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An improved dual-phase-lagging model which reflects size effects caused by nano-
structures is utilized to investigate the 2-D thermal conduction of nanosilicon films 
irradiated by ultrafast laser. The integral transformation method is used to solve 
the conduction governing equation based on the improved dual-phase-lagging 
model. The variation of the internal temperature along the thickness direction and 
the radial direction of the thin film is analyzed. We find that the temperature in-
creases rapidly in the heated region of the film, and as time goes by, the energy 
travels from the heated end to another end in a form of wave. Although both the 
improved dual-phase-lagging model and the dual-phase-lagging model can obtain 
similar thermal wave temperature fields, the temperature distribution in the film 
obtained by the improved dual-phase-lagging model is relatively flat, especially for 
high Knudsen number. Under the same Knudsen number, the temperature obtained 
by the 2-D improved dual-phase-lagging model is higher than that obtained by 
the 1-D model, and the temperature difference becomes larger and larger as time 
elapses. 
Key words: ultrafast laser heating, size effects, dual-phase-lagging model, 

integral transformation method

Introduction

Ultrafast laser heating technology has the characteristics of high energy density, 
low ablation threshold, etc., it is widely used in thermal processing [1-3], information storage  
[4, 5], nanofilm preparation [6], and other fields [7]. The ultrafast laser heating technology 
has the characteristic of high precision, which makes it have an important position in medical 
fields [8], such as the production of fine medical equipment and fine medical operations. Due 
to its extremely short thermal action time and extremely high peak power, it often produces 
large temperature gradients in the thermal zone [9, 10]. Study the heat transfer phenomenon of 
ultrafast laser heating technology has become more and more important.

The classical Fourier’s law is a basic law describing the law of macroscopic heat con-
duction, but it can not accurately describe the heat transfer mechanism in an ultra-short time. 
Cattaneo [11] and Vernotte [12] proposed a CV heat conduction model based on Fourier’s law, 
and the relaxation time of the heat flow vector is used in it. Although the CV model can show 
some phenomena of ultra-fast heat transfer [13], it still not preciseness enough. Tzou [14] pro-
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posed a dual-phase-lagging (DPL) model which takes not only the relaxation time of heat flow 
vector but also the relaxation time of temperature gradient into account. This model can accu-
rately describe the mechanism of ultrafast heat transfer [15, 16]. In recent years, as a new type 
of nanomaterials, nanofilm has received extensive attention [17-19]. The ultra-small structure 
size and extraordinary physical properties make it have unique advantages in the fields of pho-
tonics, thermodynamics [20], medicine, energy devices [21], etc. Therefore, it has important 
theoretical value to study the heat transfer mechanism of ultrafast laser in ultra-short time and 
at ultra-small size for the preparation, thermal processing and phase transformation of films. 
However, the size effect caused by the ultra-small size complicates the thermal conductivity of 
nanofilms. The size effect of thin film refers to the effect of sudden change of properties when 
the thickness of thin film decreases to a certain degree, and the thermal conductivity of thin film 
will drop sharply with the decrease of thickness. Based on the extended irreversible thermody-
namic theory, a non-Fourier model reflecting memory and non-local effects was developed by 
Alvarez and Jou [22-25], and the effective thermal conductivity of the response size effect and 
related hysteresis parameters were proposed.

In this paper, an improved DPL heat conduction model reflecting the size effect is 
used to study the heat transfer problem of ultrafast laser heating of nanofilms, and the integral 
transformation method is used to solve the control equations. In this article, you can see how 
size effects affect the energy transfer of laser-heated thin films. It has important theoretical sig-
nificance for the thermal conductivity of nanofilms heated by ultrafast lasers.

Theoretical analysis

Improved DPL thermal conduction model

The DPL model proposed by Tzou [14] is shown:
( ) ( )0, ,q Tq r t T r tτ λ τ+ = − ∇ + (1)

where r is the position vector, t – the time variable, q – the heat flux, λ0 – the thermal conductiv-
ity of the material, ∇T – the temperature gradient, τq – the lagging time of the heat flow vector 
q, and τT – the lagging time of the temperature gradient ∇T. The effective thermal conductivity 
proposed by [22-25] can be expressed:
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After considering the memory and size effects, the DPL model is improved:
( ) ( ), ( ) ,e Tq r t L T r tτ λ τ+ = − ∇ + (2)

Mathematical derivation

The physical model of the laser irradiated 
on the surface of the silicon film is shown in 
fig. 1 [26], where r0 is the laser spot radius, δ 
is the longitudinal penetration depth of the la-
ser, H is the thickness of the film, and Kn = 
l/H where l is the mean free path of hot carriers 

Figure 1. Physical model/schematic diagram of 
ultrafast laser irradiation of silicon thin film
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and Lr is the radius of the film, Lr = 750 nm. The ultrafast laser irradiates the nanosilicon film 
vertically from the center of the film, and the contact surface between the film and the outside 
is a heat-insulating surface.

