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The free piston Stirling engine is a complex system with multiple parameters 
strongly coupled. In this study, linear dynamic model and root locus technique are 
combined to investigate a γ-type free piston Stirling engine. Firstly, brief expres-
sions are derived to predict the operating frequency, f, phase angle, φ, amplitude 
ratio, η, and output power of γ-type free piston Stirling engine using linear dynam-
ic model. The dynamic parameters are analyzed in detail to reveal their influence 
on the output performance of the system. Meanwhile, the starting conditions are 
obtained by root locus technique. Combining the results of the aforementioned two 
methods, a set of optimized design parameters is identified. The optimum values 
of f, φ, η, and output power are 74.82 Hz, 65.38°, 1.92 W, and 108 W, respectively. 
Further more, a 60 W γ-type free piston Stirling engine prototype is developed 
and tested to validate the current model. Compared with the predicted results, the 
relative errors are less than 4.0% for f, less than 5.0% for φ, less than 2.0% for η, 
and less than 10.0% for output power. This research provides a reliable approach 
for the further design of γ-type free piston stirling engine.
Key words: free piston Stirling engine, linear dynamic model,  

root locus technique, performance prediction, parametric optimization

Introduction

With the continuous growth of global population and rapid economic development, 
the energy crisis and environmental protection caused increasingly concerned issues. It has 
become a common pursuit of researchers all over the world to find alternatives to traditional 
fossil energy. As a kind of external heated thermal-to-electric conversion device, Stirling engine 
is characterized by high efficiency, no working medium leakage, self-starting, long service life 
and silence [1-3]. Stirling engine has broad application prospects in the field of solar power 
system [4], micro combined heat and power (CHP) technology [5, 6], space thermoelectric 
conversion devices [7, 8], etc.

The free piston Stirling engine (FPSE) was first invented by Beale [9]. Unlike the 
traditional Stirling engine, FPSE has no mechanical connection between the displacer (dp) 
and power piston (pp). According to the structural characteristics, FPSE is classified into three 
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types: α, β, and γ [10]. The dp and pp of α-type FPSE are placed in two separate cylinders to 
achieve a greater temperature gradient. The dp and pp β-type FPSE are located in the same cyl-
inder to make the engine more compact. The features of γ-type FPSE is that the dp and pp are 
arranged coaxial but in different cylinders. 

Although FPSE has many advantages, it is not an easy task to conduct research be-
cause it involves complex physical processes such as thermodynamics, dynamics, mechanics, 
fluid-structure coupling and so on [11]. In recent years, dynamics and stability criteria attracted 
the attention of many researchers. Linear dynamic model and root locus technique have been 
proven to be powerful methods. Chen et al. [12] developed a thermodynamic-dynamic coupling 
model to reveal the phase characteristics of β-type FPSE. Redlich et al. [13] derived the locus 
of the FPSE system determinant root and obtained the criterion of the engine oscillation mode 
using linear dynamic model. Qiu et al. [14] created a linear dynamic simulation model which 
involves thermodynamic, mechanical, and electro magnetic inputs/outputs for γ-type FPSE. 
Majidniya et al. [15] proposed a combined model of β-type FPSE and permanent magnet lin-
ear synchronous motor. Regan  et al. [16] extended the root locus method to single and dual 
convertor systems. Riofrio et al. [17] presented a control-based design method which view 
the operation of the system as a feedback system. Standard control tools such as root locus, 
frequency response (Bode plots), and Nyquist stability criteria were plotted to investigate the 
dynamic behavior of the system. Zare et al. [18] proposed a systematic design method of FPSE 
based on root locus technique and compared with traditional Beale number method to prove the 
effectiveness of the new approach. A frequency-based design of FPSE was introduced using ge-
netic algorithm [19]. They studied the effects of the real and imaginary parts of the main closed-
loop poles on Stirling engine performance using particle swarm optimization, and concluded 
that FPSE is more sensitive to changes in the real parts of the main closed-loop poles [20]. A 
target frequency using genetic algorithm was used to design traveling wave thermoacoustic 
Stirling engine (TASE) [21]. Then, the energy standpoint and genetic algorithm were utilized to 
estimate the design parameters of a diaphragm TASE [22]. In addition, a novel analytical and 
parametrical scheme based on the practical stability and dynamic error to evaluate the stable 
limit cycle in the dynamical system of FPSE [23]. Ye et al. [24] analyzed the main parameters 
affecting β-type FPSE using linear dynamic model and artificial neural network. They also 
proposed a non-linear thermodynamic-dynamic coupled model [25, 26]. Kim et al. [27] carried 
out linear dynamic analysis of the operable charge pressure and operating frequency of β-type 
FPSE. The operating point was predicted using root locus technique.

