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Investigation of the nature of dual solutions of the water-based micropolar 

nanofluid flow with thermal transmission due to a contracting surface has 

been done in the work. The flow is characterized by its shrinking velocity 

and imposed magnetic field. Also, this work is one of the contributions that 

illustrate the microrotation and microinertia descriptions of nanofluids. The 

effects of metallic nanoparticles Copper      and Copper oxide       

have been discussed throughout this study. A uniform magnetic field has 

been applied in the normal direction of the flow. A set of basic equations 

that supports the present problem are derived from the principle of 

conservation laws and have been modernized into a set of solvable forms by 

employing suitable similarity variables. The MATLAB built-in bvp4c solver 

scheme is engineered to solve this problem. In order to tackle boundary 

value problems that are highly non-linear, this numerical method largely 

relies on collocation and finite difference techniques. From this study, we 

have perceived that the speed of the motion of         nanofluid in both 

cases (the first and second solutions) is less than        nanofluid. The 

material parameter plays an important role by enhancing the heat transfer 

rate of the fluid at the surface of the sheet in both time-dependent and time-

independent cases. From the stability analysis, the first solution has been 

found as the stable and physically attainable solution. Additionally, the 

material parameter aids in reducing the effects of couple stress and shear 

stress on the fluid in both situations near the surface.  

Keywords: Nanofluid, Micropolar fluid, Heat transfer, Dual solutions, 

Stability analysis 

1. Introduction:  

 The enhancement of thermal transmission with high efficiency is a key requirement for all 

industries. This can be done by developing thermophysical properties like thermal conductivity and 

viscosity etc. The traditional techniques for developing thermal transmission are no longer valid due 

to some restrictions. In modern times, researchers have developed a new technique by inserting 

nanoparticles in some standard base fluids to enhance thermal conductivity. This technique plays an 

important role in different industries, as they have achieved more significant results by using 

nanofluids than traditional heat transfer fluids. The nanoparticles with different oxidation stages such 

as metallic or non-metallic particles like                   and     etc that are typically used in a 
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base fluid like water, ethylene glycol, Kerosene and different bio-fluids. The term “Nanofluid” was 

first coined by Choi [1] in 1995. He observed experimentally that the nanofluid has a higher heat 

transfer rate than the traditional heat transfer fluids. Nanofluids are a new class of nanotechnology-

based heat transfer fluids obtained by diffusing and stably deferring nanoparticles in traditional fluids. 

Due to the random motion of the nanoparticles suspended in base fluids, the rotation of the 

nanoparticles is an essential factor in the enhancement of thermal transmission. This phenomenon 

gives the possibility of translation and microrotation of particles. In fluid mechanics, micropolar 

theory exhibits this type of microrotational phenomenon. So, the applications of this fluid model 

containing nanoparticles can have an important significance for the enhancement of the thermal 

conductivity of the nanofluids. The theory of micropolar fluid flow is applied to microdevices, 

defectoscopy (a diagnostic method for the identification of defects) and living organisms etc. 

   and     are metallic nature nanoparticles with oxidation stages   and   respectively have 

been focused in this study. The nanoparticles    and     can be used as catalysts, superconducting 

materials, sensing materials, magnetic storage media, solar energy transformation, anti-cancer 

formulations and detection of viruses in the human body (following Grigore et al. [2]) etc. Chanie et 

al. [3] have investigated the flow behaviour of water-based nanofluid containing    and    particles 

and found that the motion of the fluid containing    is more effective than the       . Ismail et 

al. [4] have analyzed the nature of fluid flow including the nanoparticles        and       by 

considering the water-based Casson fluid model. Recently, many authors, Gaikwad and Chillal [5], 

Prasad et al. [6], Muhammad et al. [7], Molli and Naikoti [8], Vamula et al. [9], Tripathi et al. [10] 

and Sadeghi et al. [11] have explored the importance of nanofluid flow containing             and 

    etc by adopting different base fluids and geometries. Dogonchi et al. [12] have investigated the 

thermal transmission in the form of free convection and analyzed the irreversibilities of the nanofluid 

flow caused by a crown-wavy cavity. Tayebi et al. [13] have examined the entropy generation of the 

nanofluid that flows in an annular region. Seyyedi et al. [14] have analyzed the second law of 

thermodynamics under the influence of nanoparticles in a magnetized convective fluid. Krishna and 

Chamkha [15] have studied the hall effects on the magnetized water-based nanofluid flow between 

two parallel disks and their practical applications. 

