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Based on the smoothed particle hydrodynamics method, a numerical model of 
smoothed particle hydrodynamics in multi-phase flow evaporation accompanied 
with heat and mass transfer has been established, and phase transition of droplet 
evaporation is simulated. In this paper, an smoothed particle hydrodynamics mass 
transfer equation of gas phase in evaporation are proposed based on Fick’s law. 
In order to solve the problem of large mass difference of particles at the phase 
interface during evaporation, the particle splitting and merging techniques are 
introduced, and the tensile instability of particles during the splitting and merging 
is weakened by artificial stress. Besides, by adding the surface tension model, the 
mutual penetration of particles at the gas-liquid interface is effectively prevented. 
On this basis, the evaporation of single droplet and interacting droplets without 
gravity is simulated. The results show that the evaporation time of single droplet in 
this study conforms to D2 law and is within the theoretical range. There is a great 
influence between interacting droplets in the process of evaporation. Only when 
dimensionless number C (droplet spacing/droplet diameter) is larger than eight, 
the influence between droplets can be approximately ignored.
Key words: smoothed particle hydrodynamics, droplet evaporation,  

interacting droplets, surface tension,  
particle splitting and merging technique

Introduction

Since Godsave [1] and Spalding [2] established the basic single droplet evaporation 
models and proposed the famous D2 law in 1950's. Nomura et al. [3] experimentally investi-
gated the droplet evaporation process in microgravity environment, focusing on the effects of 
temperature and pressure on the evaporation process, and the results showed that the droplet 
lifetime decreases with increasing external ambient temperature and is not correlated with am-
bient pressure when the temperature is higher than 480 K. The influence between interacting 
droplets in the process of evaporation is crucial. Labowsky [4], Sangiovanni and Labowsky [5], 
and Marberry et al. [6] studied extensively the interactions between the droplets in the case of 
monodisperse droplet streams. To describe the influence of the droplet interactions on the evap-
oration rate and the drag coefficient, they introduced the spacing parameter, C, which is defined 
as the ratio between the inter-droplet distance, L, and the droplet diameter, d. Castanet et al. [7] 
studied the heat and mass transfer characteristics of droplet and effect of droplet interactions on 
droplet evaporation in the case of monodisperse droplet streams.
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In addition, a large number of scholars used numerical methods to study the droplet 
evaporation problem. Chiang and Sirignano [8] were one of the first to investigate numerically 
the evaporation of interacting droplets moving relatively to the carrier gas by solving the Na-
vier-Stokes equations. Tanguy et al. [9] proposed a numerical method using both the level-set 
method and the ghost fluid method to capture the interface motion and to handle conditions at 
the interface. Safari et al. [10, 11] proposed a lattice Boltzmann method to simulate the phase 
transition of multi-phase flow evaporation. Nikolopoulos et al. [12] investigated the evapora-
tion process of n-heptane and water droplets impinging on a hot surface using the finite volume 
method coupled with the volume of fluid (VoF) method. Tonini et al. [13] developed a novel 
evaporation model for multi-component spherical drop by analytically solving the Stefan-Max-
well equations under spherical symmetry assumptions.

As a Lagrangian meshless particle method, smoothed particle hydrodynamics (SPH) 
method has the advantages of dealing with free surface, deformation boundary, moving inter-
face and extreme deformation [14]. Monaghan et al. [15] used SPH method for the first time to 
conduct exploratory numerical simulation of solidification process. Zhang et al. [16] proposed 
a surface tension model and a latent heat model to solve the problem of heat exchange phase 
transition caused by droplet impact on cryogenic wall surface, and made a comparative anal-
ysis with relevant experimental results. Yang and Kong [17] proposed particle splitting and 
merging techniques to solve the problem of large mass difference problem of particles at the 
phase interface in the process of droplet evaporation and mass transfer. Drawing on the idea of 
VoF method Wang et al. [18] proposed the concept of liquid phase mass fraction of SPH par-
ticles to effectively characterize the phase transition process of evaporation. Li et al. [19] used 
the numerical method of smoothed particle hydrodynamics with adaptive spatial resolution  
(SPH-ASR) to study the effects of droplet diameter, impact velocity, liquid evaporation, wall 
temperature and the inclined angle of wall on droplet impact on hot wall.