In this paper, an innovative method for parametric optimization of γ-type FPSE is pro-
posed. Simple expressions are derived to predict operating frequency, phase angle, amplitude 
ratio and output power of the system. The influence of the dynamic parameters is calculated 
and analyzed in detail. Then a set of optimized parameters is identified. The current model is 
verified by experiments on a 60 W γ-type FPSE prototype. This study provides a new approach 
for the design of γ-type FPSE.

Mathematical model

Liner dynamic model of γ -type FPSE

As illustrated in fig. 1, γ-type FPSE can be divided into three parts: the hot-end, pis-
tons, and linear motor. The hot-end assembly include a heater, a regenerator and a cooler. The 
pistons assembly is mainly composed of two coaxial pistons. The function of linear motor is 
to convert mechanical energy into electrical energy. A 60 W γ-type FPSE prototype is depicted 
in fig. 2.
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   Figure 1. Schematic of γ-type FPSE         Figure 2. A 60 W  
             γ-type FPSE prototype

Figure 3 shows the force exerted on dp and pp. As mentioned earlier, the feature of 
γ-type FPSE is that the two pistons are completely independent. Both of dp and pp are dominated 
by the inertia force, damping force and spring force. The sum of the three forces is the gas force. 

Figure 3. Force diagram of dp and pp

The basic equations of the movement of dp and pp can be written [19, 28]:

d d d d d d d e d c d d 0( ) ( )( )= ( )r rm x C x K x P P A P P A A A P P+ + = − + − − − −  (1)

p p p p p p p c b p 0( )= ( )m x C x K x A P P A P P+ + = − − − −  (2)

where md and mp are the mass of dp and pp, xd and xp – the displacements of dp and pp, Cd and 
Cp – the damping coefficients of dp and pp, Kd and Kp – the spring stiffness of dp and pp, Ad, Ap, 
and Ar – the cross-sectional areas of dp, pp, and dp rod, respectively, and Pe, Pd, Pc, and Pb – the 
gas pressure in the expansion space, dp, compression space and bounce space, respectively,  
P and P0 – the instantaneous and initial charging pressure of the working gas. It can be taken 
that Pe = Pc = P when the pressure drop of the working gas-flowing through the heat exchanger 
(heater, regenerator and cooler) is ignored. The Pd = Pb = P0 as the pressure fluctuation inside dp 
and bounce space is negligible.

The FPSE can be regarded as a closed system provided the working medium (general-
ly helium gas) leakage is neglected [28]. According to the classical isothermal analysis model, 
the pressure of working gas can be expressed from the law of mass conservation and the ideal 
gas equation of state:
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where mg is the total mass of the working gas, Rg – the gas constant, Vh and Vk are the dead 
volumes of the heater and cooler, respectively, Ve and Vc – the instantaneous volumes of the ex-
pansion space and compression space, and Te, Th, Tk, and Tc – the temperature of the expansion 
space, heater, cooler and compression space, respectively. In order to simplify the calculation, 
assuming Te = Th and Tc = Tk.