The theory of micropolar fluid was first introduced by Eringen [16]. He gave different 

physical significance of this fluid model. Ariman et al. [17] and Anuradha and Punithavalli [18] have 

studied fluid flow problems using the micropolar fluid model with different geometries. Krishna et al. 

[19] have investigated the simultaneous effects of both thermal and mass transmissions of the 

micropolar fluid flow caused by an absorbent surface under the influence of a magnetic field and hall 

effects. Hussain et al. [20], Liana et al. [21], Maripala and Naikoti [22], Alizadeh et al. [23], Dawar et 

al. [24] and Saleem et al. [25] etc have studied micropolar model-based fluid flow containing 

nanoparticles by adopting different geometries. However, they have looked into the issues with 
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micropolar nanofluid flow in the presence of various nanoparticles, but they haven't looked into the 

duel solutions and their stability when taking into account nanoparticles     and    . 

The magnetized fluid flow problems associated with thermal and mass transmissions caused 

by extending or contracting geometries have taken a great deal of interest in modern research areas 

such as medical sciences, engineering sciences, geophysics and many other fields. Annealing and 

thickening of copper wire are the most important industrial applications of this type of geometry for 

heat and mass transfers. Although this type of geometry with the influence of a magnetic field occurs 

frequently in manufacturing involving hot metal rolling, wire drawing, glass fiber production, metal 

spinning and magnetic separation etc. Recently, Tayebi et al. [26], Chamkha et al. [27] and Krishna 

and Chamkha [28, 29] have investigated the magneto-hydrodynamic effects on the different fluid 

models by considering different geometries. Crane [30] was the first author to explore the idea of fluid 

flow problems on account of this geometry. In the last five years, many researchers, including Khan et 

al. [31], Vamula et al. [9], Ghosh and Mukhopadhyay [32], Dey and Borah [33], Dey et al. [34], Dey 

and Chutia [35], Zehra et al. [36], Prasannakumara [37] and Jamshed et al. [38] have investigated the 

fluid flow problems caused by the present geometry by considering different fluid models. By taking 

nanofluid into account because of its stretching surface, the aforementioned authors have explored 

many fluid models, including Casson fluid, Maxwell fluid, and Newtonian fluid, among others. 

However, due to a diminishing surface, they have not examined the nature of dual solutions by taking 

the micropolar nanofluid model into account.   

Due to the irregular behaviour of surfaces in the considering geometries and the lack of 

mathematical tools and assumptions, some initial complexity in the flow is observed, which develops 

non-unique flow solutions. This initial disturbance in the flow characterizes the flow solutions into 

two categories; one of them converses into the steady flow solution much faster than the others. 

Stability analysis of the dual solutions is mandatory for characterizing the stable and physically 

tractable solution. Markin [39] was the first author to investigate the existence of double solutions and 

their characteristics. Anuar and Bachok [40] have investigated the existence of dual solutions of 

nanofluids by considering the present fluid model. Recently, Ghosh and Mukhopadhyay [32], Dey 

and Borah [41], Dey et al. [42], Waini et al. [43] and Khashi’e et al. [44] have explored the nature of 

non-uniqueness solutions and their stability behaviour by considering different fluid model. The 

aforementioned  researchers have not studied the characteristics of dual solutions by considering the 

micropolar nanofluid model with the inserted naoparticles    and    .      

