nanoparticles. Ramzan et 
al. [9] deliberated the 2nd-order slipping and dual segmentation coatings on non-Newtonian Wil-
liamson fluid with nanoparticles along with MHD impression and Cattaneo-Christov heat flux. 
Shawky et al. [10] considered the fluid-flow and heat transport of hydromagnetic Williamson 
with nanoparticles over the stretched surface in the porous medium. In the existence of thermal 
radiative impression, heat source, and varying permeability, Ibrahim and Gamachu [11] examined 
a non-linear convection flow of Williamson nanofluidover a radially stretched surface under the 
impact of an electric field. Amer Qureshi [12] discussed the heat transport and fluid-flow of hydro-
magnetic Williamson fluid in the existence of nanosized particles along with thermal radiative im-
pact. A study of Williamson fluid with nanosized particles passes through a stretched sheet along 
with the constant and inconstant thickness and the hydromagnetic impact was studied by Sridhar 
et al. [13]. In the existence of non-linear thermal radiative, activation energy, motile microorgan-
isms, thermophoresis, and Brownian motion, Kumaran and Sivaraj [14] explored the hydromag-
netic Williamson nanofluid Falkner-Skan flow across a wedge/flat plate/stagnation point. Sriniva-
sulu and Goud [15] considered the impression of the inclined magnetic field with the impacts of 
heat mass transport of Williamson fluid in the presence of nanoparticles over a stretched surface. 

Williamson nanofluid-flow over extending sheet with constant and inconstant widths 
has been researched in existing work with new result of [13], which includes magnetic fields, 
electric fields, porous enclosed space, heat propagation/absorption, and radiative heat propa-
gation using the RK-4th order method. The data is displayed as movement, temperature, and 

volume fraction profiles.

Methodology

Figure 1 shows a schematic represen-
tation of the physical system. On a stretched 
horizontal sheet, a 2-D time-independent hy-
dromagnetic Williamson nanofluid is studied. 
The origin is established at the spot where the 
sheet is taken in the fluid transportable region. 
The velocity of the stretched sheet is Uw = u0(x 
+ b)m. For diverse applications, by reason of the 
acceleration or deceleration of the sheet, the 
width of the stretching sheet may reduction or 
upsurge with detachment from the slot, which is 

Figure 1. Flow structure of the  
existing research
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reliant on the cost of the momentum power index parameter, m. For m = 1, the sheet is flat. The 
stretched sheet is considered along the x, y-axis, which is parallel to the stretching sheet. Con-
sider that the width of the sheet varies according to the relationship y = c(x + b)(1 – m)2. Constants 
c and b is used here. The magnetic field is tailored to the flow of nanofluids in a transverse di-
rection. The induced magnetic field is negligible when compared to the applied magnetic field. 

Constitutional relations for non-Newtonian Williamson fluid are [2, 7, 12]:
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where P is the view points for pressure, I – the display for identity vector, τ – the proposals the 
extra stress tensor, µ0 and µ∞ – the exhibition for limit viscidness at 0, and ∞ – the shear rate, 
respectively, A1 shows the Rivilin-Erickson tensor and γ defined:
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The dimensional governing relations of current work are emblazoned as tracks [6, 13]:

    0u v
x y
∂ ∂

+ =
∂ ∂

(3)

( ) ( )
2 2 2

0 02 22  T C
u u u u u B u uu v g T T g C C
x y y ky y

σ νν ν β β
ρ ∞ ∞

∂ ∂ ∂ ∂ ∂
+ = + Γ − − + − + −

∂ ∂ ∂∂ ′∂
(4)

( )
2 2 2

0

( )1   
( )

1   

p

p f

T r
B

p p p

cT T Tu v k
x y C y y c

QD qT T C B uD T T
T y y y C y C C

ρ
ρ ρ

σ
ρ ρ ρ ∞

∞

 ∂ ∂ ∂ ∂
+ = + ⋅ ∂ ∂ ∂ ∂ 

     ∂∂ ∂ ∂ ⋅ + − + + −   ∂ ∂ ∂ ∂     
(5)

( )
2 2

*
2 2       T

B
DC C C Tu v D R C C

x y Ty y ∞
∞

∂ ∂ ∂ ∂
+ = + − −

∂ ∂ ∂ ∂
(6)

The associatory limitations [13]:
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where u [ms–1] and v [ms–1] are the designate the x-axis and y-axis momentum components, 
respectively, T – the positions for the temperature, C – the positions for the volume fraction, 
Γ stands for the +ve time constant, n [m–2s–1] – the kinematic viscosity, σ – the conductivity 
electricity field, ρ – the fluid density, the thermophoresis and Brownian diffusions coefficients 
are shortest by DT [m

