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In this article, using multi-scale and perturbation methods, a partial differential
model of Rossby solitary waves with complete Coriolis force effect is obtained,
which is called the combined ZK-mZK equation. This equation can reflect the prop-
agation characteristics of Rossby waves in space, and is more suitable for real
oceans and atmosphere than the (1+1)-dimensional model. According to the pa-
rameter composition of the new model, it can be seen that the effect of the complete
Coriolis force affects not only the longitudinal structure of the model, but also the
amplitude structure of the non-linear long wave.
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Introduction

In the past few decades, the construction of mathematical models to study the gen-
eration and evolution of Rossby solitary waves has attracted a lot of attention, and a series of
mathematical models have been obtained. Many patterns from 1-D to multi-dimensional, for
instance, KdV [1], mKdV [2] model, ZK-BO mode [3], ZK Burgers mode [4], local fractional
Boussinesq mode [5], and non-linear time-fractional Heisenberg mode [6]. The mathemati-
cal models are used to explain some natural phenomena related to non-linear effects of Ross-
by waves. In the previous research work, we have paid attention the following problems, the
equations of motion describing the ocean and atmosphere, including momentum equation and
continuity equation are very complex. However, the 1-D PDE used to describe the evolution
of non-linear Rossby waves has certain limitations, because the real motion of the ocean and
atmosphere does not only occur in 1-D. So, the study of non-linear Rossby wave high dimen-
sional motion needs to be solved urgently.

In addition, the horizontal component of Coriolis force parameters has received ex-
tensive attention from scholars [7-10]. White et al. [11] pointed out the necessity of preserving
the horizontal component of the Coriolis force through the scale analysis of the zonal dynamic
equation, it was also known as the non-traditional approximation mode with Coriolis cosine
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terms, which can more comprehensively and accurately analyzed atmospheric motion. Gerke-
ma et al. [12] derived the near inertial wave from the original equation based on the vertical
infinite water depth boundary. The exact solution shows that the near inertial wave can pass
through the inertial latitude. Yin ef al. [13] gave the non-linear KdV equation with exoge-
nous forcing satisfied by the near-equatorial non-linear Rossby waves from the potential vortex
equation containing the vertical and horizontal components of the Coriolis force. The afore-
mentioned results show that the horizontal component of the complete Coriolis force yields the
imbalance of motion, which is considered as an important factor leading to the development of
the dynamical system.

In this paper, based on the quasi geostrophic potential vorticity mode, a new
ZK-mZK model characterizing the (2+1)-dimensional combination of Rossby solitary waves is
obtained by using multi-scale analysis and perturbation methods. Finally, we analyze the influ-
ence of each parameter qualitatively through the coefficients in the model.

The derivation of combined ZK-mZK model

Based on the geophysical fluid dynamics, we give the following quasi geostrophic
potential vorticity equation:

R L b B R
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Vertical velocity:
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where W is the stream function. The Coriolis force effect of the normal compnent is /= f; + Sy,
where f}; is the Coriolis effect of the horizontal component, G(x, y) is the topographical effect,
and N(z) is the buoyancy frequency. The Laplace operator is V> = 0%/0x> + 0%/ 0y*. The side
boundary condition reads:

Y(0)=W¥(+0)=0 3)
the vertical boundary is given:

W(0) =W (+0) =0 “4)

Dimensionless analysis is conducted for egs. (1) and (2), and eqgs. (1) and (2) are
converted into:
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where
K2= L?)ﬁf R = UO aszH
NHPT UL Sk
the horizontal characteristic scale is L,, the characteristic quantity of velocity is U,, and the
characteristic quantity of fluid height is Hy:
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where ¢ << 1 ais the small parameter used to measure the non-linear characteristic scale.
We assume that the main characteristic scale of topographical effect is in the y direction,

Gx,y) = Gi(y), (=¢").
Substituting the stream function into eq. (5) to get:
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Now we introduce multi-scale space-time transformation:
T=¢", Y:emy, z=1z (10)