The prime objective of the present problem is to study the non-uniqueness of flow solutions 

and their stability in the water-based micropolar nanofluid flow caused by a contracting surface with 

thermal transmission. The metallic nanoparticles    and     are considered here under the influence 

of MHD. A homogeneous magnetic field is applied in the normal direction of the flow. The basic 

equations that support the present problem are modernized into solvable form by employing a set of 
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suitable similarity variables. Due to the non-linear behaviour of the problem, a numerical method 

called the “MATLAB built-in bvp4c solver scheme” is adopted to solve this problem. It is a finite 

difference code that implements three-stage Lobatto IIIa formula. A representative set of numerical 

results is analyzed graphically and the numerical values of the physical quantities are presented in 

tabular form. A stability analysis is executed to distinguish the stable and physically attainable 

solutions. A comparison has been done with the previously published paper reported in Liana et 

al. [21] to determine the conformity of the present codes. The major findings of this study are that the 

material parameter that is responsible for micropolar fluid regulates the influence of shear stress and 

couple stress on the fluid in the vicinity of the surface. Also, there are two types of solutions that 

arise; one of them is stable and physically achievable. This fluid model and the considering geometry 

have multifarious applications in different physical fields. From the stability analysis, the first solution 

is stable and physically attainable solution. This type of fluid model is generally important for 

industrial applications because the mixing of nanoparticles in a convective fluid enriches the heat 

transfer rate. The present nanoparticles, under the influence of a magnetic field, have been applied as 

dietary additives, lubricant supplements, chemical sensors, biomedical, pharmaceutical and cosmetic 

energy etc.  

We were able to ascertain via the literature review that this study is novel and will have a 

significant influence on other experts in the field. To the best of the authors' knowledge, micropolar 

fluid has not yet been taken into account while analyzing dual solutions and their stability on the 

MHD boundary-layer flow of water-based nanofluid due to a shrinking surface in the presence of heat 

transmission. While, Liana et al. [21] have investigated the micropolar nanofluid flow due to a 

stretching surface by inserting different nanoparticles. But we have analyzed the dual solutions and 

their stability by considering Liana et al.'s [21] fluid model using a shrinking surface and different 

nanoparticles such as    and     with the help of a numerical technique called the MATLAB built-

in bvp4c.         

2. Mathematical Formulation: 

The two-dimensional, incompressible and time-independent MHD boundary layer flow of 

water-based micropolar nanofluid caused due to a shrinking sheet is considered. The fluid flow is 

characterized by the stretching velocity           where the constant     signifies stretch of the 

sheet and     represents the shrinking surface with prescribed wall temperature    and 

microrotation component     normal to the     plane.   and   are the velocity components along 

the parallel              and normal               directions of the flow. A constant magnetic 

field    is employed into the perpendicular direction of the flow. The flow is imprisoned to     and 

the boundary layer separation will be formed due to the horizontal motion of the fluid. The wall is 

characterized by the mass transfer velocity       such that      signifies suction and      
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represents an injection of the flow. Here, the metallic quality nanoparticles    and    are considered. 

The schematic diagram which represents this problem is shown in Fig. 1.  

 

Figure 1. Schematic diagram of the problem. 

Applying the aforementioned boundary-layer assumptions together with the principle of 

conservation of mass, linear momentum, angular momentum and energy, the following set of 

governing equations has been derived. The other assumptions are given below: 

1. The flow is governed by the inertia force, viscous force, microrotational force and Lorentz 

force.  

2. The angular momentum equation is maintained by the conservation of angular momentum.  

3. In heat transfer, the flow is maintained by the free convection, conduction and Joule heating.    

Also, using the nanofluid model anticipated by Liana et al. [21] and Hussain et al. [20], the 

mathematical representation of this present problem is given below:   
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The related boundary restrictions are:  

                         
  

  
        

                                     (5)  

Where,       is the constant such that     signifies     at the wall, physically signifies the 

concentrated particle flows in which the density of the particle is significantly large that of 
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microelements near the wall are unable to rotate and     gives turbulent boundary layer (Ahmadi 

and Shahinpoor [45]). In this study, we have considered       which physically corresponds to 

vanish the anti symmetric part of the stress tensor and gives the weak concentration of 

microelements.  
 

  
 is responsible for micropolar fluid termed as material parameter.  

 The thermophysical properties and their standard values are presented in Table-1. The 

parameters                         and (   )  
can be defined in the following standard forms 

(referring Liana  et al. [21], Hussain et al. [20], Ahmed et al. [46] and Togun et al. [48]):  
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To solve the above governing equations, the following set of similarity transformation which 

satisfies the equation (1) is used. This transformation renovates the governing equations into a 

solvable form.  
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Employing equation (7) into the equations (2)-(4), we have achieved the following normal form:  
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Where, the superscript       represents the differentiation with respect to  .   

The boundary conditions (5) becomes:  
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 Some important physical quantities of interest are observed in this study. These quantities are 

drag force     , couple stress      and heat transfer rate      at the surface and are defined in the 

following way:  
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Using equation (7), we have got the following dimensionless physical quantities:  
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Where,     
   

  
 is the local Reynolds number.  

2.1 Stability Analysis:  

 In the initial position of the surface, there are no any disturbances in the flow. But, when the 

surface is contracted along the flow direction then some initial disturbances have been observed 

which are dependent on time. During this situation, the flow solutions have been categorized into two 

parts, one of them is stable and another one is unstable according to the flow disturbances grow or 

decay with time. A stability analysis is important to characterize the stable or unstable flow solutions 

between the two solutions. To implement the stability analysis on this problem, time-dependent 

governing equations are needed. So, we have achieved the time-dependent governing equations by 

adding the terms 
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 into the equations (2), (3) and (4) respectively. Due to the presence of 

time variable, equation (7) takes a modified form as given below:  
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The time-dependent governing equations after using equation (14) become:  
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Related boundary restrictions are:  
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To test the stability of the steady flow solution,                 and         

fulfilling the equations (8)-(10), a set of perturb equations is considered for separating the variables 

(following Markin [39], Dey and Borah ([33], [41]) and Dey  et al. [42]): 
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                                (19) 

                           

Where,   is an unknown eigenvalue parameter,     and   the small related to       and   . 

Inserting equation (19) into equations (15)-(17), fixing     and simplifying the equations, we have 

achieved the following linearized eigenvalue problems.  
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relevant boundary restrictions are:   

                                      (23) 

                        

 Following Mishra et al. [47] and Dey and Borah [33], the equations (20)-(22) are solved 

together with adjusted boundary conditions (referring Dey et al. [49]). It is noticed that this 

eigenvalue problem gives an infinite number of eigenvalues             where    signifies 

a least eigenvalue. The stability of the solution can be analyzed with the help of the smallest 

eigenvalue. If     , then the initial complexity in the flow decline with time and converges to its 

steady flow solution and hence the flow solution is stable and physically attainable. Otherwise, the 

flow solution to be unstable due to the escalation of complexity in the flow with time.  

Table-1. Thermo-physical properties of water-based nanoparticles (referring Hussain et al.[14], 

Chanie et al.[3], Ismail et al.[4] and Togun et al. [48]). 

Physical 

Properties 

Water              

         997.1 8933 6320 

              4179 385 531.6 

            0.6130 401 76.5 

                                   

 

2.2 Methodology:  

In accordance with Dey and Chetia [35], the MATLAB built-in bvp4c solver scheme is used to 

numerically solve the non-linear coupled equations (8–10) and (20–22), along with the boundary 

limitations (11) and (23). It uses a finite difference algorithm to carry out the three-stage Lobatto IIIa 

formula and impose the collocation method for finding solutions to the problem. To solve boundary 

value problems using this scheme, the users have to execute three functions: a set of initial guess 

solutions, a set of first-order differential equations and a set of boundary restrictions. By introducing a 

set of new variables, the users may convert the higher-order differential equations into first-order 

differential equations, as described in Dey et al. [34]. The existing methods and the present method 

are both numerical methods to solve boundary value problems. But there are some factors that can 

make bvp4c superior to the existing methods. These factors are: 
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1. BVP4C can handle problems with multiple solutions more naturally than the shooting 

method.  

2. BVP4C gives higher-order accuracy results than others.  

3. BVP4C can be easier to use for new users.    

3. Results and Discussion: 

 To investigate the flow nature with different flow parameters of this problem, the MATLAB 

built-in bvp4c solver scheme is employed. This investigation has been done to study the nature of dual 

solution with the influence of different flow parameters such as     and   of the micropolar model-

based nanofluid. A representative set of numerical results are demonstrated pictorially in Figs. (2)-

(10) and in tabular form. In this discussion, the values of the flow parameters are taken as   

                                   and       , unless otherwise stated. In the 

figures, two types of solutions are observed, the solid line represents the first solution which is 

responsible for converging significantly faster solutions asymptotically and the dashed line signifies 

the second solution which is converged slowly asymptotically. Before conferring the numerical 

results, we afford confirmation of our numerical code by solving the model presented in Liana et al. 