–2s–1] and DB [m–2s–1], Q – the dimensional heat source or sink coefficient, 
k [m–2s–1] – the thermal conductivity, Cp – the specific heat, u0 – the rate of stretched surface, 
B [NmA–1] – the magneto field strength, T∞ and C∞ – the position for the ambient temperature 
and ambient volume fraction of nanoparticles,

 
(ρc)p – the heat capacity of nanoparticles,

 
(ρc)p 

[Jm–3K–1] – the heat capacity of nanofluids, and w and ∞ indicate to the condition at surface and 
the free stream.
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The Roseland approximation of the radiative heat flux is settled:
* 4

*
4
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(8)

where T4 as a linear relation of temperature via Taylor’s sequence expansion about T∞ and ig-
noring advanced terms:
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With the procedure of the under-mentioned similarity transformations:
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With the help of aforementioned similarity transformations eq. (10) in eq. (1) to eq. 
(6) along with eqs. (7)-(9), the under-mentioned dimensionless equations:
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depicts a parameter connected to the width of the wall (called the wall thickness parameter).
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Friction factor, Cfx, local Nusselt number, Nux, and Sherwood number, Shx, are some 
additional important physical variables. These are described:
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Numerical structure

Equations are solved via RK-4th order technique and shooting method. All numerical 
values and graphs are found with MATLAB software which is discussed in through tables and 
graphs. First, apply the shooting method:
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Numerical result and discussion

The Runge-Kutta approach is used to evaluate the mathematical results of Williamson 
nanofluid atop an extending sheet with uneven thickness and uneven thermal conductivity. The 
findings are consistent with earlier research. The current findings are found to be very consis-
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tent with past research. Figures 2-32 and tabs. 1 and 2 illustrate the influence of several physical 
parameter values on momentum, temperature, volume fraction, skin-friction coefficient, Nus-
selt number, and Sherwood number values developed with MATLAB software. 

For current research, we measured the values of physical parameters as: W = 0.1 = 
k2 = GT = GC = Nr = Nb = Nt = Ec = Q, Mn = Sc = a = m = 0.5, Pr = 0.7, and K = 0.6. Figure 2  
shows the impact of the upsurge W on momentum profile. Because the Williamson parameter 
causes more restriction in fluid-flow, momentum declines when the elasticity stress parameter 
improves. Figures 3 and 11 depict the growing impression of the Mn on the momentum and 
the temperature profiles, respectively. By reason of an opposite force known as the Lorentz 
force, velocity graphs are found to be reduced when Hartman parameter values are improved. 
The temperature outline shows an increasing trend because, when Mn levels rise, fluid particle 
mobility ceases and diffuses swiftly to the boundary’s adjoining layers. The improving perme-
ability parameter k2 declines the velocity profile and improves the temperature profile in figs. 
4 and 12, respectively. Figures 5 and 13 show the growing momentum profile and the falling 
temperature profile impressions of the upsurge local temperature GT. Similarly, we see the in-
creasing local concentration GC, impression in figs. 6 and 14. Because the Grash of number is 

Figure 2. Momentum drawings 
for numerous W values

Figure 3. Momentum drawings 
for numerous Mn values

Figure 4. Momentum drawings 
for numerous k2 values

Figure 5. Momentum drawings 
for numerous GT values

Figure 6. Momentum drawings 
for numerous GC values

Figure 7. Momentum drawings 
for numerous K values

Figure 8. Momentum drawings 
for numerous Sc values

Figure 9. Momentum drawings 
for numerous m values

Figure 10. Momentum drawings 
for numerous a value
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the fraction of buoyancy to restraining force. The buoyant force is caused by the spatial differ-
ence in fluid density and the restraining force caused by the fluid’s viscosity.

Figures 7 and 24 depict the decreasing momentum and volume fraction profiles of the 
rising chemical reaction parameter. An increasing impression of Schmidt number, is shown in 
figs. 8 and 30, for momentum and concentration outlines, respectively. As the Schmidt number 
increased, the molecular diffusion coefficient decreased. Figures 9, 21, and 31 illustrate the 
increasing impact of velocity power index parameter on momentum, temperature and volume 
fraction profiles, respectively. The thickness of the momentum and heat boundary-layers de-
creases when the velocity index parameter is increased. Temperature and velocity profiles all 
show an upward trend because of this impact. Figures 10, 22, and 32 depict the momentum, 
temperature, and volume fraction profile for the increasing wall thickness parameter. With the 
upsurge wall thickness parameter the concentration outlines show the rising impact for η < 1.5 
and growing impact for η > 1.5. When the wall width parameter is increased, velocity and tem-
perature decrease. This occurs because the boundary-layer width becomes narrower when the 
wall width parameter is enhanced.