Substituting eq. (10) into eq. (8):
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The side boundary condition:

w(0)=w(+0)=0 (12)

3 3 3 3
+g3{ 0w _ 30 Oy 0w v _,0v Oy }+o(s3):0 (11)

Therefore, the vertical boundary condition can be written:

W 0, 240 (13)
oz
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Assuming that the perturbed stream function is expanded by the perturbations about :
!// :wo +51/4(//1 +€2/4l//2 +83/4l//3 +84/4l//4 +55/4(//5 +€6/4l//6 4. (14)

Substituting eq. (14) into eq. (11) to obtain the equation of each order about ¢. To
facilitate the introduction of L operator:

2
L=(U—co)i a—2+£(1(2£]+ 4 (15)
oxX|oy oz 0z) U-c,
£ 1 L(yy) =0 (16)
Lateral boundary condition:
¥ (0) =y, (+0) =0 (17)
Vertical boundary:
Wy =0, z >+ (18)
oz

Solving eq. (16) is a linear problem, and using the method of separating variables, the
assumption is yy:

W, = AX,Y,T)é,(»)W,(2) (19)
Substituting eq. (19) into eqs. (16) and (17) to obtain the eigenvalue problem abou
Po, Wo:
" 2 2’
b +kody +———¢, =0
U- 0
, (20)
(KZWO') KW, =0
Similarly, we continue to solve ¢ higher order problems:
e Ly,)=0 (21)
The variable y, has the expressions:
y, = 42 (X,Y,T)$(»)W,(2) (22)
further
&1 Ly,) =0 (23)
the same method assuming y:
v, = AX,Y,T)¢,(»)W,(2) (24)

Substituting egs. (22) and (24) into egs. (21) and (23), respectively, and the character-
istic equation of w1, y,, Wi, W, can be converted into the form:
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Similarly, side boundary conditions can be written:
0) =y, (+0) =0
¥ ¥ 26)
v, (0) =V, (+OO) =0
The vertical boundary:
Wi_g Wi s 27)
Oz oz
In order to obtain the condition of eliminating singularity:
oy,
& L(y,) =-2U - 0 2
(¥s)=-2 C°)aXayaY (28)
we separate the variables y;:
vy =4, (XY, T)g,(y)W,(2) (29)
Substituting eqgs. (19) and (29) into eq. (28):
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Equation (33) is multiplied ¢, by the left and right, and then integrating it x and y the in-
tegration interval is [0, +o0). According to the boundary conditions, we have the identical equation:
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Finally, we get:
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Equation (35) isanew (2+1)-dimensional mode. The coefficient a, is related to the topo-
graphical effect with the complete Coriolis effect. It can be seen that a,44y and a,A Ay these two
itemsarethe combined ZK equationand mZK equation, sothenew modelisnamed as the combined
ZK-mZK equation. Compared to other models, the combined ZK-mZK equation is more suit-
able to describe the influencing factors of Rossby solitary wave. If the forcing term are ignored,
eq. (35) is simplified to ZK equation:

A +aAA, +a, Ay +a, Ay =0 37

Conclusions

Based on the quasi-geostrophic potential vorticity equation, combined with multi-
scale analysis and perturbation method, we obtain a new (2+1)-dimensional ZK-mZK model
to characterize Rossby solitary waves. On the basis of the new model, we draw the following
conclusions.
® The ZK-mZK model including the complete Coriolis force effect is derived, which is a new
(2+1)-dimensional model including Rossby solitary wave characteristics. The influence of
the Coriolis force is an important factor to generate solitary waves, while the horizontal
component of rotation in the Coriolis force and the topographic effect affect the coefficient
of the model. In the actual ocean and atmosphere, the (2+1)-dimensional model can better
reflect the propagation laws of waves in space.

