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The stochastic P-bifurcation behavior of tri-stability in a fractional-order van der 
Pol system with time-delay feedback under additive Gaussian white noise excita-
tion is investigated. Firstly, according to the equivalent principle, the fractional 
derivative and the time-delay term can be equivalent to a linear combination of 
damping and restoring forces, so the original system can be simplified into an 
equivalent integer-order system. Secondly, the stationary probability density 
function of the system amplitude is obtained by the stochastic averaging, and 
based on the singularity theory, the critical parameters for stochastic P-
bifurcation of the system are found. Finally, the properties of stationary probabil-
ity density function curves of the system amplitude are qualitatively analyzed by 
choosing corresponding parameters in each sub-region divided by the transition 
set curves. The consistence between numerical results obtained by Monte-Carlo 
simulation and analytical solutions has verified the accuracy of the theoretical 
analysis. The method used in this paper has a direct guidance in the design of 
fractional-order controller to adjust the dynamic behavior of the system. 

Key words: stochastic P-bifurcation, fractional derivative,  
Gaussian white noises, transition set curves, Monte-Carlo simulation 

Introduction 

The classical integer-order derivative can not express the memory characteristics of 

the viscoelastic substances, while the fractional derivative contains convolution, which can 

express a memory effect and shows a cumulative effect over time. Therefore, the fractional 
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derivative is a more suitable mathematical tool to description of the memory characteristics 

[1-4] and has become a powerful mathematical tool for study of fractal diffusion [5], non-

Newtonian flows [6], viscoelastic materials [7], and soft matter physics [8]. Compared with 

the integer-order calculus, the fractional derivative can describe various reaction processes 

much accurately [9], thus, it is necessary and significant to study the dynamical characteristics 

and the fractional order parametric influences on such systems. 

Recently, many scholars studied the dynamic behavior of non-linear multi-stable 

systems under different noise excitations and achieved fruitful results [10-14]. In terms of the 

integer order systems, the van der Pol-Duffing oscillators under Levy noise [12], color noise 

[13], combined harmonic and random noise [10, 11, 14] had caught rocketing interest.  

Wu and Hao [15] investigated the tri-stable stochastic P-bifurcation in a generalized 

Duffing-Van der Pol oscillator under the multiplicative colored noise, they obtained an analyt-

ical expression of the system’s stationary probability density function (PDF) of amplitude and 

then analyzed the influences of noise intensity and system parameters on the system’s sto-

chastic P-bifurcation. Qian and Chen [16] studied the random vibration of the modified sin-

gle-DoF vibro-impact oscillators system with a recovery factor under broadband noise excita-

tion, and obtained the steady-state probability density function of the energy and amplitude 

envelope of the system by using Markov approximation, furthermore the effectiveness of the 

proposed method was verified by some examples further. Huang and Jin [17] discussed the 

response and the stationary PDF of a single-DoF strongly non-linear system under Gaussian 

white noise excitation. Sun and Yang [18] analyzed the stability of fractional order energy ac-

quisition system under Gaussian white noise excitation by using the random average method 

and generalized harmonic function method, and analyzed the influences of noise intensity, the 

order and coefficients of fractional derivative on the stochastic response of the system. Li et 

al. [19] studied the bi-stable stochastic P-bifurcation behavior of a Van der Pol-Duffing sys-

tem with the fractional derivative under additive and multiplicative colored noise excitations 

and found that changes in the linear damping coefficient, the fractional derivative’s order and 

the noise intensity could lead to stochastic P-bifurcation in the system.  

Due to complexity of the fractional derivative, the parametric vibration characteris-

tics of the fractional system can only be analyzed qualitatively [20-22], while the critical con-

ditions of the parametric influences can not be obtained. In practice, the critical conditions of 

the parametric influences play a vital role for the analysis and design of the fractional order 

systems. In this paper, we take a generalized tri-stable Van der Pol system with a fractional 

damping and time-delay feedback term excited by additive Gaussian white noise excitation as 

the example, the non-linear vibration of the fractional order systems requires complex analy-

sis. The transition set curves and critical parameter conditions for the system’s stochastic P-

bifurcation are obtained by the singularity method. The types of the system’s stationary PDF 

curves in each area of the parameter plane are analyzed. We also compare the numerical re-

sults from Monte-Carlo simulation with analytical solutions obtained by the stochastic averag-

ing. The comparison shows that the numerical results are in good agreement with the analyti-

cal solutions, verifying our theoretical analysis. 

Derivation of the equivalent system 

The initial condition of the Riemann-Liouville derivative has no physical meaning, 

while the initial condition of the system described by the Caputo derivative has not only clear 

physical meaning but also forms the same initial condition with the integer-order differential 

equation [23]. Therefore, in this paper we adopt the Caputo fractional derivative: 
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where 1 ,m p m m N−    , [ , ]t a b ,
( ) ( )mx t  is the m-order derivative of x(t) and ( )m  is the 

Gamma function. 