In this paper, a 2-D numerical model of SPH in multi-phase flow evaporation with 
heat and mass transfer is established. Gas phase mass transfer equation is proposed in con-
junction with Fick’s law and the particle splitting and merging techniques are introduced to 
deal with the large mass difference between SPH particles, while artificial stress is adopted 
to weaken the stress changes during particle splitting and merging. The surface tension model 
is introduced and verified. On this basis, the single droplet evaporation is simulated, which is 
compared with the D2 law and theoretical evaporation time. In order to explore the influence 
between droplets, interacting droplet evaporation is simulated.

The SPH-based numerical method for droplet evaporation

Governing equations

In SPH, eq. (1) is the integral expression of function, f(x). In order to eliminate the 
inter-particle stretch instability, the smooth function is adopted:
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where W(x – x′, h) presents a smooth function and h is the stands for smoothing length. Where 
s = r/h, which r is the distance between particles. 
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The evaporation of droplet in the gas phase environment is coupled with large density 
difference at the phase interface and heat and mass transfer phenomena. Based on the conserva-
tion law, the equations of mass, momentum, energy and component conservation in Lagrangian 
form are listed:
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where ρ is the fluid density, u – the fluid velocity, p – the fluid pressure, g – the gravitational 
acceleration, µ – the dynamic viscosity, fs – the surface tension, T – the temperature, Cp – the 
specific heat at constant pressure, k – the thermal conductivity, ṁ‴ – the volumetric mass evap-
oration rate, hv – the latent heat of evaporation, Y – the vapor mass fraction, and D – the mass 
diffusivity of the vapor. Note that in this paper the production of thermal energy by viscous 
dissipation is not considered in the energy equations because of its relatively small magnitude 
[9, 10, 20]. The choice of time step Δt is determined by advection constraint Δt ≤ CFLh/c. The c 
stands for a numerical speed of sound which is 10 times the flow field velocity, and CFL = 0.2.
The governing aforementioned equations are not closed. This needs to adopt the volume-mass 
evaporation rate equation solve the mass transfer and the weakly compressible state equation 
solve the pressure term [17]:
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where ṁ is the mass evaporation rate across the phase interface, V – the volume of particle,  
ρr – the reference density which is the initial density of the gas liquid phase, pr – the reference 
pressure which is 150 Pa to prevent negative pressure.

For multi-phase flow, discontinuities in certain fluid properties such as density, vis-
cosity and thermal conductivity at the interface may lead to numerical difficulties. Therefore, 
the SPH discrete equations for single phase fluid and phase interface comply with Yang’s [17] 
treatment.

The treatment of phase transition

Droplet mass reduction rate is equal to the liquid evaporation rate. Equation (10), 
discrete form of eq. (9), is the mass transfer equation for gas particles at the phase interface, 
and the mass transfer equation for liquid particles is taken as negative for eq. (10) [17]. The 
evaporative mass transfer process satisfies the mass conservation law. When the droplet particle 
mass/initial mass is less than 0.5, the droplet particles are merged by particle merging technique 
and the droplet particle number is reduced to achieve the same phase transition effect as the 
droplet particles transition from liquid phase to gas phase properties. Equation (11) is the gas 
phase particle volume mass flux:
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where subscripts g and 𝓁 are the stand for the gas particle and the liquid particle, respectively.

