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Objective of the present investigation is intended to study the MHD Casson fluids 
flow through an exponentially stretching surface. This free convective flow is in-
vestigated in thermally stratified porous medium. Also viscosity along with thermal 
conductivity is varying with temperature. With the exponential decay for the inter-
nal heat generation in the region and buoyancy force, the natural-convection is 
induced. Then the transformed set of equations of the flow after applying suitable 
similarity solutions were encountered by Shooting Technique in conjunction with 
the fourth ordered Runge-Kutta method. Outputs illustrates that with increased 
viscosity parameter an increasing velocity profile is noticed but a decrement is 
observed for temperature field in entire domain and near the wall for temperature 
gradient profile. Also with increased Casson fluids parameter decreasing velocity 
profile is noticed but an increment is observed for temperature field in entire do-
main and for temperature gradient profile near the wall.
Key words: Casson fluid, porous media, variable thermal conductivity,  

variable viscosity, thermal stratification, MHD

Introduction

Investigation on the flow of the laminar boundary-layers considering the non-Newto-
nian fluids over stretching/shrinking surfaces with porous media has important applications in 
the technology of chemical science and materials science. The analysis of heat transmission in 
laminar flows via expanding surfaces has attracted substantial interest because of its numerous 
practical applications, such as pipe manufacturing, drawing of plastic films, and treatments 
related to blood flow, etc. Initially With the stretching sheets, Crane [1] investigated the precise 
analytical expressions of boundary-layer flow. Earlier, it was assumed that the position from 
the source varied linearly with the velocity of the surface, but Gupta and Gupta [2] demonstrat-
ed that this is not the case for the surfaces that only stretches linearly. Afterwards, Kumaran 
and Ramanaiah [3] considered quadratic relation between the stretching sheet and distance. 
Elbashbeshy [4] investigated heat transfer in boundary-layered flows by considering exponen-
tial relation between the stretching sheet and distance from surface along with heat sink. Jat et 
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al. [5] investigated heat transport of radiative MHD flow of Caisson fluid through a moving 
permeable plate. Al-Odat et al. [6] have also studied MHD flow by considering, exponentially 
stretching surface. 

The MHD is a powerful technique for regulating heat transfer. The scientists inves-
tigated the influence of an imposed charismatic field in which the sheet expands exponential-
ly in a variety of states. Watanabe et al. [7] published a report of MHD free convection flow. 
Crepeau and Clarksean [8] investigated natural convective flow with exponential decay of 
internal heat generation. The findings indicate that the internal heat generation impact must 
be addressed in various applications, such as, nuclear reactors, electronic cooling, thermal 
insulations, and so on. In several cases, a noticeable temperature gap between the surfaces 
and the surrounding fluids may exist. This generates a need of heat sources that depends on 
temperature, which can have a significant impact on heat transfer performance, reported by 
Dessie and Kishan [9].

When water bodies are characterized by the layers of different temperatures then this 
phenomenon is called thermal stratification. This idea isolates water bodies into three layers 
named epilimnion, metalimnion and hypolimnion according to their temperature. Most ele-
vated and hottest layer is named as epilimnion, whereas metalimnion is the intermediate layer 
and the layer close to the base, is hypolimnion. As of late, numerous analysts have detailed free 
convective flows over surfaces/plates implanted in thermally defined mediums, because of its 
practical applications. Animasaun [10] analyzed the impact of thermally stratified nanofluids 
on magnetic field with porosity and free convection and concluded that with increased thermal 
stratification parameter rate of heat transfer increases. Mabood et al. [11] analyzed the MHD 
Oldroyd-B fluids flow through expending sheet considering heat generation/absorption and 
thermal stratification. Tharapatla et al. [12] investigated effects of non-Newtonian fluids flow 
considering thermal stratification along with porosity.

The novelty of this investigation intended to scrutinize the transportation of heat of 
MHD Casson fluids flow through an exponentially stretched surface within a thermally strat-
ified porous media considering variable thermal conductivity and viscosity. Graphical analy-
sis presented of the velocity, temperature and temperature gradient fields in terms of several 
non-dimensional parameters. Comparison with previous studies is also presented.

Mathematical model

In this investigation electrically conducted fluids flow in 2-D, is considered. Viscous 
incompressible and study flow is studied. With uniformly imposed magnetic strength over ex-
ponential stretching sheet within a pore-filled medium investigated. In comparison of induced 
magnetic force, the induced magnetic force is presumed to be negligible. Taking these assump-
tions, the equation of the governing convective flows of the nanofluid is described:
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The notations of velocities towards x-axis and y-axis are u and v, accordingly as rep-
resented in fig. 1, υ = (µ/ρ) is the kinematic viscosity, ρ – the density, viscosity coefficient is µ,  
k = k0e –x/L non-uniform permeability of the media here k0 is a the constant, dB(x) is the magnetic 
field and given by B(x) = B0ex/2L, where L represent the reference length and B0 is the constant. 

