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We apply an extension of dual-phase-lag in thermal systems to predict the pho-
toacoustic signal for transmission configuration and characteristics of the open 
photoacoustic cell technique. For this, we consider a particular case from Jeffrey’s 
equation as an extension of the generalized Cattaneo equations. In this context, 
we obtain the temperature distribution under the effects of fractional differential 
operators, allowing the calculation of the Photoacoustic signal for the transmis-
sion set-up. The results show a rich class of behaviors related to the anomalous 
diffusion connected to these fractional operators. 
Key words: fractional dynamics, generalized Cattaneo equation,  

anomalous diffusion 

Introduction

Diffusion is an intriguing natural phenomenon observed in different contexts, rang-
ing from biology to physics [1, 2]. One of the characteristics of this process is the linear time 
dependence of the mean square displacement, i.e., ⟨(z – ⟨ z ⟩)2 ⟩ by t, which is connected to the 
Markovian aspects of this stochastic process. However, many different contexts have exhibited 
another behavior for the mean square displacement, e.g., ⟨(z – ⟨ z ⟩)2 ⟩ by t α, (where α less, equal, 
and greater than one corresponds to sub-, normal-, and super-diffusive) or ⟨(z – ⟨ z ⟩)2 ⟩ ~ lnαt 
(related to an ultraslow diffusion [3]), by evidencing the presence of non-Markovian processes 
[4, 5]. Anomalous processes in heat transfer [6, 7] have been analyzed by using extensions of 
the Fourier law [8, 9] to overcome problems related to low temperature conditions, non-homog-
enous materials, high intensity flux sources, spatial micro-scales [7, 10], and among others. One 
of the approaches used to analyze anomalous heat transfer employs fractional calculus. This ap-
proach has brought insights and becomes a new efficient mathematical tool to analyze different 
properties of systems and connect them with the experimental results. Compte and Metzler [11] 
proposed some forms of generalizing the Cattaneo equation (GCE) using fractional operators 
in time. Each one was supported by continuous-time random walks, non-local transport theory, 
and delayed flux-force relation [9, 11]. In particular, the photo-thermal phenomena area has 
been interested in the application of hyperbolic [12, 13], double relaxation [14], and fractional 
* Corresponding author, e-mail: eklenzi@uepg.br



Somer, A., et al.: Fractional Dual-Phase-Lag Heat Conduction with Periodic ... 
2538 THERMAL SCIENCE: Year 2023, Vol. 27, No. 3B, pp. 2537-2547

[15, 16] models to approximate the predictions of the photoacoustic (PA) signal to the experi-
mental results. The analyzed photo-thermal responses allow for obtaining the thermal charac-
teristics, especially the solid materials investigated using the PA signal [17, 18]. The PA signal 
responds to excitation by periodically modulated radiation as a pressure fluctuation in the gas 
close to the sample [19, 20]. The open photoacoustic cell (OPC) is a photo-thermal technique 
that analyses the PA signal as a function of the frequency of thermal excitation by using a trans-
mission configuration where the excitation and detection are on opposite sides of the sample 
[21, 22]. A dual-phase-lag (DPL) for the hyperbolic diffusion equation was developed from 
complex heat capacity in the energy conservation law with experimental correspondence to the 
photoacoustic response in the OPC technique [23].

Here, we apply an extension of DPL in thermal systems by considering the fractional 
differential operators to predict the PA signal for transmission configuration and characteristics 
of the OPC technique. We use a particular case originating from Jeffrey’s equation, an exten-
sion of the GCE-I model with a fractional DPL [24]. It is worth mentioning that extensions of 
the DPL have successfully been applied to heat conduction with insights to explain anomalous 
thermal behaviors [24-26]. We also obtain the 1-D temperature variation for the photo-thermal 
phenomena from fractional thermal diffusion by considering a planar light excitation. The re-
sults show a large class of behaviors and the strengthening of the effects of superdiffusion or 
subdiffusion [24], which can elucidate experimental results not contemplated by GCE’s gener-
alizations [27].

The fractional dual-phase-lag diffusion equation

The heat flux q(r, t) at a given position in space at a given time is related to the tem-
perature gradient ∇T(r, t) according to the Fourier Law:

( , ) ( , )t k T t= − ∇q r r (1)
where k is the thermal conductivity. A generalization of eq. (1) was proposed by Cattaneo [8] by 
considering a phase-lag in heat flux by the addition of a relaxation time τq:

( , ) = ( , )qt k T tτ+ − ∇q r r (2)
which approximated in first order yields (1 + τq ∂ t)q(r, t) = –k ∇T(r, t), where ∂t is the first or-
der time partial derivative. The DPL model of heat conduction was suggested by Tzou [28], by 
considering a second relation time τT in the temperature gradient, which implies:

( , ) = ( , )q Tt k T tτ τ+ − ∇ +q r r (3)
The first order approximation for eq. (3) results:

( )1 ( , ) = (1 ) ( , )q t T tt k T tτ τ+ ∂ − + ∂ ∇q r r (4)
with additional terms connected with the relaxation times τq and τT. Equation (4) recovers the 
Fourier law in the limit τq → 0 and τT → 0. Figure 1 illustrates the behavior of the solution for 
the 1-D case, obtained from eq. (4) combined with the continuity equation in the absence of 
external forces and source (or sink) terms. It shows that each relaxation time influences the 
spreading of the system, and a different behavior is obtained for τT ≠ 0 and τq ≠ 0, in contrast to 
the particular cases τT = 0 and τq = 0. Figure 1 illustrates the different behaviors which can be 
obtained depending on the choices performed to τT or τq. It is worth mentioning that the DPL 
model has been applied in several situations, such as bioheat transfer of cardiac ablation [29], 
the temperature in living tissue [30], and thermal damage to skin tissue subjected to moving 
heat source [31], see also [32] for additional discussions. 
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Figure 1. Behavior of eq. (4) combined with the continuity equation for T(x, t) different values  
of τT and τq; we consider, for simplicity, k = 1; (a) τT = 0.1 seconds and (b) τT = 0.05 seconds

Equation (4) has also been extended by considering the fractional differential oper-
ator [24], which has been proven to be a useful mathematical tool for describing the kinetics 
of many strange physical phenomena [33-35]. The extension considered here, fractional dual-
phase-lag (FDPL), is based on the Jeffreys-type equation [24]:

( ) ( )11 ( , ) = 1 ( , )q t t T Tt k T tα α γ β β
γτ τ−+ ∂ − ∂ + ∂ ∇q r r (5)

where 0 < α, β, γ < 1, and kγ = kτq
1– γ, and ∂t

α is the Caputo fractional derivative or integral:
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respectively. The DPL represented by eq. (4) is recovered when α= β = γ = 1. A special case 
of Jeffreys-type equation analyzed in [25] is the GCE-I Compte-Metzler equation obtained for  
α = γ, as an extension FDPL-GCE-I: 

( ) ( )11 ( , ) = 1 ( , )q t t T tt k T tα α α β β
ατ τ−+ ∂ − ∂ + ∂ ∇q r r (7)

Also, the validity interval is generalized, following Jeffrey’s equations, with  
0 ≤ α, β ≤ 1. If β = 1 and τT = 0 in the eq. (7), the original GCE I with one-phase-lag is recovered: 

( ) 11 ( , ) = ( , )q t tt k T tα α α
ατ −+ ∂ − ∂ ∇q r r (8)

The thermal diffusion equation is obtained by combining the Fourier Law, eq. (1) with 
the Energy Conservation Law:

( , ) ( , ) = ( , )p tc T t t F tρ ∂ +∇r q r r (9)
where F(r, t), ρ, and cp are the heat source, density, and specific heat, respectively. The classical 
thermal diffusion (CTD):

2 ( , ) ( , ) = ( , )t
DD T t T t F t
k

 ∇ − ∂ − 
 

r r r (10)

where the standard thermal diffusivity is defined as D = k/ρcp. For the general case, from Jef-
freys-type equation, eq. (5), the thermal diffusion equation:

( ) ( ) ( )1 21 ( , ) 1 ( , ) = 1 ( , )t T t q t t q t

D
D T t T t F t

k
γγ β β α α α α

γ
γ

τ τ τ−
 

∂ + ∂ ∇ − + ∂ ∂ − + ∂  
 

r r r (11)
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with the fractional thermal diffusivity defined as D = kγ/ρcp. For the FDPL-GCE-I, by combin-
ing eq. (7) with eq. (9) the generalized thermal diffusion equation is obtained:  

( ) ( ) ( )2 1 11 ( , ) 1 ( , ) = 1 ( , )T t t q t t t q t
D

D T t T t F t
k

β β α α α α α αα
α

α

τ τ τ− − 
+ ∂ ∇ − ∂ + ∂ ∂ − ∂ + ∂ 

 
r r r (12)

 The anomalous thermal conductivity, kα, has dimensions [kgms–2–αK–1] and the anom-
alous thermal diffusivity, Dα, has dimension [m2s–α]. In this manner, eq. (12) extends the pre-
vious ones to a general situation and has a large class of behaviors, which can be connected to 
anomalous diffusion.