Algorithm correction

The mass transfer equations of gas

Particle splitting and merging techniques have satisfying results in dealing with large 
mass difference problems, but there will be too many particles in the region due to the high 
speed of gas phase particle splitting, resulting in mediocre computational efficiency and parti-
cle overlap problems. In this paper, Fick’s law is combined to treat water vapor with different 
components as different gases, and mass transfer eq. (12) is proposed based on eq. (9) to char-
acterize the mass diffusion phenomenon and solve the problem of large density difference of 
gas phase:
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Particle splitting and merging techniques

In order to solve the problem of large mass difference in the liquid phase, this paper 
has adopted the particle splitting and merging techniques proposed by Yang and Kong [17] 
and made certain modifications. The merging process is accompanied by particle splitting to 
ensure that the number of particles remains unchanged. The process is described as: First, take 
a reference mass mr = ρrV [2], where ρr is the reference density and V [2] is the volume of the par-
ticle in two dimensions which is equal to the square of the spacing between the particles. Then, 
calculate γ = ma/mr to get the current particle mass ratio γ. When γ < 0.5, the particle merges into 
its nearest neighbor. In the left picture of fig. 1, particle a and its nearest neighbor b merge into 
a new particle located at the center of mass of the two particles. The merging process satisfies 
conservation of mass, momentum, and energy. Finally, after merging, the gas particles are sort-
ed by mass ratio γ, and the gas particles are split in order of mass ratio from large to small (split 

number = fusion number). In the right picture 
of fig. 1, particle a splits into two particles lo-
cated on a line perpendicular to the line con-
necting particle a and its nearest particle b, and 
the distance is taken as (V [2])1/2/2. 

Surface tension

This paper has adopted the surface tension model with large density difference pro-
posed by Yan to prevent particles at the gas-liquid interface from penetrating each other [21]:
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Figure 1. Process of particle splitting  
and merging
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where cj is the color function, ni – the normal vector, ki – the curvature, and δ – the viscosity 
coefficient. The threshold parameter method of Morris proposes that ξ is usually taken as 0.01/h 
[22]. In view of the large difference in gas-liquid density, the smaller air density leads to a 
smaller calculated normal direction, so the valve parameter ξ is taken as 0.0001/h.

Artificial stress

Particle splitting and merging techniques will lead to regional stretching instability. To 
further effectively eliminate this phenomenon, the artificial stress method proposed by Qiang 
et al. [23] for multi-phase flow with large density difference is introduced, where a small re-
pulsive force is applied between two similar particles to avoid them from coming too close or 
even aggregating:
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where rij is the distance between particles i and j, Δp – the initial spacing of particles, and ε1 and 
ε2 are the both taken as 0.3.

Shephard filtering and XSPH

To reduce the fluctuation of density in the process of SPH simulation, Shephard fil-
tering is applied to reinitialize the density field [24]. The summation is performed only for 
particles in the same phase. The XSPH correction introduced by Monaghan is used to prevent 
particle penetrations [14], where ε is 0.05:

b ab
b

a
b ab

b

m W

V W
ρ =

∑
∑

 (20)

2ˆ ( )b
a a b a ab

b a b

m
u u u u Wε

ρ ρ
= + −

+∑ (21)



Xiao, X., et al.: Numerical Simulation of Droplet Evaporation Based on ... 
3750	 THERMAL SCIENCE: Year 2023, Vol. 27, No. 5A, pp. 3745-3756

Numerical simulation

Numerical examples to verify surface tension

In order to prevent the mutual penetration of gas and liquid phase, the large density dif-
ference surface tension model proposed by Yan et al. [21] was introduced. Since there is no gas 
phase environment in the simulation process in this model, the deformation of square droplet and 
interfusion of droplets in the gas phase environment were simulated to verify the feasibility of the 
algorithm.

The calculation and model parameters used in this paper are shown in tab. 1. Figure 
2(a) shows the initial SPH particle distribution for the natural rounding model of square droplet. 
The initial square droplet was 0.3 mm. The droplet was located at the center of square compu-
tational domain, which was filled with gas. The length of the square was 2.4 mm. The initial 
particle spacing was 0.04 mm. Figure 3 selects the simulation diagrams of the square droplet at  
0.2 ms, 0.6 ms, 1 ms, and 5 ms and compares it with the natural rounding of square droplet under 
the quintic spline kernel function in fig. 4, and the variation process is closer. Figure 2(b) shows 
the initial SPH particle distribution for droplet interfusion model. Both droplets had a radius of  
0.3 mm. They were located at the center of a square computational domain, which was filled 
with gas. The length of the square was 2.4 mm. The initial particle spacing was 0.04 mm. Figure 
5 selects the simulation diagrams of droplet interfusion at 0.5 ms, 1 ms, 2 ms, and 5 ms, and the 
two droplets are fused into a good circular droplet after a slight oscillation.

Table 1. Physical properties of the liquid and gas
ρ [kgm–3] k [Wm–1K–1] μ (kgm–1s–1) Cp (Jkg–1K–1) hv (Jkg–1) Dv (m2s–1) T [K]

Liquid 1000 0.6 0.001 4180 2300000 – 353
Gas 1.2 0.046 0.00002 1000 – 0.00002 373

Figure 2. (a) Natural rounding model of square droplet and  
(b) model of single droplet evaporation without gravity

Numerical simulation

Figure 6(a) shows the initial SPH particle distribution for model of single droplet evap-
oration without gravity. The initial radius of the droplet was 0.3 mm. The droplet was located at 
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the center of a square computational domain, which was filled with gas. The length of the square 
was 2.4 mm. The initial particle spacing was 0.04 mm. Figure 6(b) shows the initial SPH particle 
distribution for model of interacting droplet evaporation without gravity. The initial radius of 
droplets was 0.2 mm. To avoid the influence of the boundary on evaporation, the droplets were 
always kept 2 mm away from the boundary. The initial particle spacing was 0.04 mm.

Figure 6. (a) Model of single droplet evaporation without gravity and  
(b) model of interacting droplet evaporation without gravity

Figure 3. Variation process of square droplet based on hyperbolic  
kernel function

Figure 4. Variation process of square droplet based  
on quintic spline kernel function

Figure 5. Variation process of droplet interfusion
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       Figure 7. Evaporation models with different particle number

The number of particles in the model es-
tablished in this paper was n = 3721. In order to 
verify that the model presented had no influence 
on the evaporation process of droplet, models 
with the number of particles n = 2401, 3721, 
6561, and 14641 were selected for simulation 
as shown in fig. 7. The simulation results are 
shown in fig. 8. The evaporation curves of the 
droplet in the figure almost coincide, and the 
model in this paper has almost no influence on 
the evaporation process of the droplet.

The evaporation state of 0-3 seconds 
during the simulation is selected. Figure 9 
shows the variation process of single droplet 
evaporation and the droplet gradually shrinks. 

Figure 10 displays the variation process of temperature. The droplet temperature gradually de-
creases with the energy consumption in the evaporation process. The second term of the eq. (5)  
is the energy required by the droplet phase transition. Part of the energy absorbed from the 
surrounding environment will lead to a decrease in the gas phase temperature, and part of the 
energy taken away from the droplet surface by the water molecules during the evaporation pro-
cess will lead to a gradual decrease in the droplet temperature. Figure 11 presents the variation 
process of vapor mass fraction Y. The variation of mass fraction Y decreases with temperature, 
thus the evaporation rate slows down until the evaporation process reaches a steady-state. Fig-

Figure 8. Evaporation curves with  
different particle number  

Figure 9. Variation process of single  
droplet evaporation

Figure 10. Variation process of 
temperatured
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ure 12 shows the variation process of gas particle mass. In the early evaporation process, the 
gas particle mass changes rapidly. As the evaporation gradually slows down, the change of gas 
particle mass gradually flattens out and reaches a stable state.

Figure 11. Variation process of vapor  
mass fraction Y

Figure 12. Variation process of gas  
particle mass

According to [25], the droplet surface temperature is an important parameter for mass 
diffusing controlled evaporation. The surface temperature used to calculate the evaporation 
time is a constant value, but the surface temperature is a variable in the evaporation process. 
Therefore, the maximum and minimum values of droplet surface temperature in the evapora-
tion process are taken to calculate the droplet evaporation time, respectively, and compares with 
the simulated values. Figure 13 shows the comparison between SPH simulated evaporation 
time and theoretical evaporation time of upper and lower limit temperatures. In the simulat-
ed evaporation process of 2.4 seconds, the maximum surface temperature of the droplet is  
353 K, and Y is about 0.3545, then the theoretical 
evaporation time is 4.2835 seconds. The low-
est surface temperature of the droplet is 321 K,  
and Y is about 0.075, then the theoretical evap-
oration time is 24.0503 seconds. At the early 
stage of evaporation, droplet temperature is 
high and evaporation is more intense, the evap-
oration time curve of SPH simulation is close 
to the theoretical evaporation time curve at  
Y = 0.3545 in the figure. As energy is consumed 
in the evaporation process, the temperature of 
the droplet decreases and the evaporation rate 
slows down, and the evaporation time curve of 
SPH simulation is close to the theoretical evap-
oration time curve at Y = 0.075 in the figure.

In order to study the influence between interacting droplets in the process of evapo-
ration, interacting droplet evaporation with C = 2, 3, 6, 8, 9, 10 and single droplet evaporation 
with C = 10 were set for numerical simulation. Figures 14 and 15 show the variation process of 
temperature and vapor mass fraction Y for C = 2, 7, and 10 interacting droplets and C = 10 sin-
gle droplet for 0.1 second evaporation, respectively. In these figures, the effect of temperature 
field and vapor mass fraction between droplets decreases as C increases.

Figure 13. Comparison between SPH simulated 
evaporation time and theoretical evaporation 
time of upper and lower limit temperatures
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Figure 14. Variation process of temperature  
for C = 2, 7, and 10 interacting droplets and  
C = 10 single droplet

Figure 15. Variation process of vapor mass 
fraction Y for C = 2, 7, and 10 interacting  
droplets and C = 10 single droplet

Figure 16 shows the comparison of evap-
oration time between C = 2, 3, 6, 8, 9, and 10 
interacting droplets and C = 10 single droplet. 
In the simulated evaporation process of 0.1 sec-
ond, the evaporation time curves of interacting 
droplets with C = 9 and 10 are almost approx-
imately the same as those of single droplet. So 
when C > 8, the influence between the interact-
ing droplet evaporation can be ignored.

Conclusions

Based on the integrated SPH method, the 
following conclusions are obtained by simulating 
the non-gravity single droplet evaporation and in-
teracting droplet evaporation, are as follows.

	y Based on the SPH numerical model, the evaporation time of single droplet is simulated. The 
evaporation time conforms to D2 law and is compared with the theoretical evaporation time, 
which is within the allowable range of the theoretical evaporation time.

	y The influence between interacting droplets is very important in the process of evaporation. 
The numerical simulation based on the model in this paper shows that the influence can be 
ignored only when C > 8.

	y In the simulation of the aforementioned two evaporation examples, the mass transfer equa-
tion and particle splitting and merging techniques can better solve the problem of mass 
difference at the phase interface, mass transfer equation can better characterize the mass 
diffusion phenomenon of the gas phase, and the particle number remains unchanged. No 
penetration phenomenon of particles of different phases appears at the phase interface. This 
shows that the numerical model of multi-phase heat and mass transfer based on the gas 
phase SPH mass transfer equation proposed can be used to simulate and analyze phase tran-
sition problems with large density difference.
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Nomenclature
C	 – droplet spacing/ droplet diameter, [–]
Cp	 – specific heat capacity, [Jkg–1K–1]
D	 – mass diffusivity, [m2s–1]
c	 – numerical speed of sound, [–]
h	 – smoothing lenth, [m]
hv	 – latent heat, [Jkg–1]
k	 – thermal conductivity, [Wm–1K–1]
m	 – mass, [kg]
ṁ	 – mass evaporation rate, [kgm–2s–1]
ṁ‴	– volumetric mass evaporation rate, [kgm–5s–1]
p	 – pressure, [Pa]

r	 – distance between particles, [m]
T	 – temperature, [K]
u	 – velocity, [ms–1]
V	 – volume, [m3]
Y	 – vapor mass fraction, [–]

Greek symbols

δ	 – surface tension coefficient, [Nm–1]
µ	 – dynamic viscosity
ρ	 – density, [kgm–3]
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