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In this paper, Sinc collocation method is employed for finding the approximate 
solution of the three lakes pollution model. In order to show the effectiveness and 
accuracy of the Sinc collocation method, several examples are presented in the 
tables and graphical forms. After observing the tables and graphical forms, it is 
concluded that Sinc collocation method is applicable with high accuracy to other 
real world problems. 
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Introduction 

Contamination in water resources that has various types such as thermal pollution, 

chemical pollution, radioactive pollution, etc., is an interesting topic in environmental scienc-

es [1-10]. In [11], approximate solutions of the following model for pollution of three lakes 

have been studied by using Haar wavelet collocation method: 
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subject to the initial conditions: 

 p1(0) = λ1,   p2(0) = λ2,   p3(0) = λ3  

where pi(t) for i = 1, 2, 3 are the amount of pollutant in lake i at time t, the rate of pollutant en-

tering the 1st lake per unit time t is denoted by the function f(t). The stream of water from ith lake 

to jth lake is denoted by Fij. The Vi denotes the amount of the water in ith lake. Differing from the 

results presented in [11], here we consider Sinc collocation method to find the approximate so-

lutions of given model (1). To guarantee the constant amount of the water in each lake: 

 F12 = F21 + F31 + F13 

 F23 = F12 + F32 + F21 (2) 

conditions are assumed. For detailed information on Sinc collocation method, we refer the 

reader to [12-16]. 
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Preliminaries and notation 

In this section, some preliminaries and notations related to sinc basis functions are 

given. 

Definition 1. The Sinc function is defined on the whole real line −∞ < x < ∞ by: 
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Definition 2. For h > 0 and k = 0, ±1, ±2, ... the translated Sinc function with space 

node are given by: 
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Definition 3. If f(x) is defined on the real line, then for h > 0 the series: 
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is called the Whittaker cardinal expansion of f whenever this series converges. 

In general, approximations can be constructed for infinite, semi-infinite and finite in-

tervals. To construct approximation on the interval (a, b) the conformal map 
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is employed. This map carries DE the eye-shaped domain in the z-plane: 
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onto the infinite strip DS: 
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The basis functions on the interval (a, b) are derived from the composite translated 

sinc-functions: 
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for z ∈ DE. The inverse map of w = ϕ(z) is: 
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k
= M 

The sinc grid points zk ∈ (a, b) in DE will be denoted by xk because they are real. For 

the evenly spaced { }kkh 
 on the real line, the image which corresponds to these nodes is 

denoted by: 
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Lemma 1. Let  f be the conformal one-to-one mapping of the simply connected do-

main DE onto DS, given by (2). Then: 
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The sinc-collocation method 

We assume approximate solutions for problem (1) with initial conditions by the fi-

nite expansion of Sinc basis functions: 
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where Sk(x) is the function S(k, h)◦ϕ(x). Here, the unknown coefficients are determined by 

Sinc collocation method via the following theorem. 
Theorem 1. Let be a function ( ) ( )N

k M k kf x c xS x defined as the finite expansion 

of Sinc basis functions, then the first derivative of f(x) is given by: 
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After the above theorem is applied to model (1), we obtain a linear algebraic equa-

tion system. By solving the system, it is calculated the unknown coefficients ck, dk, and ek. 

Error estimation 

In this section, we use the estimated error function ( )NE x to check the accuracy of 

the presented method. The estimated error function ( )NE x  might be used in the problems that 

are unknown the exact solutions. If the p1,n(x), p2,n(x), and p3,n(x) are an approximate solution 

to system (1), then when these functions and their derivatives are substituted into system (1) 
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the obtained equation should be satisfied approximately. In short, for xk ∈ [a, b], the functions 

, ( ),i NE x  i = 1, 2, 3 are defined by: 
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and , ( ) 10 , 1,2,3kt
i NE x i


   (tk any positive contant). If max10 10kt t  is prescribed, the 

truncation limit N is increased until the difference , ( ), 1,2,3i N kE x i  at each of the points be-

comes smaller than the prescribed 10−t. 