The plate’s surface is considered very elastic and it stretches vertically along x-axis as 
velocity increase:

( ) / / / 2 /2
0 0 0 0, ( ) , ( ) , ( )x L x L x L x L

w w wu u x U e v x v e T x T be T x T ce∞= = = = + = + (4)

where U0 is the constant. Exponential velocity, U0e –x/L , is considered only for x << L. When x ≥ L,  
because in this case exponential velocity becomes very high also c ≥ 0 and b > 0 are constants.

For the aforementioned problem the appropriate conditions of boundary provided 
through:
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where Vw is the velocity of injection (Vw > 0) and suction (Vw < 0), T∞ – the ambient temperature, 
Tw – the temperature at surface, and T0 – the reference temperature. According to the concept 
of viscosity (τ = µ(∂u/∂y)|y=0), also with rheological equations of isotropic Casson fluids flow is 
defined [13]:

2 when and 2 when
2 2

y y
ij b ij c ij b ij c

c

P P
e eτ µ τ µ

  
= + π > π = + π < π    π π   

(6)

where Py corresponds to yield stress of fluid:
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where µb is the plastic dynamic viscosity, π – the component wise products of deformation rates 
by itself, that is π = eijeij, where eij corresponds to (i, j)th components of the deformation rate also 
πc denotes critical number for non-Newtonian modulation. For Casson fluids (non-Newtonian) 
flow, the value of π > πc, it can be defined:
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Using eq. (5) in previous equation, Casson fluid’s kinematic viscosity has now been 
reduced: 
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The Rosseland approximation needs optically dense medium and radiations that trav-
els just a small distance before scattering or absorption. Radiative heat transfer is brought into 
consideration since we are investigating a case where heat is radiated within an optically thick 
Casson fluid before it is dispersed. Casson fluid is optically thick in this study, therefore, heat 
radiation only goes a short distance before being scattered or absorbed. To account for the 
radiative heat flux in non-Newtonian fluids, the Rosseland approximation is used, which is a 
refinement of the radiative transfer equation (RTE) for optically thick media [14, 15] is given:
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where σ* is the constant of Stefan-Boltzmann with k* – the coefficient of absorption.
To solve the mathematical model, the similarity transformations are being used  

[10, 16]:
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where ψ(x, y) defined as stream function and following physical quantities are defined as [17]: 
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where µ*
b is the constant viscosity away from wall. Following the foregoing transformations, 

eqs. (2) and (3) are turned in non-linear ODE:
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Also the non-dimensional parameters of physical importance are obtained:
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Results and discussion

The results of the computational approach are achieved for a number of physical 
non-dimensional parameters that are depicted by graphs. The outcomes are used to show how 
different physical parameters affect temperature profiles θ(η), velocity profiles f ′(η), and tem-
perature gradient profiles θ′(η). 

Figure 1 depicts the impact of ξ on f ′(η). With increased ξ an increasing velocity profile 
is noticed. Since plastic dynamic viscosity of Casson fluid is considered as constant and when 
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there is plastic dynamic viscosity is variable then very small magnitude of velocity is observed 
at entire boundary-layer. Increasing temperature differences reduces intermolecular force of 
fluid and reduces the viscosity strength, significantly. Hence momentum boundary-layers in-
creases as with this effect. The effect of ξ on θ(η) is depicted by fig. 2. The graph illustrates the 
significant impact of the strength of inner heat generation in the region. The temperature field is 
parabolic with the pick somewhat away from the surface are noticed decreasing for increasing 
ξ. With increasing ξ, thermal boundary-layer thickness increases, this leads to decreased θ(η), 
that results to slower velocity of the fluid. Impact of ξ on θ(η) is depicted by fig. 3. Heat transfer 
rate depends on the magnitude of θ′(η) in certain direction. Near the wall θ′(η) decreases with 
increased ξ and after a crossover point reverse effect is observed.

   Figure 1. Velocity distribution for ξ       Figure 2. Temperature distribution for ξ

Figure 4 depicts the impact of St on f ′(η). It has been noted that with increased St a 
decrement is seen in f ′(η). This outcome may be followed to the way that, with increased St, the 
hotness of surface inside thermally stratified medium reaches from epilimnion hypolimnion. 
Figure 5 depicts the impact of St on θ(η). It has been noted that by increased St a decrement is 
seen in θ(η). Since with increased St, wall temperature decreases. The reverse effect is observed 
in temperature gradient profile θ′(η) for St as depicted in fig. 6. With increased St an increased 
θ′(η) is noticed.

    Figure 3. Temperature gradient distribution for ξ               Figure 4. Velocity distribution for St

Figure 7 illustrates the impact of β parameter, on f ′(η). Here two cases are discussed, 
in first case (ξ = 0 and St = 0.8 hypolimnion layer) velocity profile decreases with increasing 
values of β. With high viscosity of Casson fluid, both cases cannot generate enough heat that 
can crack molecules that can cover up viscosity, therefore, decreased velocity is noticed. In sec-
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ond case (ξ = 4 and St = 0 epilimnion layer) decreased velocity profile is noticed for increased β 
near the wall and reverse effect is notice after a crossover point for β → ∞ (i.e. non-Newtonian 
to Newtonian fluid). For this case, the effect is clearly evident, the hotness of exponentially 
extending surface rises, and additional heat produces thus the molecular bonds are broken with 
the effect of ξ. These two cases are also discussed with temperature profile for the parameter β 
in fig. 8. With increased β an increment is noticed for θ(η) in first case (i.e. ξ = 0 and St = 0.8) 
and opposite effect is observed in second case (i.e. ξ = 4 and St = 0). As depicted in fig. 9 the 
temperature gradient is noticed to increases alongside the wall and decreases beyond the cross-
over point, by increasing β for the first case and exactly opposite behavior is noticed for second 
case in which epilimnion layer (i.e. St = 0) is considered.