The photoacoustic problem

A pressure variation is recorded in the PA procedures due to heat transfer from the 
sample to the neighboring gas, known as the PA signal. For transmission set-up configuration 
the pressure variation is [15, 19, 20]:

0

0

=
2
s

s
g g

P l
P T

T l
δ

σ
Γ  

 
 

(13)

where Γ is the air specific heat ratio, P0 – the atmospheric pressure, T0 – the ambient tempera-
ture, lg – the thickness of the gas chamber, and ls – the sample thickness, Ts(ls/2) – the sample 
temperature variation at interface sample-air closed to the cell, and σj – the complex medium 
thermal diffusion length, with j = g, b for the surrounding air and j = s for the sample, given by: 
σj = (iω/Dj)1/2.

By considering that the absorption of radiation by air is negligible, so the heat 
source is present only in the sample, with Fb = Fg = 0, and: Fs(z, t) = ηs I0 λse–λszeiωt, with  
ω = 2πf, in which f – the frequency of light modulation, λs – the optical absorption coefficient, 
I0 – the light intensity, and ηs – the quantum coefficient of the electromagnetic energy to heat 
conversion of the sample, that we consider ηs = 1.

The PA signal is monitored at the same frequency as the heat source. Thus, the tem-
perature variation in the three media must have the same shape as the source, and the temporal 
solution is well defined and written as T(z, t) = θ(z)e iωt. Due to the experimental characteris-
tics, we consider the stationary case with the initial condition t0 = –∞, where ∂γ

t eiωt = (iω)γeiωt 
[34]. Also, the PA problem can be approximated for the 1-D case because the light heating is 
uniformly distributed with a spot larger than the sample radius [20]. The temperature variation 
profile of the sample Ts(z, t) is obtained by solving the 1-D set diffusion equations [15]:

2

2

d ( ) ( ) ( ) = ( )
d
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j j j
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m m
z i z F z

D kz α α

θ ω θ− − (14)

with j = b, s, g for backing air, sample, and air closed in PA cell, respectively, and mj – the ob-
tained from FDPL-GCE-I (12) temporal fractional derivatives applied to periodical temperature 
solution e iωt, resulting:

( )1
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1 ( )
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−
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The boundary conditions are the zero temperature variation in system borders 
at z = ±∞, continuity of temperature, and also heat flux at the interfaces backing air-sample  
(z = –ls/2), and sample-air inner the PA cell (z = ls/2):
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( ) = 0, ( ) = 0, = = = , = = =
2 2 2 2

s s s s
b g b s s g

l l l l
z z z zθ θ θ θ θ θ

− − − −       −∞ ∞        
       

(16)

and

= = = =
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By solving the previous equations and assuming that: 
 – the thermal effusivity, e = (kρc)1/2, of the sample is much greater than the one air [19]; 
 – the fractional-order derivatives for air are α = β = 1; and 
 – the two relaxation times of air are small, τq → 0 and τT → 0; the temperature in the sample 

is founded: 
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where
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is the optical absorbing contribution, which tends to unit for opaque approach
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The pressure variation δ(PTD) due to heat diffusion for a transparent sample is given: 
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is the amplitude of thermal diffusion contribution and your unit in the S.I. is [C1] = Pam–1s–1/2.  
For opaque samples (β → ∞), and classical approach with τq → 0, τT → 0, α = 1 and β = 1, the PA 
signal (pressure variation’s non-temporal component) returns to equation founded by Rousset e 
coworkers [36], in rear incidence configuration, characteristic of OPC technique [20]:

 

4
1=
sinh( )

i

TD
s s s

C eP
f l

δ
σ σ

π
−

Results

The phase velocity vph of the generated thermal wave is inversely proportional to the 
real component of the thermal conductivity, given by [11, 16, 37]:

  
= = Re[ ]

Re[ ]ph s
m ss

v m
k k
ω ω 

 
 

As a result, the vph is proportional to the ms factor’s real component. The subdiffusive and su-
perdiffusive behaviors can be determined by comparing the fractional models for vph with the 
classical models. It is superdiffusive if the vph is greater than the classical value and superdiffu-
sive if it is less.

Figure 2. Real component of the ms factor as a function of modulation frequency, f, and fractional 
derivative order α with; (a) τq = τT = 10–3 seconds, and α = β, (b) τq = τT = 10–3 seconds, and β = 0.5,  
(c) τq = 10–3 seconds, τT = 10–4 seconds, and β = 0.9, and (d) τq = 10–3 seconds, τT = 10–4 seconds, and  
β = 0.5; the solid lines represent the GCE-I result, the dashed lines are the Fractional DPL model, 
and the solid black line is the hyperbolic case 

Figure 2 presents the real value of the Re[ms] factor as a function of modulation fre-
quency and fractional derivative order α for 0 < α < 1 for FDPL-GCE-I. The models converge 
to the hyperbolic when α = β = 1, represented by the solid black line. The GCE-I model results 
are represented by solid lines and merged FDPL-GCE-I results by dashed lines. These results are 
suitable for photo-thermal processes, provided that the frequency modulation varies in most cas-
es. Using these data, we can investigate the interval of sub and superdiffusive regimes for each 
operator. Figure 2 reveals that the factor ms for both operators in most frequency values present 



Somer, A., et al.: Fractional Dual-Phase-Lag Heat Conduction with Periodic ... 
THERMAL SCIENCE: Year 2023, Vol. 27, No. 3B, pp. 2537-2547 2543

results less than ms < 1, implying that the phase velocity, vph, is lower than the thermal wave gen-
erated by the hyperbolic solution, which is indicative of the subdiffusive regime. However, there 
is a frequency cutoff, fc, according to previous work [16], for which the operators change the 
behavior from subdiffusive to superdiffusive. The fc value increases with both τ and α increasing, 
and now in influenced by τT and β. All results show that the second phase-lag added in tempera-
ture gradient τT significantly influences phase velocity, mainly for higher frequencies. The influ-
ence is less for lower α values when the FDPL-GCE-I have similar values to GCE-I. Figures 2(a) 
and 2(b) reveal that high values of second relaxation time τT tend to keep the subdiffusion in all 
frequency ranges. At the same time, figs. 2(c) and 2(d) demonstrate that short second relaxation 
time τT increases the superdiffusion. The FDPL-GCE-I exhibits superdiffusive behavior for high 
alpha values when not in the long-time domain (t > τq), i.e., for high frequency.

The influence of the DPL in GCE-I is shown in fig. 3, with the absolute value of the 
temperature profile normalized by (ksTs(z)/I0). The results are obtained for an opaque sample 
of thickness ls = 400 µm and thermal diffusivity αs = 40 ⋅ 10–6, in the function of position z 
and fractional order derivative, α, heated by a uniform light source at z = –ls/2 with frequency  
f = 103 Hz. These numbers were chosen to show how the factor ms, and hence the fractional 
factor α, affect temperature distribution. All simulations were performed until the establishment 
of attenuation for the subdiffusive behavior that occurs around the 0.5 < α < 1 interval.

Figure 3. Normalized (ksTs(z)/I0) absolute value of the temperature distribution of an  
opaque sample heated by a light source at z = –ls/2 as a function of (γ) with ls = 400 µm,  
f = 1000 Hz and Ds = 40 ⋅ 10–6 m2/s; the temperature profile for (a) GCE-I with τq = 10–3 seconds,  
and FDPL-GCE-I for (b) special case with α = β and τq = τT = 10–3 seconds, (c) β = 0.9,  
τq = 10–3 seconds, and τT = 10–4 seconds, and (d) β = 0.5, τq = 10–3 seconds, and τT = 10–4 seconds
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Figure 3(a) is the temperature in the sample, T(z), calculated by using one-phase-lag 
GCE-I, i.e., (τT → 0 and β = 1). It is observed around α = 1 a resonant frequency, characteristic 
of hyperbolic result [18]. The frequency value of f = 103 Hz was set to see the superdiffusive 
contribution from fig. 2(a). When superdiffusive behavior is present, the resonant frequency be-
comes more prominent [38]. Figure 3(b) shows the result for the special case of FDPL-GCCE-I 
with α = β and for similar relaxation times, i.e., τq – τT = 10–3 seconds, as in fig. 2(a). As a result 
of this approach, the strongest subdiffusive outcome of all the evaluated data is obtained. No 
resonant frequency is observed even for α → 1. With the addition of the second derivative order 
β, the subdiffusive becomes less effective, and the resonant frequency is observed for α → 1, as 
can be seen in figs. 3(c) and 3(d). These results used short relaxation time for the temperature 
gradient, with τq = 10–3 seconds and τT = 10–4 seconds. Also, these results show that the decreases 
in β value become more evident in the superdiffusion around α = 1.

