Zhang, X.: Approximate Analytical Solution to the Kudryashov-Sinelshchikov Equation ...
THERMAL SCIENCE: Year 2023, Vol. 27, No. 3A, pp. 1795-1802 1795

APPROXIMATE ANALYTICAL SOLUTION
TO THE KUDRYASHOV-SINELSHCHIKOV EQUATION
WITH HE’S FRACTIONAL DERIVATIVE

by
Xiuquan ZHANG®

Department of Mathematical and Statistics, Huanghuai University, Zhumadian, China

Original scientific paper
https://doi.org/10.2298/TSCI2303795Z

In this paper, the Adomian decomposition method was employed successfully to
solve the Kudryashov-Sinelshchikov equation involving He’s fractional deriva-
tives, and an approximate analytical solution was obtained.
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Introduction

In this paper, we use Adomian decomposition method (ADM) [1] for solving the
following Kudryashov-Sinelshchikov equation involving He’s fractional derivative:

o*u(xt) oF ou(x.t) o* oF
—a+u(x't)ax_ﬂ A(U)@TW B(U)+67C(U) =0 (l)
with the initial condition:
i X
u(x,0) = L"(Hﬂ)} (2)
where
o u o (dlu
A(u)—iu(x,t)—axﬂ—axﬂ(aXﬁJ 3
oF o%u
B(u) = M{U(X:t) +ﬂ87} 4)
o’ | 6u
C(U) =67|:67—O'U(X,t):| (5)

and 4, u, and o and are real parameters.
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In egs. (1)-(5), the symbols &% /ot* and 8” /ox” (0 < &, B <1) denote He’s time frac-
tional derivative and space fractional derivative [2], respectively.

The classical Kudryashov-Sinelshchikov equation describes pressure waves in the
liquid with gas bubbles taking into consideration the heat transfer and viscosity of liquid
[3-11]. Polymer bubbles have been widely used for fabrication of nanofibers and nanoscale
membranes [12, 13]. Due to solvent evaporation [14], the bubble wall becomes a porous me-
dium, so the classical Kudryashov-Sinelshchikov equation has to be modified to take into ac-
count the porosity size and distribution. The PDE with He’s fractional derivative [2] is suita-
ble for this porous problem. He’s fractional derivative was applied to the fractional Camassa-
Holm equation [15], the fractional evolution equation [16], and the fractional KdV equation
[17]. Now He’s fractional derivative was developed into the two-scale fractal derivative [18-
23]. Since the exact solutions to these non-linear problems are very rare, so researchers look
for the approximate solutions by using various methods, e.g., the homotopy perturbation
method [24, 25], in this paper the ADM [1] is adopted, which can solve effectively wide rang-
es of non-linear equations [26-29].

There are many definitions of fractional derivative are given by many different
mathematicians and scientists. He’s fractional derivative is derived from the variational itera-
tion method [30]. Now, we recall briefly the concept introduced by He [2].

Consider the following linear equation of n'" order:

u®™ = f(t) (6)

By the variational iteration method [30], we can construct the following iteration
formulation:

t
Uyt (1) = Uy () + [ ALUSY (5) - Fi (5)]ds )

t

After identifying the multiplier, we have:
U1 (1) = U (£) + ()" j i U (5)— fn(s)1ds ®)
For a linear equation, from eq. (13), we have the following exact solution:

(s—1)"uf” (s) - f (s)lds )

u(t) = uo(t)+(1)j i

where Up satisfies the boundary initial conditions.
From eq. (9), we can define a fractional derivative in the following form, which is
called He’ fractional derivative [2]:

f)=——_[(s—t)" “fo(s)~ f(s)]ds (10)

dt“ F(n-a)dt"; I

For more details on the properties of the derivatives, see [2].
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Adomian decomposition method

For the convenience of the reader, we present here a brief review on the ADM
[1]. Let us consider a general non-linear equation of type:

u(x,t)=f +N(u) (11)
where N :H — H is a non-linear mapping from a Banach space H into itself and f e H is

known.
The ADM assumes that the solution u can be expanded as a series:

u(x,t) =Y uy(x.t) (12)
n=0
and the non-linear term N(u) can be decomposed:
N(Zun}ZPn(u) (13)
n=0 n=0

for some He’s polynomials P, (u) [31] that are given by:

n
Pn(UO,Ul,-",U 1 a Zp Uk y n=0,1,2,"' (14)
n'a k=0 _
p=0
Substituting egs. (12) and (13) into (11), we get:
du=f+> P (15)
= n=0
The component of u,(x,t) follows immediately upon setting:
Up(X,t) = (16)
u="h a7
Ueq =P where (k=1,23..) (18)

Thus we get the k-term approximate solution of (11):
U=Uy+U +--+ U (19)

Solution of the problems (1) and (2)

By using the two-scale transform [32-35]:
t“ x?