For FPSE, the instantaneous pressure can be linearized [16]:
[ ]0 2 d 1 d d 2 p p 11 d 22 p( ) +rP P C A A C A x C A x C x C x− = − − − = (4)
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Substitute eq. (4) into eqs. (1) and (2):
d dd d dd d dp px C x K x D x= + +  (5)

p pp p pp p pd dx C x K x D x= + +  (6)
where
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In FPSE, the displacements of dp and pp are sinusoidal:

d d d= sin( )= sin(2 )x X t X ftω ϕ ϕ+ π + (7)

p p p= sin( )= sin(2 )x X t X ftω π (8)

where Xd and Xp are the amplitudes of dp and pp, ω – the operating angular frequency, f – the 
operating frequency, and φ – the phase angle between dp and pp. 

The amplitude ratio of dp and pp is defined as eq. (9). In FPSE, larger η indicates that 
a small dp amplitude can drive a large pp amplitude which is conducive to making the FPSE 
more compact:
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The formulas of f, φ, and η can be derived:
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Based on the principle of Stirling cycle [28], the output power of a single cycle can 
be expressed:

( )22 11d d sinCE C E rW W W P V P V X X A C A Cϕ= + = + = π −∫ ∫c e d p p
 

(13)
The total output power (PV) of FPSE:

( )d p 22 p 11sinCE rPV f W f X X A C A Cϕ= × = π − (14)
According to eqs. (1), (2), and (4), the dynamic equations governing the γ-type FPSE 

system can be described as a state-space form, which resembles the closed-loop feedback con-
trol system in modern control theory [19]:
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where u is the linear feedback control law. 

[ ]

d

d
0 11 22

p

p

( ) 0 0

x
x

p p C C x
x

 
 
 = − = − − = −  
 
  

u Kx           




(16)

where K is the state feedback gain matrix [2]. 
Based on eq. (5) and (6), eq. (15) can be re-written:
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Through the previous analysis, a complete dynamic model of γ-type FPSE is estab-
lished. Equations (10)-(14) provide reliable analytic expressions to predict the significant out-
put parameters of the system. Equations (15)-(17) illustrates another powerful approach to ob-
tain the starting conditions and stability criterion of the system.

Model validation 

In order to verify the accuracy of the aforementioned mathematical model, the param-
eters at the stable working point of a 60 W γ-type FPSE (named LIP-60) developed by ourselves 
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are calculated. The results predicted by the current model are compared with the experimental 
results. Table 1 presents the basic parameters of the LIP-60 FPSE. The experimental system is 
shown in fig. 4.

Table 1. The basic parameters of the LIP-60 FPSE
Parameters Symbol Values Unit

Charge pressure P0 3.0 ⋅ 106 [Pa]

Cross-section area of pp Ap 4.337 ⋅ 10–4 [m2]

Cross-section area of dp Ad 9.079 ⋅ 10–4 [m2]

Crosscut area of dp rod Ar 5.027 ⋅ 10–5 [m2]

Volume of expansion space Veo 3.15 ⋅ 10–6 [m3]

Volume of compression space Vco 6.30 ⋅ 10–6 [m3]
Porosity of the regenerator ε 0.9 [–]

Figure 4. The LIP-60 FPSE experimental system

As listed in tab. 2, when the prototype works at stable working conditions, the results 
predicted by the current model are in good agreement with the experimental results. The rela-
tive errors are mainly caused by non-linear factors (pressure drop, temperature inhomogeneity, 
shuttle loss, etc.). Actually, the current model can accurately predict the performance and sta-
bility of the γ-type FPSE when the parameters change.

Table 2. Comparison of current model predictions with 
experimental results of LIP-60 FPSE

f [Hz]  φ [°] η [–] PV [W]
Current model 74.82 65.38 1.92 108
Experimental results 73.3 62.85 1.97 99.93
relative error 2.07% 4.03% 2.54% 8.08%

   * the relative error is defined as: current model prediction – experimental result|/experimental result.