             Figure 5. Temperature distribution for St                 Figure 6. Temperature gradient for St

               Figure 7. Velocity distribution for β                      Figure 8. Temperature distribution for β 

Figure 10 depicts the impact of parameter q1 on f ′(η). In this figure both negative and 
positive values are considered. An increment is seen in f ′(η) for all negative and positive q1. 
Figure 11 illustrates the impact of parameter q1 on θ(η). An increment is seen in θ(η) for all 
negative and positive q1. Figure 12 illustrates the impact of q1 on θ′(η) profile. An increment 
is seen in θ′(η) alongside the surface for increased q1, a crossover point is noticed between  
2.1 < q1 < 2.3 after this temperature gradient decreases.

Figure 13 depicts the impact of parameter M on f ′(η). Two cases are considered for 
this study first is with stratification and second is without stratification. In both cases decreased 
velocity profile noticed for increased M. Reason for this decreasing pattern of velocity profile 
is that a Lorentz force is formed by a magnetic field created by the motion of an electrically 
conducted fluid, and it has the property of retardation. In the case when hypolimnion thermal 
stratification (i.e. St = 0.8) is considered this drag force become more effective and in epilimnion 
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condition (i.e. St = 0) highest velocity is noticed. Both cases are depicted for temperature profile 
by fig. 14. With the fact that more heat produces with imposed magnetic field so an increased 
temperature profile is noticed with increasing M for both cases. In the case when hypolimnion 
thermal stratification (i.e. St = 0.8) is considered, parabolic profile with highest temperature is 
noticed and in epilimnion condition (i.e. St = 0) highest temperature is noticed near the wall. 
Figure 15 depicts the impact of parameter M on θ′(η). An increment is seen in θ′(η) near the wall 
for the values of M, a crossover point is noticed between 4.1 < M < 4.4 after this temperature 
gradient decreases.

    Figure 9. Temperature gradient distribution for β               Figure 10. Velocity distribution for q1

           Figure 11. Temperature distribution for q1          Figure 12. Temperature gradient distribution for q1

            Figure 13. Velocity distribution for M                    Figure 14. Temperature distribution for M 
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The impacts of K for f ′(η) is portrayed by fig. 16. It’s been discovered that with de-
creased K a slowdown in f ′(η) is observed. With the fact K ∝ 1/k0 thus if porosity coefficient 
enhances, the medium’s permeability decreases, this leads to lowering fluids velocity. Figures 
17 and 18 depicts the impact of parameter K on θ(η) and θ′(η), respectively, with increased K 
temperature profile and temperature gradient increases significantly.

  Figure 15. Temperature gradient distribution for M           Figure 16. Velocity distribution for K

       Figure 17. Temperature distribution for K               Figure 18. Temperature gradient distribution for K 

Code verification

Comparisons with Animasaun [10], Bidin and Nazar [18], and Nadeem et al. [19] for 
local Nusselt numbers were done to validate this research, utilizing numerous values of Prandtl 
number as given in tab. 1. The other parameters in our mathematical model are considered zero 
to accomplish this (ξ = ε = St = M = K = q1= Grm= S = 0 and β = ∞). The estimated results are 
found better agreement with previous results.

Table 1. Comparisons for several values of Prandtl number for –θ′(0),  
with radiation parameter N
E = 0 and N = 0.5 [18] λ1= ω = B = E = 0 [19] N = 0.5 [10] Present study, N = 0.5

0.6765 0.680 0.6796065524 0.6796065457
1.0735 1.073 1.0735232305 1.0735232409
1.3807 1.381 1.3807094061 1.3807094118
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Conclusions

Casson fluids flow through an exponentially expanding sheet in permeable media is 
studied. This free convective MHD flow is investigated along with thermal stratification assum-
ing viscosity and thermal conductivity, temperature dependent. Fourth ordered Runge-Kutta 
method considering shooting techniques is used to study the impact of various flow control 
parameters. Important results are as follows.

 y With increased ξ an increasing velocity profile is noticed but a decrement is observed for 
θ(η) in entire domain and for θ′(η) near the wall.

 y In this investigation it is concluded that with increased Casson fluids parameter decreasing 
velocity profile is noticed but an increment is observed for θ(η) in entire domain and for 
θ′(η) near the wall when fluid is considered with constant viscosity (ξ = 0 and St = 8) and 
reverse effect is noticed for the case when stratification is zero(i.e. ξ = 4 and St = 0).
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