For a given physical system, the initial moment of oscillators is t = 0 and the Caputo 

derivative is usually expressed: 
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where 1 , .m p m m N−     

In this paper, we study the generalized Van der Pol system with the fractional damp-

ing and time-delay feedback forced by Gaussian white noise: 

 
2 4 6 8 2

1 2 3 4 0( ) D [ ( ) ( )] ( )C px x x x x x w x x k x t x t t      − − + − + − + + + − − =   (3) 

where ε is the linear damping coefficient and 1 , 2 , 3 , and 4 are the non-linear damping 

coefficients of the system,
 0 D [ ( )]C p x t  is the Caputo derivative with (0 1)p p   order, and 

( )t  is the Gaussian white noise excitation, which satisfies 

 [ ( )] 0, [ ( ) ( )] 2 ( )E t E t t D     = − =   (4) 

where D denotes the intensity of Gaussian white noises ( )t , and ( )  is the Dirac function. 

Non-linear oscillation [24] has been widely studied due to its wide applications in 

energy harvesting [25] and controller [26], especially the three degrees-of-freedom auto-

parametric systems [27], and 6-DOF systems [28].  

The fractional derivative and time-delay feedback term have the contributions of 

damping force and restoring force [29-31], He and Liu [32] also pointed that the fractal-

fractional derivative is a combination of the damping force and the inertia force. Accordingly, 

in this paper, we introduce the following equivalent system: 

 
2 4 6 8 2

1 2 3 4( ) [ ( , )] [ ( , ) ] ( )x t x x x x C p x K p w x t       − − + − + − + + + =   (5) 

where ( , )C p   and ( , )K p   are the coefficients of the equivalent damping and equivalent re-

storing forces of the fractional derivative 0 D [ ( )]C p x t and time-delay feedback [ ( ) ( )],k x t x t − −

respectively. 

The error between system (3) and (5) is: 

 0( , ) D ( , )C pe C p x x K p x = + −   (6) 

Based on the equivalent principle [33], we can get: 

 
2( )

0
[ ( , )]

E e
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
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0
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Assuming that the system (3) has the steady state solution of the form: 

 ( ) ( )cos ( )x t a t t=   (8) 
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where ( ) ,t wt = +  we can obtain: 

 ( ) ( )sin ( ),x t wa t t= −
2( ) ( )cos ( )x t w a t t= −   (9) 

Substituting eqs. (6), (8), and (9) into eq. (7), and performing the integral averaging 

of ,  we get the ultimate forms of ( , )C p  and ( , ):K p   
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(10) 

Therefore, the equivalent Van der Pol oscillator associated with system (5) can be 

written: 

 
2
0( ) ( ) ( )x t x w x x t t − + =   (11) 

where 
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Stationary PDF of the system amplitude 

In order to obtain the steady-state probability density function of the system ampli-

tude, we assume that the solution of system (11) has the periodic form, and we introduce the 

following transformation [34]: 

 0

0

( ) ( )cos ( )

( ) sin ( )

( ) ( )

X x t a t t

Y x a t w t

t w t t

= = 

= = − 

 = +

 (13) 

where 0w  is the natural frequency of the above equivalent system (11), ( )a t and ( )t – the 

amplitude and phase processes of system response, respectively, they are both random pro-

cesses. 

Substituting eq. (13) into eq. (11) and using the deterministic averaging method, we 

can obtain: 
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  (14) 

in which: 
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Equation (14) can be regarded as the Stratonovich stochastic differential equation 

[35], and by adding the relevant Wong-Zakai correction term [36], we can transform it into 

the Ito stochastic differential equation: 
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(16) 

where ( )kB t are independent normalized Wiener processes and: 
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According to the stochastic averaging method [37] and averaging eq. (16) over ,  

we can obtain the following averaged Ito equation: 
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where ( )B t is a unit Wiener processes and the explicit expression for the averaged drift and 

diffusion coefficients can be obtained: 

 

1 3
1 1

5 7 9
2 3 4 2

0

2
1 2

0

2

2
2 2 2

0

1 π sin( ) 1
( ) sin

2 2 8
1 5 7

16 128 256 2

( )

( ) 0

( )

p p k w
m a w a a

w
D

a a a
aw

D
a

w
m a

D
a

a w


 

  





−  
= − + + +  

  

− + − +

=

=

=

 

(19) 

where
2 2
0 cos( π/2) [1 cos( )].pw w w p k w= + + −  
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Equation (19) shows that the averaged Ito equation for ( )a t is independent of ( ),t  

the random process ( )a t is a 1-D diffusion process. Then the corresponding Fokker-Planck- 

-Kolmogorov (FPK) equation of ( )a t can be written: 

 
2

2
1 12

( , ) 1
[ ( ) ( )] [ ( )] ( )

2

p a t
m a p a a p a

t a a


  
= − +  

     
(20) 

The boundary conditions are: 
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Based on the boundary conditions (21), the stationary PDF of system amplitude can 

be obtained: 

 1
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where C is a normalized constant.  
Substituting eq. (19) into eq. (22), the concrete expression for the stationary PDF of 

amplitude a can be obtained: 
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(23) 

 

Stochastic P-bifurcation of the system amplitude 

Stochastic P-bifurcation refers to that the changes in the number of the PDF curve 

peaks. To obtain the critical parametric conditions for stochastic P-bifurcation of the system 

(3), we analyze the influence of parameters on the system stochastic P-bifurcation by using 

the singularity theory. 