Results and discussion

Equations (10)-(14) provide reliable method to predict f, φ, η, and PV, which are cho-
sen as optimization objectives. Obviously, multiple parameters will affect the predicted results. 
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Equations (15)-(17) present that the stability of γ-type FPSE can be investigated by means of 
modern control theory. It is noted that the system should be unstable or at least marginally sta-
ble in the linear dynamic sense, which is the basic criterion for FPSE system to operate proper-
ly. Seen from eq. (17), the state matrix of γ-type FPSE system is fourth order. Therefore, it has 
four eigenvalues, in which only a pair of conjugate roots whose real part is greater than zero is 
the dominant pole. The imaginary part of the dominant pole is equal to the operating frequency 
of the FPSE [2].

Influence analysis of dynamic parameters 

Mass of dp and pp (md and mp)

Figures 5(a) and 5(b) present that with the increase of md and mp, f decreases, while 
η increases initially and then decreases. Figures 5(c) and 5(d) show that with the increase of 

Figure 5. Influence of md and mp; (a) f and η (md), (b) f and η (mp), (c) φ and PV (md), (d) φ and  
PV (mp), (e) root locus when 0.05 kg < md < 0.13 kg, and (f) root locus when 0.023 kg < mp < 0.54 kg
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md and mp, φ, and PV has the same trend. That is, when md is greater than a critical value  
(md = 0.083 kg) and mp is less than a critical value (mp = 0.418 kg), γ-type FPSE can be started. 
Meanwhile, φ and PV decrease with the increase of md, while increase with the increase of mp. 
Figure 5(e) presents that with the increase of md, the real part of the eigenvalue of the state 
matrix moves from the right side to the left side of zero point, resulting in that FPSE cannot 
operate. The maximum value of md is 0.125 kg. Thus, the range of md can be determined as  
0.083 kg < md < 0.125 kg. Similarly, the range of mp can be obtained as 0.286 kg < mp < 0.418 kg.

Stiffness of dp and pp (Kd and Kp)

As seen in figs. 6(a) and 6(b), f increases as Kd and Kp increase. While η increases 
initially and then decreases with the increase Kd of Kp. Figures 6(c) and 6(d) indicate that φ 
and PV have an opposite trend with the increase of Kd and Kp compared with the influence of 
md and mp. In other words, when Kd is less than the critical value (Kd = 24420 N/m) and Kp is 
larger than the critical value (Kp = 60000 N/m), FPSE can be started. Additionally, Kd and Kp are 
limited to a narrow range around the critical values in an effort to enable f, φ, η, and PV within 
an suitable range. When Kp is larger than 75000 N/m, PV < 90 W, which indicates that the out 
performance of the system declines. Figures 6(e) and 6(f) present the influence of spring stiff-
ness on the stability of the system. When Kd and Kp increases, the real part of the eigenvalue of 
the state matrix moves from the left side to right the side of zero point, indicating in that FPSE 
can be started. The lower limit value of Kd is 16800 N/m. Thus the range of Kd is limited to  
16800 N/m < Kd < 24400 N/m. The lower limit value of Kp is 38170 N/m. In conjunction 
with Figures 6(a)-6(d), the range of Kp that enable FPSE to be started and work efficiently is  
60000 N/m < Kp < 75000 N/m.

Damping ratio of dp and pp (ξd and ξp)