[21] and comparing the present numerical results (first solution) with the results reported in Liana et 

al. [21]. Table-2 is a comparison result and found a good conformity of our results. 

Table-2. Values of skin friction coefficient         for various values of    and   when       

                  and     (stretching sheet).   

 

  

 

  

Skin friction coefficient           for        

Liana et al.[21] (shooting 

method solution) 

Present results (bvp4c solver 

solution) 

0  

0.05 

-1. 6258 -1.6220 

1 -2.4026 -2.4120 

2 -3.3896 -3.3006 

0 0.1 -1.7726 -1.7712 

0.2 -1.9466 -1.9261 

 

 The figures (2)-(4) are depicted to show the influence of   on the velocity, angular velocity 

and temperature distributions of the electrically conducting nanofluid. From Fig. 2, it is discerned that 

the magnitude of the fluid velocity during both the solutions decelerates with developing values of  . 

It can be physically described that enhancing values of   produces a resistance force called Lorentz 

force that oppose the motion of the fluid. This means that the fluid experiences resistance to its 

motion by the influence of Lorentz force. Also, it is noticed that the magnitude of the fluid containing 

the nanoparticle     (Copper with oxidation stage 2) has larger velocity than the fluid containing the 

nanoparticle    (Copper with oxidation stage 0). This    nanoparticle actually slows down the fluid 

in comparison to    . But, it reduces the angular velocity distribution during both the solutions of the 

fluid [see Fig. 3]. It is also observed that the angular velocity distributions of the first and second 

solutions of the         is larger than       . When the Lorentz force acts on the fluid 

elements, it generates a torque on them. This torque opposes the rotation of the fluid. As a result of 

the torque generated by the Lorentz force, the angular momentum of the fluid is affected and hence 

the angular velocity of the fluid has been reduced. Due to the effects of  , the thermal transmission of 
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the nanofluid is enhanced in both the cases. Again, the fluid containing nanoparticle    has high 

thermal transmission capacity than the fluid containing the nanoparticle     [See Fig. 4]. It can be 

physically explained that application of magnetic parameter develops the frictional force of the fluid, 

as a result additional heat is generated. This means that the thermal transmission of the fluid develops 

due to the influence of the magnetic parameter. 

 

Figure 2. Velocity distribution       for developing values of   . 

 

Figure 3. Angular velocity distribution      for developing values of   . 
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Figure 4. Temperature distribution      for developing values of   .  

 The figures (5)-(7) are presented for the influence of material parameter     which is 

responsible for the micropolar fluid model on the velocity, angular velocity and temperature 

distributions of the nanofluid containing the nanoparticles    and    . It is seen from Fig. 5 that we 

can control the motion of the nanofluid by improving the values of  . It is also perceived that the 

magnitude of the velocity distribution of         in both the cases (first and second solutions) is 

superior to       . It can be physically explained that an increase in the material parameter     in 

the micropolar fluid accelerate the fluid motion. The improving values of   reduces the magnitude of 

the angular velocity of the nanofluid and maximum variation is observed near the surface of the sheet. 

Also, a higher magnitude of the angular velocity distribution is observed of the fluid containing    in 

both the solutions [see Fig. 6]. The reason behind this phenomenon is that the increasing values of   

result in a larger microrotation viscosity, which suggests that the fluid encounters more internal 

friction or resistance to internal motion. Because of the internal friction, small-scale vortices in the 

fluid are less likely to form and spread, which ultimately results in a decrease in the fluid's total 

rotational velocity. Again, this parameter reduces the temperature distribution in both the cases of the 

nanofluid which is seen in Fig. 7. The temperature distribution of the fluid containing nanoparticle 

    is smaller than   . That is the nanofluid containing pure nanoparticle    has higher thermal 

transmission during both first and second solutions.  

 

Figure 5. Velocity distribution       for developing values of   .  
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Figure 6. Angular velocity distribution      for developing values of   .  

 

Figure 7. Temperature distribution      for developing values of   .  

 The influence of volume fraction     of the nanoparticles on the fluid properties is discussed 

in Figs. (8)-(10). Due to the effects of  , the magnitude of the angular velocity and temperature 

distributions are accelerated in both the cases [see Fig. (9) and Fig. (10)]. But, the magnitude of the 

velocity distribution of the fluid has been reduced due to the influence of   (see Fig. 8). Physical 

explanations show that the effective viscosity of the micropolar fluid can change when the volume 

fraction of nanoparticles is increased. It can be more difficult for the fluid to flow when the volume 

percentage of microparticles increases, since this can cause the effective viscosity to rise. A decrease 

in velocity may result from this enhancement of viscosity. From figure (10), it is observed that water-

based    micropolar nanofluid is better for heat transfer than        . That is gain in volume 

fraction progresses the thermal transference of both liquids. The nanoparticles physically disperse 

energy in the form of heat. The improving values of volume fraction of the nanoparticles can exert 

additional energy and hence the temperature of the nanofluids enriches. But, this flow parameter 

accelerates the magnitude of the angular velocity distribution of the nanofluid [see Fig. 9]. Maximum 

variation of the angular velocity distribution in both the solutions has happened in the vicinity of the 

surface of the sheet. Also, it is noticed that the magnitude of the angular velocity of the fluid 

containing    is higher than the fluid holding    particle. The volume fraction of the nanoparticles 
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increases along with their contribution to the fluid's overall angular momentum. The angular velocity 

of the fluid may rise as a result.   

 

Figure 8. Velocity distribution       for developing values of   .  

 

Figure 9. Angular velocity distribution      for developing values of   .  

 

Figure 10. Temperature distribution      for developing values of   .  
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From the above figures, it is discerned that all the figures exhibit dual solutions up to some 

certain region of the similarity variable  . Also, these figures satisfy the far-field boundary conditions 

asymptotically. The following Table-3 is established to show the stable and unstable solutions 

between the dual solutions with the help of evaluated least eigenvalues. From this table, it is perceived 

that the least eigenvalues for the first solutions of the nanofluid containing the metallic nanoparticles 

   and     are positive whereas, the least eigenvalues for the second solutions are negative. Due to 

the positive least eigenvalues, the initial disturbances in the fluid flow lie down that is          

  as time evolves      . Hence, the first solutions are found stable. But, the least negative 

eigenvalue indicates the growth of initial disturbances in the flow that is       and hence the flow 

solutions (second solution) are being as unstable behaviour.It is also perceived that all the flow 

profiles satisfy the far-field boundary conditions asymptotically and exist dual solutions up to the 

certain region of the similarity variables.  

 Tables- (4)-(6) are presented to examine the physical quantities that are observed in this study 

with different flow parameters. In the present problem, we have achieved three dimensionless 

quantities viz., skin friction coefficient         , couple stress         and Nusselt number         . 

From table (4), we have concluded that the numerical values of the skin friction coefficient for first 

and second solutions are enhanced for different values of  during the cases             

     when nanoparticles are suspended in water with the micropolar fluid model. But, the material 

parameter     which is responsible for the present fluid model reduces the skin friction coefficient 

during both cases. The volume fraction parameter     rises the first and second solutions of couple 

stress values of the nanofluid [see Table-5]. It is also observed that the material parameter helps to 

control the values of couple stress at the surface of the sheet. The heat transfer rate          of the 

nanofluid at the surface of the sheet is controlled with   during both the cases (first and second 

solutions). But, the present fluid model is very useful to enhance the heat transfer rate [see Table-6]. 

From tables (4) and (5), it is also perceived that the numerical values of skin friction coefficients and 

couple stress of        are higher in comparison to the fluid containing    . But, an opposite 

nature is scrutinized in table (6) during the first and second solutions.  

Table-3. Numerical values of least eigenvalue     for various values of   when          

                                . 

 

  

Least eigen-values     

               

First solution Second solution First solution Second solution 

0.05 0.0174 -0.0581 0.0036 -0.2156 

0.1 0.0123 -0.1086 0.0156 -2.3064 

0.2 0.1893 -0.2256 0.0576 -2.5610 
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Table-4. Numerical values of drag force          at the surface for different values of flow parameters 

when                                     . 

 

  

 

  
Skin friction coefficient          

               

First solution Second solution First solution Second solution 

0.05  

0.5 

0.5815866559 1.0156281129 0.5422398188 0.9088982032 

0.1 0.6541169996 1.1948185368 0.5787842511 0.9967087250 

0.2 0.7250053144 1.3659980012 0.6026387732 1.0521881674 

 

0.05 

1 0.4874942920 0.8206699245 0.4575128755 0.7346638240 

2 0.3689237901 0.5677767403 0.3512518839 0.5123770477 

3 0.2997400494 0.4178849732 0.2893166144 0.3834993950 

 

Table-5. Numerical values of couple stress         at the surface for different values of flow 

parameters when                                     . 

 

  

 

  

Couple stress         

               

First solution Second solution First solution Second solution 

0.05  

0.5 

0.2561009198 0.7286601526 0.2150338249 0.5808715033 

0.1 0.3365534815 1.0124307145 0.2487457279 0.6998882426 

0.2 0.4244192755 1.3274654106 0.2685512095 0.7789196405 

 

0.05 

1 0.1815418652 0.4804201826 0.1556632535 0.3852626822 

2 0.1023081265 0.2348104628 0.0909044929 0.1913441200 

3 0.0650960075 0.1272112146 0.0597708915 0.1063752578 

 

Table-6. Numerical values of heat transfer rate          at the surface for different values of flow 

parameters when                                     . 

 

  

 

  

Heat transfer rate          
               

First solution Second solution First solution Second solution 

0.05  

0.5 

0.9507649048 -1.3064912036 1.2711682016 -0.0939126544 

0.1 0.2651643344 -2.8449156712 0.7727309860 -0.9685290565 

0.2 -0.1967546660 -3.1282005432 0.3617341766 -1.0920933372 

 

0.05 

1 1.6779747035 1.0868600760 1.9173941353 2.0414406632 

2 2.5316929610 4.1104226403 2.6591172981 4.6669267215 

3 2.9171874332 5.6745188988 2.9784201121 5.9518095236 

 

4. Conclusion:  

 The following points are the major conclusions of this study.  

1. The velocity and temperature distributions of        during both the solutions for 

different values of flow parameters are larger than        .  

2. But, the angular velocity distributions of fluid containing     are comparatively larger than 

  .  

3. Due to the effects of the volume fraction parameter, the motion, as well as the temperature of 

the nanofluid enhance, but it decelerates the angular velocity of the fluid.  

4. One of the most important advantages of this fluid model is that the material parameter 

reduces the shear stress at the surface of the sheet and enhances the heat transfer rate.  
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5. The shear stress of the nanofluid containing   -nanoparticle at the surface during both the 

solutions are comparatively smaller than the nanofluid suspending the    -nanoparticle with 

the effects of flow parameters such as volume fraction and material parameter.    

6. From the stability point of view, the first solution is stable and the second solution is unstable 

and not physically tractable. 

7. Researchers may extend this work by using different nanoparticles and different fluid models.   

 

“Nomenclature 

   angular velocity        

    couple stress 

        constants 

   constant 

   dimensionless stream function 

   dimensionless angular velocity  

    Eckert number 

    magnetic field        

   magnetic parameter 

   material parameter 

   microinertia density     

    Nusselt number 

    Prandtl number 

    specific heat at constant pressure        

   suction/injection parameter 

    skin friction coefficient 

   temperature of the fluid     

   time    

   velocity along  -axis      

   velocity along  -axis      

   vortex viscosity        

Greek Symbols 

   density        

   dynamic viscosity         

   dimensionless temperature  

   electrical conductivity      

   kinematic viscosity       

   stretching/shrinking parameter 

   stream function 

   spin gradient viscosity        

   similarity variable 

   thermal diffusivity       

   time variable 

   unknown eigenvalue 

   volume fraction of the nanoparticles 

Subscripts 

   base fluid 

   solid particle 

    nanofluid 
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   condition at the surface 

   ambient condition” 
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