The increasing Eckert number, declines the volume fraction profiles and increases the 
temperature profiles which is shown in figs. 15 and 23. It has been found that when the Eck-

Figure 11. Temperature drawings 
for numerous Mn values

Figure 12. Temperature drawings 
for numerous k2 values

Figure 13. Temperature drawings 
for numerous GT values

Figure 14. Temperature drawings 
for numerous GC values

Figure 15. Temperature drawings 
for numerous Ec values

Figure 16. Temperature drawings 
for numerous Nb values

Figure 17. Temperature drawings 
for numerous Nb values

Figure 18. Temperature drawings 
for numerous Nt values

Figure 19. Temperature drawings 
for numerous Pr values
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Figure 20. Temperature 
drawings for numerous Q values

Figure 21. Temperature 
drawings for numerous m values

Figure 22. Temperature drawings 
for numerous Nb values

Figure 23. Volume fraction 
drawings for numerous Ec values

Figure 24. Volume fraction 
drawings for numerous K values

Figure 25. Volume fraction 
drawings for numerous Nb values

Figure 26. Volume fraction 
drawings for numerous Nr values

Figure 27. Volume fraction 
drawings for numerous Nt values

Figure 28. Volume fraction 
drawings for numerous Pr values

Figure 29. Volume fraction 
drawings for numerous Q values

Figure 30. Volume fraction 
drawings for numerous Sc values

Figure 31. Volume fraction 
drawings for numerous m values

Figure 32. Volume 
fraction drawings for 
numerous a values  
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ert number rises, the temperature profile rises as well. The Eckert number labels the connection 
between kinetic energy and enthalpy in a flow. It represents the labour done in contradiction of 
viscous fluid forces to renovate kinetic energy into internal energy. A growth in the Eckert num-
ber designates that the kinetic energy of the fluid is high, resulting in higher fluid vibration and 
more fluid-molecule collisions. Augmented molecule collisions promote heat dissipation in the 
boundary-layer area, subsequent in a rise in temperature profile. The Brownian motion parameter 
raises the temperature profile, as shown in fig. 16. The reason for this is that various nanoparticles 
have varying Brownian motion parameters, which causes the heat transport rate to increase. The 
Brownian motion parameter reduces the concentration profile, as shown in fig. 25.

The growing thermal radiation parameter’s upsurge temperature graph and falls vol-
ume fraction graph are shown in figs. 17 and 26, respectively. Temperature rises because when 
Nr rises, the thermal boundary-layer rises with it. The increasing thermophoresis diffusion 
parameter Nt increases the temperature profile and volume fraction profile both as shown in  
figs. 18 and 27. The influence of Nt on θ is seen in fig. 18. Tiny fluid particles are pushed 
back from the warmer to the cold surface in the thermophoresis phenomena. As a result, the 
fluid particles in the warmed surface returned, and the thermal curve rose. Temperature and 
concentration patterns for Prandtl number are shown in figs. 19 and 28. The heat conductiv-
ity of the fluid decreases as the Prandtl number rises, causing a declination in the thermal 
profile. In figs. 20 and 29, the impact of the heat source parameter Q on θ is shown. The heat  

Table 1. The skin-friction coefficient, heat transfer coefficient, and mass transfer 
coefficient values with respect to some physical parameters W, Mn, k2, GT, GC, 
Nr, Pr and Nb when Nt = Ec = Q = 0.1, Sc = m = a = 0.5 and K = 0.6