Numerical simulation and discussion 

In this section, for different f(t) functions, the numerical examples are presented to 

show the accuracy and efficiency of the proposed method. In the all examples, we choose the 

parameters as V1 = 2900 km3, V2 = 850 km3, V3 = 1180 km3, F12 = 24 km3 per year,  

F13 = 22 km3 per year, F21 = 14 km3 per year, F23 = 18 km3 per year, F31 = 32 km3 per year, 

F32 = 8 km3 per year. Also, the initial conditions are given by p1(0) = 0, p2(0) = 0, and 

p3(0) = 0. In the all examples, we take N = M. As a result, regarding to the results in each ta-

ble in the all examples, it is seen that the error of each result decrease significantly while the 

interpolation level N increases. 

Example 1. We assume f(t) = 100 then the system model (1) turns into: 
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Numerical results for different N values for (5) are given in the tabs. 1-3. The 

graphics of the estimated error functions for N = 32 are presented in fig. 1. 

Table 1. Numerical values of the estimated error function ,1 NE  for Example 1 for different values of N 

x Ẽ1,16 Ẽ1,32 Ẽ1,64 Ẽ1,128 

0.2 5.52002 × 10–5 1.29004 × 10–6 1.39747 × 10–10 5.34239 × 10–13 

0.4 2.69985 × 10–5 8.76099 × 10–8 3.87013 × 10–9 3.97904 × 10–13 

0.6 2.70426 × 10–5 8.76596 × 10–8 3.87149 × 10–9 3.94129 × 10–13 

0.8 5.54385 × 10–5 1.29191 × 10–6 1.39942 × 10–10 5.52447 × 10–13 
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Table 2. Numerical values of the estimated error function ,2 NE  for Example 1 for different values of N 

x Ẽ2,16 Ẽ2,32 Ẽ2,63 Ẽ2,128 

0.2 2.87020 × 10–5 6.70784 × 10–7 7.26749 × 10–11 2.79332 × 10–13 

0.4 1.40436 × 10–5 4.55602 × 10–8 2.01256 × 10–9 2.10942 × 10–13 

0.6 1.40725 × 10–5 4.55929 × 10–8 2.01347 × 10–9 2.04614 × 10–13 

0.8 2.88584 × 10–5 6.72017 × 10–7 7.27840 × 10–11 2.86215 × 10–13 

Table 3. Numerical values of the estimated error function ,3 NE  for Example 1 for different values N 

x Ẽ3,16 Ẽ3,32 Ẽ3,63 Ẽ3,128 

0.2 2.64982 × 10–5 6.19252 × 10–7 6.70880 × 10–11 2.57572 × 10–13 

0.4 1.29545 × 10–5 4.20497 × 10–8 1.85756 × 10–9 1.96287 × 10–13 

0.6 1.29700 × 10–5 4.20668 × 10–8 1.85803 × 10–9 1.89515 × 10–13 

0.8 2.65801 × 10–5 6.19896 × 10–7 6.71552 × 10–11 2.64400 × 10–13 

 
Figure 1. Graphical representation of the estimated error functions of Example 1 for N = 32;  
(a) , ,1 NE (b) , ,2 NE and (c) ,3 NE  

Example 2. We assume f (t) = 200e−10t then the system model (1) turns into 
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Numerical results for different N values for (6) are given in the tabs. 4-6. The 

graphics of the estimated error functions for N = 32 are presented in fig. 2. 

Table 4. Numerical values of the estimated error function ,1 NE for Example 2 for different values of N 

x Ẽ1,16 Ẽ1,32 Ẽ1,63 Ẽ1,128 

0.2 1.25842 × 10–2 3.06924 × 10–4 3.21913 × 10–8 1.25258 × 10–10 

0.4 6.60769 × 10–3 2.09006 × 10–5 8.90894 × 10–7 9.19371 × 10–11 

0.6 6.93272 × 10–3 2.08203 × 10–5 8.91056 × 10–7 9.09637 × 10–11 

0.8 1.44402 × 10–2 3.04546 × 10–4 3.22067 × 10–8 1.26917 × 10–10 
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Table 5. Numerical values of the estimated error function ,2 NE for Example 2 for different values of N 

x Ẽ2,16 Ẽ2,32 Ẽ2,63 Ẽ2,128 

0.2 8.11764 × 10–6 2.13447 × 10–7 2.32877 × 10–11 9.33698 × 10–14 

0.4 5.04203 × 10–6 1.63123 × 10–8 6.97340 × 10–10 7.23588 × 10–14 

0.6 6.38604 × 10–6 1.85641 × 10–8 7.67070 × 10–10 7.67164 × 10–14 

0.8 1.50519 × 10–5 2.97178 × 10–7 2.96332 × 10–11 1.12327 × 10–13 

Table 6. Numerical values of the estimated error function ,3 NE for Example 2 for different values of N 

x Ẽ3,16 Ẽ3,32 Ẽ3,63 Ẽ3,128 

0.2 7.53189 × 10–6 1.97752 × 10–7 2.15744 × 10–11 8.64586 × 10–14 

0.4 4.66392 × 10–6 1.50912 × 10–8 6.45413 × 10–1 6.69881 × 10–14 

0.6 5.89347 × 10–6 1.71511 × 10–8 7.09204 × 10–10 7.08877 × 10–14 

0.8 1.38756 × 10–5 2.74351 × 10–7 2.73795 × 10–11 1.03778 × 10–13 

 
Figure 2. Graphical representation of the estimated error functions of Example 2 for N = 32;  
(a) , ,1 NE (b) , ,2 NE and (c) ,3 NE  

Example 3. We assume f (t) = 1 + sin t then the system model (1) turns into: 
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Numerical results for different N values for (7) are given in the tabs. 7-9. The 

graphics of the estimated error functions for N = 32 are presented in fig. 3. 

Table 7. Numerical values of the estimated error function ,1 NE for Example 3 for different values of N 

x Ẽ1,16 Ẽ1,32 Ẽ1,63 Ẽ1,128 

0.2 3.06869 × 10–5 7.37963 × 10–7 8.02156 × 10–11 3.06533 × 10–13 

0.4 1.50786 × 10–5 5.01220 × 10–8 2.22095 × 10–9 2.33813 × 10–13 

0.6 1.53269 × 10–5 5.01968 × 10–8 2.22141 × 10–9 2.25930 × 10–13 

0.8 3.20693 × 10–5 7.41039 × 10–7 8.02861 × 10–11 3.15969 × 10–13 
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Table 8. Numerical values of the estimated error function ,2 NE for Example 3 for different values of N 

x Ẽ2,16 Ẽ2,32 Ẽ2,63 Ẽ2,128 

0.2 3.79019 × 10–7 8.91501 × 10–9 9.64624 × 10–13 3.68629 × 10–15 

0.4 1.79574 × 10–7 6.00119 × 10–10 2.65759 × 10–11 2.81719 × 10–15 

0.6 1.74009 × 10–7 5.93951 × 10–10 2.64086 × 10–11 2.68535 × 10–15 

0.8 3.48909 × 10–7 8.68196 × 10–9 9.49761 × 10–13 3.74440 × 10–15 

Table 9. Numerical values of the estimated error function ,3 NE for Example 2 for different values of N 

x Ẽ3,16 Ẽ3,32 Ẽ3,63 Ẽ3,128 

0.2 7.53189 × 10–7 1.97752 × 10–9 2.15744 × 10–13 8.64586 × 10–15 

0.4 4.66392 × 10–7 1.50912 × 10–10 6.45413 × 10–11 6.69881 × 10–15 

0.6 5.89347 × 10–7 1.71511 × 10–10 7.09204 × 10–11 7.08877 × 10–15 

0.8 1.38756 × 10–7 2.74351 × 10–9 2.73795 × 10–13 1.03778 × 10–15 

 

Figure 3. Graphical representation of the estimated error functions of Example 3 for N = 32; 
(a) , ,1 NE (b) , ,2 NE and (c) ,3 NE  

Conclusion 

In this paper, Sinc collocation method is applied to obtain an approximate solutions 

of model (1) with initial conditions. The model for different f(t) functions are approximately 

solved and the estimated errors are presented using tables. The numerical results showed that 

the method is a powerful tool for solving the given model approximately. 
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