As a two-degree-of-freedom vibration system [27], the damping sources of dp and pp 
of FPSE are mainly mechanical damping, gas damping, electromagnetic damping, etc. In gen-
eral, dp and pp are under damped (ξd < 1 and ξp < 1) in FPSE. The less damping, the lower the 
loss of the system will be. However, the dp and pp assemblies involve several clearance seals. 
The proportion of gas leakage in the clearance and mechanical loss needs to be balanced. Fig-
ures 7(a) and 7(b) present that f increases slowly with the increase of ξd, and decreases slowly 
with the increase of ξp. The η increases slowly with the increase of ξd, while decreases rapidly 
with the increase of ξp. As depicted in figs. 7(c) and 7(d), with the increase of ξd and ξp, φ, and 
PV increase. Although ξd and ξp predicted by current model seem to be beneficial to the output 
parameters. But the loss caused by damping will significantly reduce the efficiency of FPSE 
system. Furthermore, in order to obtain reasonable η and φ, ξd, and ξp need to be as small as pos-
sible. Figures 7(e) and 7(f) indicate that when ξd and ξp increase, the real part of the eigenvalue 
of the state matrix moves from the right side to left the side of zero point. 

The critical value of ξd and ξp are 0.097 and 0.12, respectively. That is, when  
ξd < 0.097 and < 0.12, FPSE can be started. When ξd and ξp are greater than the critical value, 
the FPSE system will fail to be started due to the inability to overcome the damping effect. It 
should be noted that the upper limits of ξd and ξp obtained by root locus method refer to the 
maximum damping ratio to enable the initiation of the FPSE system. In fact, ξd and ξp should 
be strictly controlled to increase the output power of the system. Based on the predicted results, 
the reasonable range of ξd and ξp are: 0.028 < ξd < 0.097 and 0.06 < ξp < 0.12.

According to the aforementioned analysis, for the 60 W γ-type FPSE prototype, a set 
of optimized parameters to match the operating parameters and maximize the output power is 
given in tab. 3.
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Experimental results and analysis

Figure 8 presents the trend of f with the increase of the heating temperature, Th. The f 
predicted by the dynamic model is higher than the experimental results. The maximum relative 
error is less than 4.0%, which indicates that the current model can accurately predict the oper-
ating frequency of γ-type FPSE. The results show that f increases gradually with the increase of 
Th. It is mainly because the pressure of the working gas in the FPSE rises with the increase of 
Th. Further more, the stiffness of the gas spring of dp increases, leading to f increases. 

As interpreted in fig. 9, φ decreases with the increase of Th. The predicted results of 
the current model and the experimental results have the same trend. The relative error is within 
5%. In fact, φ is maintained when FPSE works at a constant heating temperature, which is a 

Figure 6. Influence of Kd and Kp; (a) f and η (Kd), (b) f and η (Kp), (c) φ and PV (Kd),  
(d) φ and PV (Kp), (e) locus when 16000 N/m < Kd < 3 0000 N/m, and (f) root locus when  
33000 N/m < Kp < 80000 N/m
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Figure 7. Influence of ξd and ξp on FPSE; (a) f and η (ξd), (b) f and η (ξp),  
(c) φ and PV (ξd), (d) φ and PV (ξp), (e) root locus when 0.01 < ξd < 0.1, and (f) root locus  
when 0.02 < ξp < 0.15

prerequisite for FPSE to work stably. According to the current model and experimental results, 
γ-type FPSE can work stably and efficiently when the phase angle is in the range of 60°~70°. 

Figure 10 displays that η increases with the increase of Th. According to eqs. (1) and 
(2), the gas force exerted on dp and pp is proportional to (p-p0)Ar and (p-p0)Ap, respectively. As 
mentioned earlier, p increases as Th increases. Owing to Ar < Ap, the gas force exerted on pp 
is greater than that exerted on dp. Therefore, when Th increases, the amplitude growth of pp is 
faster than that of dp, so η goes up. The relative error between the model and the experimental 
results is within 2%. 