- , - 20
rd+ea) y r@a+p) (20)
Equation (1) can be converted into the following differential equation:
ou(y,s ou(y,s) 0
E sy AW -FLD LB W)+ L w =0 (21)

and
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u(y,0) = f(y)

o0 (ou
A (u) = Au(y, s)__y_a_y(ay]
B(u) =~ [U(yS)wa}

o0 [aou
G (u) —a—y[é—y—du(yys)J

We re-write eq. (21):

u=u(y,0)+ J[L(u)+ N;(u) + N, ()] (22)
where J is the integral operator with respect to s and:
2
L= 8—2(0 - 8_uj
oy oy
2
N, (u) :ui -Au +i+6_u , Ny(u) _u9 u+yi
oy oy oy ay oy oy
Suppose that the solutions take the form:
u(y,s)= > uy(y,s) (23)
k=0
and the non-linear terms are decomposed:
Ny W=D Ry, Na(u)=2 Py (24)
k=0 k=0
where Py (j =1,2) are He’s polynomials and given by:
2
o = Uy — 0 —AUg + Wy , 0 uf (25)
oy ay oy
2 2

Pll=u0i —/1u1+au +6_l121 sy 2 —AUg + 6u0+a_u20 (26)

oy dy oy toy ay oy

2 2 2
ou, 07U, +18 A, + c’}u1+6u1 +u26 2u0+%+8u20
oy oy oy ay ay oy



Zhang, X.: Approximate Analytical Solution to the Kudryashov-Sinelshchikov Equation ...
THERMAL SCIENCE: Year 2023, Vol. 27, No. 3A, pp. 1795-1802 1799

ouy O ou
Po=—2—| Uy +u—> (28)
oy ay oy
P. =%i U1+,Ll% +%i UO+/J%
oy oy oy ) 0y ay oy

21
P22:%i U2+/J% +%i U1+ﬂ% +aﬁi uo_{_#%
oy oy oy oy oy oy oy oy oy

and so on.
Applying procedure defined in egs. (16)-(18), we get:
U (y,s) =u(y,0) (29)
Uy (y,s) = J[L(Ug) + Pg + Pyl (30)
U1 (:8) = I[L(Up) + By + Py (31)

where m=1,2,3---.
Then, applying backward substitution to the computed components, we obtain:

u(x,t)=u; +U, +ug +--- (32)

Next, we give two examples to show the efficiency of the algorithm described pre-
viously.

Example 1. Taking 4 =0, o =1and x =-1, we consider eq. (1) with the following
initial condition:

_ox#
u(x,0)=2+E, where E=exp
ra+p)

By the previous algorithms, we obtain:

4Et” 8Et%*
L Up(xt) =
Il+ea) Ir(l+a)

Ug(x,t)=2+E, u(x,t)=

and so on.
Thus, the 3—term approximate solution in this case is:
4Et*  BEt™

u(x,t)=2+E+ o) + i)

Example 2. Taking 4 =-1, o0 =3, and u = —1, we consider eq. (1) with the following
initial condition:

u(xO)—3+ﬂ where E, =ex .
I t pr(1+,3)
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In a similar way as mentioned, we obtain:

_ x2PE, B IR SO . t'E,
UO(X,t)—3+m, ul(X,t)_|:r2(1+ﬁ) r(1+,5’)}1"(1+a)
[ 1 t*°E,
UZ(X’t)_[rZ(Hﬁ) F(1+,B)+ 8} 2F2(1+a)

and so on.

Thus, the 3—term approximate solution is:
2p 2B _pyB
u(x,t)=3+ ;( By + X2 6x T+ f) E t +
r@+p) | Ir'd+prl+a)

x# —12xT(1+ B) +18T% L+ B) | _ .20
. Eqt
221+ T2 (1+ @)

Conclusion

In this paper, we gave a fractional modification of Kudryashov-Sinelshchikov equa-

tion, its physical understanding can be referred to [36, 37]. We used ADM to obtain the ap-
proximate analytical solution of the Kudryashov-Sinelshchikov equation involving He’s frac-
tional derivative. The method is simple in its principle and convenient for computer algo-
rithms. Our examples show that the results obtained by the method are very accurate, and the
method can be extended to more complex problems like fractional chaos synchronization
[38, 39] and fractional control [40, 41].
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