For the sake of convenience, ( )p a can be expressed: 

 1 2 3 4 1 2 3 4( ) ( , , , , , , , , , )exp[ ( , , , , , , , , , )]p a CR a D w p Q a D w p           =   (24) 
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Based on the singularity theory [38], the stationary PDF of system amplitude needs 

to satisfy the two conditions: 

 
( )

0
p a

a


=


，

2

2

( )
0

p a
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
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  (26) 

Substituting eq. (24) into eq. (26), we can obtain the following condition [15, 19]: 

  20, 2 0H R RQ R R Q RQ RQ      = + = + + + =
  

(27) 

where H is the condition for the changes in the number of the PDF curve peaks. 

Taken the parameters as 0.5, = − 1 1.51, =  2 2.85, = 3 1.693, = 4 0.312, =
1,w = 1,k = 0.1, =  according to eq. (27), the transition set of stochastic P-bifurcation for the 

system with the unfolding parameters p and D can be obtained, as shown in fig. 1. 

As can be seen from fig. 1, the inter-

cepts of transition set curves at D = 0 are the 

bifurcation values p1 = 0.262, p2 = 0.344, p3 = 

0.348, and p4 = 0.361, respectively. Under the 

additive noise excitation, the transition set of 

the system (3) is divided by two approximate-

ly triangular, and the unfolding parameter 

plane is divided into five sub-regions by the 

transition set curve. According to the singular-

ity theory, the topological structures of the 

stationary PDF curves of different points (p, 

D) in the same region are qualitatively the 

same. Taking a point (p, D) in each region, all 

varieties of the stationary PDF curves which 

are qualitatively different could be obtained and for convenience, each region in fig. 1 is 

marked with a number. 

Taking a given point (p, D) in each of the five regions of fig. 1, the characteristics of 

stationary PDF curves are analyzed and the analytical results obtained are compared with the 

Monte-Carlo simulation results of the original system (3), the corresponding results are shown 

in fig. 2, respectively. 

As can be seen in fig. 2, the parameter region (p, D) where the stationary PDF curve 

appears multimodal is surrounded by two approximately triangular regions, and the Region 4 

forms a tri-modal region of the stationary PDF curve for the system.  

When the parameter (p, D) is taken in the Region 1, the PDF curve p(a) has a distinct 

peak far away from the origin, as shown in fig. 2(a). In Region 2, the PDF p(a) has two distinct 

peaks far away from the origin, there are both the small and large limit cycles in the system 

simultaneously, as shown in fig. 2(b). In Region 3, the PDF curve p(a) still has a distinct peak 

far away from the origin, but the probability is obviously not zero near the origin, there are both 

the equilibrium and large limit cycle in the system simultaneously, as shown in fig. 2(c). In Re-

gion 4, the PDF p(a) has three peaks, it shows that the equilibrium coexists with the small and 

large limit cycles in the system which is tri-stable, as shown in fig. 2(d). In Region 5, p(a) is 

qualitatively the same as in Region 3, the amplitude corresponding to the peak far away from 

the origin of the PDF curve is smaller than the corresponding amplitude in fig. 2(c), there are 

both the equilibrium and small limit cycle in the system simultaneously, as shown in fig. 2(e). 

 

Figure 1. Transition set under multiplicative 
noise excitation (taking p and D as the unfolding 
parameters) 
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Figure 2. The PDF of amplitude p(a) in different 
sub-areas of fig. 1 (taking p and D as the 
unfolding parameters); (a) parameter (p, D) in 
Region 1 of fig. 1, (b) parameter (p, D) in Region 2 
of fig. 1, (c) parameter (p, D) in Region 3 of fig. 1, 
(d) parameter (p, D) in Region 4 of fig. 1, and (e) 
parameter (p, D) in Region 5 of fig. 1 

The results analyzed above show that the steady-state PDF curve of system ampli-

tude can appear as different shapes while the fractional order p and noise intensity D taken as 

different values, which means that the steady-state PDF p(a) can be regulated by adding the 

fractional derivative term in the system and the motion form of the system can be controlled 

by the fractional order p and noise intensity D, respectively. 

Conclusion 

In this paper, the stochastic P-bifurcation of a fractional and tri-stable Van der Pol 

system with time-delay feedback subjected to additive noise excitation is investigated. Based 

on the equivalent principle, the original system can be transformed into an equivalent integer-
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order system, and we obtained the system amplitude’s stationary PDF using the stochastic av-

eraging method. Further, the critical parametric conditions for the system’s stochastic  

P-bifurcation are obtained using the singularity theory, which can provide the theoretical 

guidance for system design. The consistency between the numerical results obtained by Mon-

te-Carlo simulation and the analytical results can also verify the theoretical analysis. It shows 

that the fractional order p and noise intensity D can both arise the stochastic  

P-bifurcation of the system, and the number of peaks of the system’s stationary PDF curves 

p(a) can vary from one to three by selecting the appropriate unfolding parameters. 
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