Figure 4. The PA signal amplitude |δP| in (a), (c), (e), and (g) and phase delay ϕ in (b), (d),  
(f) and (h) for FDPL-GCE-I as the function of f and α with ls = 400 µm, 40 ⋅ 10–6 m2/s and  
τq = 10–3 seconds 
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Figure 4 presents the influence of the FDPL-GCE-I on the PA signal amplitude |δP| figs. 
4(a), 4(c), 4(e), and 4(g) and phase delay ϕ figs. 4(b), 4(d), 4(f), and 4(h). In all the results, it was 
used the opaque approach with constant thermal diffusivity and thickness at 40 ⋅ 10–6 m2/s and  
ls = 400 µm and τq = 10–3 seconds, to verify the influence of relaxation time τT , and fractional 
orders α and β under PA signal. The amplitude constant of the PA signal was used as C1 = 101.

The amplitude of the PA signal for the GCE-I and the phase delay are shown in  
fig. 4(a). In fig.4 (b), we perform a comparison of the FDPL-GCE-I. When the PA signal ampli-
tude is analyzed, the classical results show a characteristic frequency fc at which a behavioral 
change occurs. Linear behavior is achieved when f < fc is obtained, and an exponential decay 
is obtained for f  > fc. The characteristic frequency is obtained from fc = Ds/(πl2

s), which for or 
case is fc = 80 Hz. Also, the PA signal phase delay ϕ presents a significant variation, and a phase 
inversion is observed from π to – π [19, 20]. The one-phase-lag added to the heat flux that con-
structs the hyperbolic heat diffusion produces periodic oscillations in the PA signal amplitude 
after a resonant frequency, which depends on relaxation time τq and decreases the phase inver-
sion frequency [18, 39, 40]. When the subdiffusion is present in all the frequency ranges (in 
presented results for α ≤ 0.7), the fc value shift to high values, and linear behavior is observed 
for higher frequencies than the classical result. The superdiffusion act decreases the resonant 
frequency, and the oscillations in the PA signal are observed for frequencies lower than in hy-
perbolic results. This effect also increases the oscillation of phase inversion [15, 16].

In the special case analyzed in this work in which the derived GCE-I with the addition 
of the second phase-lag on temperature gradient and a second fractional-order derivative from 
Jeffrey’s equation, the results reveal that the FDPL has a strong influence on the PA signal. The 
special case for α = β, shown in figs. 4(c) and (d), is the most subdiffusive result. Thus, the 
resonant frequency and oscillations in PA signal amplitude are not observed. Also, the linear 
behavior and fc increases for lower α. The phase inversion also is shifted to high frequencies.

For short gradient temperature relaxation time, τT = 10–4 seconds, figs. 4(e)-4(h) shows 
that the second phase-lag order derivative β variation has a small influence on PA signal for 
lower frequencies. However, for higher frequency values, the influence of exponential decay is 
significant, revealing the main region of influence of the FDPL-GCE-I. This influence is more 
evident in phase delay ϕ than amplitude |δP|, once the linear behavior in the ϕ (f  >102 Hz) oc-
curs for lower than |δP| (f  > 103 Hz).

The PA signal fluctuation is abrupt for the superdiffusive behavior. For the subdiffu-
sive behavior, it tends to preserve the linear behavior for higher frequencies. This result can 
elucidate experimental data in which changes in the PA signal’s linear region are observed and 
variations in the slope in the exponential decay region.

Conclusion

The fractional heat conduction and thermal diffusion equations for FDPL for GCE-I 
were proposed by considering two fractional-order derivatives and two relaxation times from Jef-
frey’s. We have established the analytical solution, for the temperature profile for a PA problem, 
by considering a periodic photo-thermal excitation for a homogeneous transparent and opaque 
sample surrounded by air. The PA signal, i.e., the pressure variation due to the transmission’s 
heat diffusion, is also presented. The GCE-I model is a special case for fractional-order β =1 and 
relaxation time τT → 0. For α = β and τq – τT, the special case was shown to have the most extreme 
subdiffusive behavior. We show that the small fractional-order variations in FDPL-GCE-I can 
modify the subdiffusive to superdiffusive, and vice-versa, depending on β and τT values. Thus, this 
model can influence the PA signal’s temperature profile and amplitude and phase delay, even for 
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a lower second phase-lag τT. These results from the FDPL-GCE-I model are promising to explain 
experimental results obtained for the open photoacoustic cell technique.
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