As depicted in fig. 11, PV increases as Th increases. The maximum relative error 
between the model and experimental results is close to 10%. Owing to the flow resistance of 
the heat exchanger and the loss of the regenerator are not considered, the results predicted by 
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Table 3. A set of optimized design parameters of the 60 W γ-type FPSE prototype 
Parameters Symbols Values Units

Charge pressure p0 3.0 ⋅ 106 [Pa]
Heater temperature Th 800 [K]
Cooler temperature Tk 300 [K]
Mass of dp md 0.091 [kg]
Mass of pp mp 0.38 [kg]
Spring stiffness of dp Kd 21500 [Nm–1]
Spring stiffness of pp Kp 68000 [Nm–1]
Damping ratio of dp ξd 0.03 [–]
Damping ratio of pp ξp 0.08 [–]
Operating frequency f 74.82 [Hz]
Phase angle of dp and pp φ 65.38 [°]
Amplitude ratio of dp and pp η 1.92 [–]
Output power PV 108 [W]

             Figure 8. Trend of f with Th    Figure 9. Trend of φ with Th

        Figure 10. Trend of η with Th                     Figure 11. Trend of PV with Th

current model are always greater than that of the experiment. Further, the output electric power 
is measured. When the heating temperature reaches 800 K, the output electric power is 64.6 W 
at an operating frequency of 73.3 Hz. 
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Conclusions

In this study, linear dynamic model combined with root locus technique are ap-
plied to predict the output performance and optimize parameters of γ-type FPSE. Reliable 
expressions of the operating frequency, phase angle, amplitude ratio and output power are 
derived. The influence of the key dynamic parameters on the output performance of the 
system is analyzed in detail. The start-up characteristics of the system are discussed. The 
results predicted by the current model are compared with the experimental results. The 
conclusions are as follows. 

 y A total of six dynamic parameters, including the mass of dp and pp, stiffness of dp and pp, 
and damping coefficient of dp and pp are selected as variables. The operating frequency, 
phase angle, piston’s amplitude ratio and PV power are chosen as optimization objective. 
Each variable is studied in detail with the aim of maximizing PV power. 

 y An innovative method for optimizing dynamic parameters of γ-type FPSE is proposed. The 
lower limits of md, Kp, ξd, and ξp, as well as the upper limits of mp and Kd can be predicted by 
the linear dynamic model. While the upper limits of md, Kp, ξd, and ξp, as well as the lower 
limits of mp and Kd can be obtained by root locus technique. The range of each dynamic 
parameter has been determined by combining the results of these two methods. 

 y A set of optimized design parameters of 60 W γ-type FPSE is identified. The optimum val-
ues of f, φ, η, and PV are 74.82 Hz, 65.38°, 1.92 and 108 W, respectively.

 y A 60 W γ-type FPSE prototype was developed and tested. The results show that the relative 
errors between current model predictions and experimental results are less than 4.0% for f, 
less than 5.0% for φ, less than 2.0% for η, and less than 10.0% for PV. When the heating 
temperature is 800 K, the output power is 64.6 W at an operating frequency of 73.3 Hz.
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Nomenclature 
A – cross-sectional area, [m2]
Cd – damping coefficient of displacer, [Nsm–1]
Cp – damping coefficient of power piston, [Nsm–1]
D – ratio of damping coefficient  

to the mass of the piston, [s–1]
f – operating frequency, [Hz]
Kd – spring stiffness of displacer, [Nm–1]
Kp – spring stiffness of power piston, [Nm–1]
m – mass, [kg]
p – instantaneous pressure, [Pa]
p0 – charge pressure, [Pa]
T – temperature, [K]
t – time, [s]
V – volume, [m3]
W – output power, [W]
x – displacement, [m]
x⋅ – speed, [ms–1]
x⋅⋅ – acceleration, [ms–2]

Greek symbols

ε – porosity of the regenerator

η – amplitude ratio of displacer and power piston
ξ – damping ratio
φ – phase angle of displacer and power piston, [°]
ω – angular frequency, rad/s

Subscripts

b – bounce space
c – compression space
co – compression space at a static equilibrium state
d – displacer
e – expansion space
eo – expansion space at a static equilibrium state
g – gas
h – heater
k – cooler
p – power piston
r  – regenerator

Acronyms 

dp – displacer
pp – power piston
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