® According to the combined ZK-mZK equation, ay, a;, a,, as, a4 include topographic effect
and complete Coriolis force action. In addition, the effect of the complete Coriolis force
affects not only the longitudinal structure of the model, but also the amplitude structure of
the non-linear long wave. Finally, the coefficients of the new mode contain soliton solutions
when they satisfy certain algebraic relations. In the future work, we will study the solution
structure of the model and wave propagation characteristics through theoretical analysis
[14, 15] and numerical methods.
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Nomenclature

t — time, [second] X, ¥, z — co-ordinates, [m]

References

[1] Redekopp, L. G., et al., Solitary Rossby Waves in Zonal Shear Flows and Interactions, Journal of the
Atmospheric Sciences, 35 (1978), 5, pp. 790-804

[2] Boyd, J. P., Equatorial Solitary Waves — Part I: Rossby Solitons, Journal of Physical Oceanography, 10
(1980), 11, pp. 1699-1718

[3] Yang, H. W, et al., A new ZK-BO Equation for 3-D Algebraic Rossby Solitary waves and Its Solution as
well as Fission Property, Non-Linear Dynamics, 91 (2018), 2, pp. 2019-2032

[4] Yang, H. W., et al., The ZK-Burgers Equation for 3-D Rossby Solitary Waves and Its Solutions as well as
Chirp Effect, Advances in Difference Equations, 167 (2016), 2, pp. 1-22

[5] Yang, X. J., et al., Exact Traveling-Wave Solution for Local Fractional Boussinesq Equation in Fractal
Domain, Fractals, 25 (2017), 4, ID1740006

[6] Hashemi M. S., ef al., Non-Classical Lie Symmetries for Non-Linear Time-Fractional Heisenberg Equa-
tions, Mathematical Methods in the Applied Sciences, 45 (2022), 16, pp. 10010-10026



Zhao, B.-J., et al.: A New Combined ZK-mZK Dynamic Model for Rossby ...
606 THERMAL SCIENCE: Year 2023, Vol. 27, No. 1B, pp. 599-606

[7] Dellar, P.J., et al., Shallow Water Equations with a Complete Coriolis Force and Topography, Physics of
Fluids, 17 (2005), 10, ID106601

[8] Yang, H. W., et al., Conservation Laws of Space-Time Fractional mZK Equation for Rossby Solitary
Waves with Complete Coriolis Force, International Journal of Non-Linear Sciences and Numerical Sim-
ulation, 20 (2019), 1, pp. 17-32

[91 Zhang, R. G., et al., (2+1)-dimensional Rossby Waves with Complete Coriolis force and Its Solution
by Homotopy Perturbation Method, Computers and Mathematics with Applications, 73 (2017), 9,
pp. 1996-2003

[10] Yin, X. J., et al., Structure of Equatorial Envelope Rossby Solitary Waves with Complete Coriolis Force
and the External Source, Chaos Solitons and Fractals, 11 (2018), 2, pp. 68-74

[11] White, A. A., et al., Dynamically Consistent, Quasi-Hydrostatic Equations for Global Models with a
Complete Representation of the Coriolis Force, Quarterly Journal of the Roynal Meteorological Society,
121(1995), 522, pp. 399-418

[12] Gerkema, T., et al., Near-Inertial Waves on the “Non-Traditional” -Plane, Journal of Geophysical Re-
search: Oceans, 110 (2005), 2, Article IDC01003

[13] Yin, X. J., et al., The Non-Linear KdV Equation under External Forcing with the Complete Coriolis
Force, Applied Mathematics and Mechanics, 38 (2017), 9, pp. 1053-1060

[14] Liu, J. G., et al., Characteristics of New Type Rogue Waves and Solitary Waves to the Extended
(3+1)-dimensional Jimbo-Miwa Equation, Journal of Applied Analysis and Computation, 7/ (2021), 6,
pp. 2722-2735

[15] Yang X.J., et al., ANew Computational Approach for Solving Non-Linear Local Fractional PDE, Journal
of Computational and Applied Mathematics, 339 (2018), June, pp. 285-296

Paper submitted: August 21, 2022 © 2023 Society of Thermal Engineers of Serbia
Paper revised: November 17, 2022 Published by the Vinca Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: November 22, 2022 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions



