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The maximum value principle plays an important role in the study of a semi-
linear system within a time domain, and it uses in this paper to study the exis-
tence of solutions for systems with general non-linear terms.  
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Introduction 

There have been many mature and graceful results in the research on the dynamic 

behavior of semi-linear equations [1, 2]. However, for coupled semi-linear systems [3], the 

study of its dynamic properties is very complicated [4, 5]. Previous studies have shown that 

the results of most semi-linear systems cannot be simply extended to general semi-linear sys-

tems [6-8]. One of the main reasons is that the complexity of the function structure of the se-

mi-linear system makes it very difficult to establish its maximum value principle [9, 10], 

which is an important tool for the study of semi-linear systems.  

For semi-linear dynamical systems, the maximum principle has a wide practical 

physical background, and is a very good tool for the existence and asymptotic behavior of so-

lutions to initial value problems of viscous conservation laws, and the asymptotic stability of 

viscous shock solutions. In recent years, Liu and Nishihara [11], Liu, Matsumura and Nishi-

hara [12] also proved the asymptotic stability of viscous shock wave and evacuation wave so-

lutions and the asymptotic form of solutions for internal flow problems by using the maxi-

mum principle and energy estimation methods. Kawashima and Matsumura [13, 14] solved 

the situation of standing wave and evacuation wave in outflow problem. 

Particularly many coupled mathematical models arising in practical applications can 

be considered in the framework of the following semi-linear dynamical system 
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where 1( , , ),Nu u= u  is a bounded region ( 1)n n   or unbounded region (including the 

outer region of the full space bounded region 
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and other unbounded regions e ), such as 
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positive half space 1{ ( , , ) ; 0},n n
n nx x x x+ = =    Li(t) and ( )iB t are the following differ-

ential operators and boundary operators, respectively: 
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where 0, ( , ) 1( 0, )i i t x t x =    (Dirichlet-type boundary operator) or 1 1,   
( , ) 0( 0, )t x t x =  z Neumann-Robin-type boundary operator, /    represents the out-

er normal derivative on .  These models include the Lotka-Volterra diffusion model [15], 

Noyes-Field model [16] of gas-liquid reaction model, simplified biochemical enzyme reaction 

model, Fokker-Planck model in fractal media [17], non-linear oscillation model [18], and 

fractional KdV model [19]. 

So far, many authors have used different methods to study the dynamics of the sys-

tem or its corresponding specific reaction diffusion model. Wang [20] used the Lyapunov 

function method on the bounded region to discuss the autonomous system namely
( , ) ( ),i iL t x L x=  ( , , ) ( , ),i if t x f x=u u ( , ) ( ),i ig t x g x=  ( , ) ( ),i it x x =  1, , .i N=  Using the 

monotonic method [21], also known as the upper and lower solution method, the autonomous 

system was studied on the unbounded area, and the periodic system was studied on the un-

bounded area with the monotonic method (that is, the existence of constant 0,T   such that:  

 ( , ) ( , )i iL t x L t T x= +  

 ( , , ) ( , , )i if t x f t T x= +u u  

 ( , ) ( , )i ig t x g t T x= +  

 ( , )i t x = ( , )i t T x +  

 1, , ,i N= 1 1 1/( , ) ( ) ,
L t M m mu r t e K e

−
= + 11( 1) ,

J
m r e= − 1,  0r t   

The linearization method is used to study the periodic systems [22-25] in the boun-

ded area, as well as the competitive diffusion system and the periodic cooperative diffusion 

system [26]. We can also use the operator semigroup theory and the dynamic system method 

[27] to study the autonomous system in the unbounded area, including existence, boundedness 

and equilibrium of the overall solution and the positive definite stability of the zero solution 

with respect to disturbances. 

From the general theory of partial differential equations, the comparison principle 

based on the maximum principle is a useful tool for studying parabolic partial differential 

equations or systems: 

 ( 1) ( 1)
1 2( 1) , ( 1)n P m qM K M K

 

− −= + = +  

In the study of the dynamic behavior of a semi-linear system or its corresponding 

specific semi-linear system model. The response function: 
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 max{1 ( 1),1 ( 1), , }K m p n q mp nq − − − −  

is required to satisfy a certain monotonic property, which is the so-called quasi-monotonicity 

of the response function, which includes quasi-monotonic non-decreasing, quasi-monotonic 

non-increasing, and mixed quasi-monotonicity [28]. 

Preliminary  

Vector function 1( , ,u) : [ ( , , ), , ( , , u)],Nt x f t x f t x=f u ( , , )f t x  is mixed quasi-linear 

monotonic on Subset of R ( 1),N N   meaning for every 1, , ,i N= there are non-negative 

integers related to ai and bi, satisfying 1.i ia b N+ = −  The writable vector u  is a separate 

form ( ,[ ] ,[ ] )
i ii a bu=u u u , so that each component is monotonous and non-decreasing, and each 

component of , ( , , ,[ ] ,[ ] )
i ii i a bf t x uu u u is monotonic and non-increasing. In particular, if 

there is [ ]
iau for each one, then ( , , )t xf u is said [ ]

ibu to be quasi-monotonous (bi = 0) and non-

decreasing; if there is 1, ,i N= for each 0,ia =  then ( , , )t xf u is said to be quasi-monotonous 

and non-increasing [5]. 

Mixed quasi-monotonic means quasi-monotonic non-decreasing or quasi-monotonic 

non-increasing, if the vector function f(t, x, ·) is mixed quasi-monotonic on a certain subset of 

 in .N
 

The quasi-monotonicity of the reaction function is the basis for establishing the ma-

ximum value and comparison principle for the corresponding reaction-diffusion system, and 

the quasi-monotonicity of the reaction function has a profound background explanation in the 

application. 
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 0,   1,2,...,iu i N = =   (4) 

where ( , ) 0( 1,2)id t x i =  represents the semi-linear time lag coefficient that varies with time. 

The result of the comparison principle of the system, namely )0( 1, , ) ,i i N = =  is 

extended to the semi-linear time domain system, that is, the following completely non-linear 

reaction diffusion system: 

 2( , , , , ), ( , ) (0, )i
i i i

u
f t x u u u t x
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where 1,( , ) ,,N iu u u= u  and 
2

iu  represent the gradient and Hessian matrix of spatial 

variables, respectively, and 
2 2

1 1 1( , , ) , , ,[ ( ) ], , , ( , , , , )N N Nf t x u f t x u u u f t x u u u      is a 

quasi-monotonic non-decreasing vector function. 

Since the early 1990’s, the Cauchy problem of abstract operator differential equa-

tions with non-local initial conditions in Banach spaces was widely studied, which is: 
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 1( ) ( ) [ , ( )] ( , , , ), (0, ]pt u t F t u t H t t u Tu t= + +    (8) 

 0(0)u u=   (9) 

The domain of  is 1 1( )( , ), 0 ( ),p pD X X t t t T p N−        
:[0, ]F T X X→  and : (0, ) pH T X Y→  are a linear operator in a complex Banach space, D 

and E are a subset of the given operator F and the corresponding integral-differential equa-

tions and non-autonomous equations. This kind of Cauchy problem Research has made a se-

ries of important progress. 

Let 
1

01 1/ , ( ).Nm p m N u L R    +   Then all nonnegative nontrivial weak solu-

tions ( , )u x t  do not exist globally in the whole time, and blow up in finite time, i.e.: 

 lim ( )
t T

u t 


=   (10) 

for some (0, ).T    

Main result 

Let functions ( , , )if u v  and v be continuously differentiable and a bounded kernel 

function, ( , )( , 1, , )ijK x y i j N=  satisfying: 
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The vector function ( , , , )f t x u v  is mixed quasi-monotonic on the subset RN×RN of :  
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Regarding each component of 
2

[ ]au  and 
1

[ ,]cv  it is monotonous and no decreasing, 

while regarding 
1

[ ,]bu  a component is monotonic and no decreasing [18]. In particular, if 

there is 0i ib d= =  for every 1, , ,i N=  then (  , , )f u v  is said to be quasi-monotonic on . 

