Ma, Q., et al.: Variational Method to Fractal Long-Wave Model with ...
THERMAL SCIENCE: Year 2023, Vol. 27, No. 3A, pp. 1779-1786 1779

VARIATIONAL METHOD TO FRACTAL LONG-WAVE MODEL
WITH VARIABLE COEFFICIENTS

by
Qi MA*®, Ruifu YUAN*“", and Chun WANG*

@ School of Energy Science and Engineering, Henan Polytechnic University, Jiaozuo, China
bZhongtian Hechuang Energy Co., Ltd., Ordos, China
¢ State Collaborative Innovation Center of Coal Work Safety and Clean-Efficiency Utilization,
Henan Polytechnic University, Jiaozuo, China

Original scientific paper
https://doi.org/10.2298/TSCI2303779M

In this paper, a regularized long wave travelling along an unsmooth boundary is
depicted by the fractal calculus, and its fractal variational principle is estab-
lished via the fractal semi-inverse method, which is very helpful to construct the
conservation laws in the fractal space and to study the structure of the analytical
solution, and a fractal solitary wave solution is obtained.
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Introduction

The linear and non-linear differential equations are very important to describe very
complex nature phenomena that occur in the real world. The concerned disciplines include
engineering, mechanics, physics, and thermal science. However, it is very difficult for tradi-
tional differential models to depict the complexity of nature phenomena of discontinuous
phenomena, problems in a micro-gravity condition, and porous media [1-3]. A differential
model requires that each variable is differentiable, however, a discontinuous problem forbids
this basic assumption, so fractal calculus [4, 5] has to be adopted. Tian et al. [6] and He [7]
established a fractal MEMS oscillator in a fractal space. He et al. [8] suggested a fractal ther-
modynamical model for heat conduction in a porous concrete. Anjum et al. [9] obtained a
fractal population model. He et al. [10] revised dynamic economics in view of fractal calcu-
lus. Recently fractal vibration systems have also been caught much attention, and many new
and attractive properties were revealed [11-14].

In this paper, we mainly consider the fractal non-linear regularized long wave model
with unsmooth boundaries, which reads:
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where a(t”) is a function of t*, o — the fractal dimension, b — a constant, and dv/ét* and
au/ ox? — the fractal derivatives, which are defined [4, 5]:
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Equation (1) is the classic non-linear regularized long wave equation for « = g =1,
which can be used to describe the motion of transverse waves in shallow water [15]. Wang,
et al. [16] studied a fractal regularized long-wave model for coast protection.

There are many different ways to solve differential equations, such as the homotopy
perturbation method [17-21], the variational iteration method [22], and others [23-27]. In this
paper, the fractal non-linear regularized long wave equation is studied by the fractal variation-
al theory [28-30]. The variational theory is a very excellent analytical tool to dealing with
complex non-linear problems, which has the advantages of giving the physical insight into the
complex model and obtaining the best solution by the fractal trial function. Firstly, the fractal
variational principle of the fractal non-linear regularized long wave equation is established by
using the fractal semi-inverse method [31]. Secondly, the fractal solitary wave solution of the
fractal non-linear regularized long wave equation is obtained by the fractal variational princi-
ple and the fractal two-scale transform method [32, 33], which is called the fractal variational
transform method (FVTM). The fractal two-scale transform method is an efficient transform
to convert a fractal model into its continuous partner, which has been widely employed in
many fields [34-41], and can be extended to chaotic systems and control systems [42-45], the
fractal chaotic systems and fractal control systems will be the future research frontiers. Final-
ly, a numerical example is given to illustrate the proposed method is efficient and simple.

Fractal variational transform method

Variational theory is an effective mathematical tool to non-linear problems, especial-
ly for integro-differential equations [46], two-point boundary value problems [47], and imag-
ing processing [48-51]. In this paper, we consider the following fractal differential equation

N(,)ﬂ@ dv_ v "'J‘O
P ot ox®P et

(4)

Step one. By using the fractal semi-inverse method, we construct the fractal varia-
tional principle of eq. (4):

te x#
J(v) = j j Ldt*dx”
00 (5)
where L is fractal Lagrange function.
Step two. Using the fractal two-scale transform method, we assume [32, 33]:
T=t“ (6)

X =x ™)
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Therefore, eq. (4) can be converted into its traditional partner:
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So, the variational principle of eq. (8) is:
TX
J() = [ KdTdX ©)
00
Step three. Employ the following transform:
E=AX+T (10)

Therefore, eq. (8) can be rewritten into:
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Equation (9) is written into the following form:

)= T Kdé (12)
0

Step four. According to He’s variational method [31], we have the following solitary
wave solutions:

v(£) = psech(ag) (13)
v(€) = pcosh(as) (14)
v(£) = ptanh(qg) (15)
v(£) = peoth(qgé) (16)
v(€) = psech?(q¢) (17)

where p and q are constants.
Substituting anyone solitary previous solution into eq. (12), obtain the following re-
lations [31]:
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—=0 18
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oJ

-0 19
pe (19)

By using egs. (18) and (19), p and g can be easily determined. Therefore, the fractal
solitary wave solution of eq. (1) is successfully obtained by egs. (6) and (7).
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Fractal variational principle for fractal
regularized long wave equation

Consider the following fractal non-linear regularized long wave equation:

ov o [v? ov
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First, eq. (20) can be written into:
ov ov ov
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Employ the following transformation:
o(x” t*) = (&) (22)
NP = 1% 1 yxP (23)

So, eg. (20) can be converted into the following equation:
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Integrating eq. (24), obtains:
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Second, we assume the fractal variational principle of eq. (25):
J©) = [Ld¢ (26)
0

where L is the fractal Lagrange function.
Using the fractal semi-inverse method [31], we have:

a 2 2
L=22 30 5 b v 7)
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Hence, we have the fractal variational principle of eq. (25):
) a 2 2
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Fractal solitary wave solution for fractal
regularized long wave equation

Consider the fractal non-linear regularized long wave equation, which reads:

ov 0 [v? ov
ol ) @
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Apply the fractal two-scale transform method, and assume [32, 33]:
T=t“ (30)

X =x# (31)
So, we can obtain the partner of eg. (29):
ov ov ov

i p——= -0 32
oT Uox  oxZor (32
Adopt the following transformation:
v(X,T)=0(S) (33)
E=AT +yX (34)
As the previous method, have:
av+ 207 —ba2 8 20 (35)
2 o0&
Using the semi-inverse method, the variational principle of eq. (35):
%l 2 bay?(ovY
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ol 2 6 2 \o&
Assume the solitary wave solution is:
v = psech(qé) (37)

Substitute eq. (37) into eq. (36), and obtain:
T A 3 hAy?
M@=ﬂzp%%WM@+%%%w%%%JEEJ;%w%%ﬁmWM@F§=
0
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By egs. (39) and (40), obtain:
A
p=-2 (41
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So, the solitary wave solution of eq. (32) is the following form:

o(X,T)=- oy , AX +7/T)J (43)

24414 2414
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Consequently, the fractal solitary wave solution of eq. (29) can be expressed:

o(x,t)=—

2214 Ay Sechr 14Amby
2
br

. (AxP + yta)J (44)

Conclusion

In this paper, we successfully use the fractal semi-inverse method to obtain the frac-
tal variational principle for the fractal non-linear regularized long wave equation, and its frac-
tal solitary wave solution is found by the fractal variational transform method. The numerical
example shows the proposed method is efficient and simple. The proposed method can be
employed to find fractal solitary wave solutions for different types of fractal non-linear mod-
els.
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