W Mn k2 GT GC Nr Pr Nb f ′(0) –θ′(0) –ϕ′(0)	
0.1
0.2
0.3

0.5 0.1 0.1 0.1 0.1 0.7 0.1
–1.1807
–1.2392
–1.3182

–0.3847
–0.3817
–0.3780

–0.5943
–0.5950
–0.5959

0.1
0.5
1

1.5
0.1 0.1 0.1 0.1 0.7 0.1

–1.1807
–1.40912
–1.61142

–0.3847
–0.34955
–0.3215

–0.5943
–0.6114
–0.6256

0.1 0.5
0.1
0.2
0.3

0.1 0.1 0.1 0.7 0.1
–1.1807
–1.2290
–1.2759

–0.3847
–0.3790
–0.3745

–0.5943
–0.5959
–0.5972

0.1 0.5 0.1
0.1
0.2
0.3

0.1 0.1 0.7 0.1
–1.1807
–1.1106
–1.0429

–0.3847
–0.3960
–0.4065

–0.5943
–0.5911
–0.5879

0.1 0.5 0.1 0.1
0.1
0.2
0.3

0.1 0.7 0.1
–1.1807
–1.1121
–1.0444

–0.3847
–0.3960
–0.4065

–0.5943
–0.5911
–0.5880

0.1 0.5 0.1 0.1 0.1
0.1
0.5
1

0.7 0.1
–1.1807
–1.1787
–1.1772

–0.3847
–0.3259
–0.2885

–0.5943
–0.6365
–0.6628

0.1 0.5 0.1 0.1 0.1 0.1
0.1
0.7
1.4

0.1
–1.1742
–1.1807
–1.1869

–0.2188
–0.3847
–0.6120

–0.7096
–0.5943
–0.4219

0.1 0.5 0.1 0.1 0.1 0.1 0.7
0.1
0.5
1

–1.1807
–1.1862
–1.1842

–0.3847
–0.3198
–0.2519

–0.5943
–0.7054
–0.7183
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source/sink performs the function of a heat generator. The temperature of the fluid particles 
rises as the parameter estimations get more intense. As a result, there temperature upsurges. As 
a result, the concentration graph begins to fall.

Table 2. The skin-friction coefficient, heat transfer coefficient, and mass transfer 
coefficient values with respect to some physical parameters Nt, Ec, Q, Sc, m, 
a, and K when W = k2 = GT = GC = Nr = Nt = 0.1, Mn = 0.5, and Pr = 0.7

Nt Ec Q Sc K m a f ″(0) –θ′(0) –ϕ′(0)
0.1
0.5
1

0.1 0.1 0.5 0.6 0.5 0.5
–1.1807
–1.1446
–1.1103

–0.3847
–0.3535
–0.3141

–0.5943
–0.2266
–0.0518

0.1

0.1
0.5
1

0.1 0.5 0.6 0.5 0.5
–1.1807
–1.1803
–1.1797

–0.3847
–0.3347
–0.2717

–0.5943
–0.6390
–0.6955

0.1 0.1
0.1
0.25
0.5

0.5 0.6 0.5 0.5
–1.1807
–1.1776
–1.1676

–0.3847
–0.2417
0.1617

–0.5943
–0.7092
–1.0230

0.1 0.1 0.1
0.1
0.25
0.5

0.6 0.5 0.5
–1.1550
–1.1672
–1.1807

–0.4002
–0.3930
–0.3847

–0.1482
–0.3399
–0.5943

0.1 0.1 0.1 0.5
0.1
0.3
0.6

0.5 0.5
–1.1674
–1.1737
–1.1807

–0.3918
–0.3890
–0.3847

–0.3010
–0.4345
–0.5943

0.1 0.1 0.1 0.5 0.6

0.5
1

1.5
2.5

0.5

–1.1807
–1.1908
–1.1986
–1.20875

–0.3847
–0.3127
–0.2718
–0.2271

–0.5943
–0.6080
–0.6130
–0.6161

0.1 0.1 0.1 0.5 0.6 0.5

0.5
1

1.5
2

–1.1807
–1.2818
–1.3908
–1.5087

–0.3847
–0.4550
–0.5282
–0.6073

–0.5943
–0.5767
–0.5555
–0.5287

Also, comparison of current work with various research work is shown in tab. 3 along 
with the switch off to new parameters:

Table 3. Validation remarks of -f’’(0) for  
m amounts when a = 0.5, Mn = 0 = W

m [6] [3] [13] Existing work
0 0.9576 0.9577 0.95764824 0.9577

0.5 0.9799 0.9798 0.97994720 0.9799
2 1.0234 1.0234 1.02340525 1.023499
5 1.0486 1.0486 1.04860614 1.0488
9 1.0589 1.0588 1.05890951 1.0591
10 1.0603 1.0603 1.06031823 1.0605

Conclusions

Williamson nanofluid-flow on an extending sheet with uneven thickness and uneven 
thermal conductivity was investigated in this research. The governing equations were solved 
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using the RK-4th order method. The under-mentioned conclusions may be drawn from the dia-
grams are as follows. 

yy The skin-friction coefficient grows with the increasing physical parameters GT, GC, Nr, Nt, 
Ec, and Q while the opposite impression shows with the increasing W, Mn, k2, Pr, Sc, m, a, 
K, and Nb. 

yy The heat transfer coefficient (Nusselt number) raises with the growing physical parameters 
W, Mn, k2, Nr, Nt, Ec, Sc, m, K, Nb, and Q while the reverse impress displays with the grow-
ing GT, GC, a, and Pr. 

yy The mass transfer coefficient (Sherwood number) promotions with the growing physical 
parameters GT, GC, Pr, a, and Nt while the differing imprint expressions with the growing W, 
Mn, k2, Nr, Ec, Sc, m, K, and Nb. 
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