Theorem. Suppose that 
1,2

1( , , ) ( ) ( )N M Mq q D D=  q , then ( , ) 0t x q  on 
.MD  
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Proof: We consider the following conditions: 

 1 ( , ) 0, ( ) 1 ( 1, 2)K x y R x x y       (18) 

 ( , ) 1, ( ) 1, ( ) 1 ( 0, 2)K x y R x R x x y       (19) 

If ijb  is bounded on ,MD  and 0 ( , , 1, , ),ijb j i i j N  =  and further: 
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For 1, ,k n N   the solution satisfies: 
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From ( , ) 0, ( , ) ,Mt x t x D q  let 1( , , ),Nr r r=  here ,t
i ir q e −=  using the Hopf 

strong maximum principle [20] of the second-order parabolic partial differential equation, we 

obtain: 
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From ( , ) 0,t iD r t x  , it can be seen that: 
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Let 1( , , ), : , 0,t
N i ip p p q e = = − p  using assumptions and direct calculate, 

one can deduce: 
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In addition, because it satisfies the hypothesis, it is known from the lemma that for 

all from the Theorem [20], we can give the uniqueness of a solution of the reaction-diffusion 

system. The previous inequality is also true, so: 
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Combine some relevant results that meet the boundary conditions [20-26]: 

 ( , ) ( , ) ( , )d ( 0, )u t x K x y u t y y t x



=    (40) 

 
20

2
2

0 0( ) )( (),
H

L
B u a B u u n  +  (41) 

 ( ) ( , ) ( , ) ( , ) ( , )d ( 0, )
u

x t x u t x K x y u t y y t x





+ =  

   (42) 

For a completely non-linear system, the comparison principle is used to study the 

comparison principle of the semi-linear reaction-diffusion equation that satisfies the boundary 

conditions, and the following boundary conditions are considered. 

Assume that 0 ( ).Nu BC R  Then for some 0( ) 0,T T u=   exist a weak solution 
( ) ( , ) : Tu t u x t Q R+= →  satisfying 

1
loc loc[0, ]; ( ) (0, ; )N Nu C T L R L T R { }  and for constant 

Cʹ: 
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: pL
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Consistent establishment: 
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The comparison principle of the semi-linear reaction-diffusion equation system is 

constructed. Based on the previous results, we can establish a general comparison principle 

for more complex composite systems. In this way, for the semi-linear reaction-diffusion equa-

tion, we have established the system maximum principle. 

Conclusion 

For each 1, , ,i N=  
2

[ , ]N n n
i Mf C D    and the vector function 

( , , )t xf u  are elliptical on 1 1( , )t x  if u, , , ( , 1, , )jk jkP S T j k n=  and 
( ) ( , ) ( )i i i i jy t x u t x u t T x= − + , 1( ) 0,n

j k jk jk j kS T  = −  ( , ) 1, ,it x Q i N = , for any vector 
,n   thus: 

 1 1 1 1( , , , , ) ( , , , , )i if t x P S f t x P Tu u  (45) 

If vector function ( , , )f t x u  is elliptical on DM for each 1, , ,i N=  1( ,[ ] ),i Nu −=u u
2

1( , , ) ( , , ,[ ] , , )i i i N i if t x f t x u u u−  u u  are all monotonous and undiminished for all u  in 
,N
 the vector function ( , , )t x uf  is also quasi-monotonous. 

The reaction function ( , , )f t x u  and the kernel function ( , 1, , )ijK i j N=  are quasi-

monotonic on some given subsets of ;N
R  the kernel function ( , 1, , )ijK i j N=  satisfies: 

 ( , ) ( , ) ( ), 1, ,i i ri jy t x u t x u t T x i N= − + =   (46) 

 ( , ) 0, ( , )d ( , )ij ij jk

N

K x y K T x y y x y      (47) 

 ( , ) ( , ) ( , )k ku t x u t kT x u t x  +  +  (48) 
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