Combined with the energy conservation equation, the governing equation is obtained 
on the improved DPL model:
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where Cv is the specific heat capacity of constant volume, relaxation time τq = 𝓁/v, v is the av-
erage group velocity of hot carriers, and S – the energy absorption density of the laser [9, 10]:
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where J is the laser energy density, R – the surface reflectivity, r0 – the laser spot radius, δ – the 
laser penetration depth, and tp – the continuous heating time of the laser, the boundary and ini-
tial conditions are expressed:
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Introduce the dimensionless parameters:
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Arranged as dimensionless governing equation:
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In eq. (8), the ξ, ɛ, a, and b are intermediate parameters with no special meaning.
The boundary and initial conditions are shown:
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Solve eqs. (8)-(12) using integral transformation method, first perform integral trans-
formation on r*. Equation (13) is the inverse integral transformation on r*, and eq. (14) is the 
positive integral transformation on r*:

( ) ( )
( ) ( )

*
0* * * * * *

0

, , , ,
m

m
mm

J r
T r z t T z t

N

β
β

β

∞

=

= ∑ (13)

( ) ( ) ( )
1

* * * * * * * *
0

0

, , , , , dm mT z t r J r T r z t rβ β= ∫ (14)

where J0(βmr*) is the 0th order Bessel function of the first kind [27-29], solution forJ1(βmr*) = 0
 is βm, βm ≥ 0, m = 1, 2, 3..., N(βm) = 1/2J 20(βm).When m = 0, βm = 0, N(β0) = 1/2.

Then perform an integral transformation on z*, eq. (15) is the inverse integral transfor-
mation on z*, and eq. (16) is the positive integral transformation on z*:
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After sorting out, the original dimensionless governing equation is written:
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Equation (17) is a second-order non-homogeneous linear ODE, solve the expression 
of the dimensionless temperature after the positive integral transformation:
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make Δ = (1 + abγmn)2 – aγmn, the function and parameters in eq. (21) can be expressed:
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 – when Δ > 0 
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Apply eqs. (13) and (11) to eq. (19) in turn to do the inverse integral transformation, 
and finally obtain the solution of the dimensionless temperature in the dimensionless governing 
eqs. (8)-(10):
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If the thermal conductivity λ is equal to λ0, the heat flux relaxation time is equal to τq, 
the result of the aforementioned equation is the result of describing the problem based on the 
DPL model.

Results and discussion

Tables 1 and 2 show the physical parameters of silicon thin film and ultrafast laser 
[30]. The calculation parameters in the table are used for the following calculation results.

Table 1. Thermophysical and geometric parameters of silicon film

Name  Specific heat  
capacity, Cv [Jm–3K–1]

Thermal conductivity,
λ0 [Wm–1K–1]

The initial  
temperature, T0 [K]

Mean free path of 
hot carriers, l [nm]

Value 2.3 ⋅ 106 148 300 41

Table 2. Ultrafast laser parameters

Name Laser pulse duration,
tp [Ps]

Laser energy density, 
J [Jm–2]

Laser penetration 
depth, δ [nm]

Surface  
reflectance, R

Value 0.65 732 15.3 0.93

In order to verify the correctness of the 
expression of λ(L), we compare the effective 
thermal conductivity λ(L) of silicon thin film 
with the thermal conductivity λ0 of bulk silicon. 
Figure 2 shows when the thickness of the film 
is below 100 nm, the effective thermal con-
ductivity increases rapidly with the increase 
of the thickness, and the rate of increase of the 
effective thermal conductivity slows down as 
the thickness continues to increase, and finally 
gradually approaches the thermal conductivi-
ty of bulk silicon. When the film thickness is  
410 nm, the effective thermal conductivity is 
135.84 W/mK, and when the film thickness is  
41 nm, the effective thermal conductivity is 

only 40.24 W/mK, which shows that the thermal conductivity of the nanofilm at this time is It 
is greatly affected by the size of the film.

The heat conduction problem of nanosilicon film heated by ultrafast laser based on 
the improved DPL model is analyzed. Figure 3 shows the temperature distribution map of the 
film center position along the thickness direction at different time, t*. Where b = 0.2, b = τt/τq. 
It can be seen when the laser is irradiated to the film, the temperature at the center of the heated 
surface rises rapidly. The temperature of the film increases first and then decreases over time, 
this is because the laser continues to heat the film before t* = 1, so that the temperature of the 
film continues to rise, but after t* = 1, the laser no longer heats the film, and the heat is con-
tinuously transferred to the interior, causing the temperature to drop. The thickness of the film 
affected by the laser heat source increases. The amplitude of the temperature rise gradually 

Figure 2. Variation of effective thermal 
conductivity of silicon film with film thickness
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slows down along the thickness direction, and finally it reaches a steady-state. This is because 
in the thin layer near the surface of the silicon film, the temperature rise mainly comes from the 
irradiation of the laser light source. As the depth increases, the absorption of laser irradiation 
decreases, and the heat conduction in the film occupies the main position at this moment. As the 
depth of the film increases further, the energy generated by absorbing the laser heat source can 
be ignored, and the temperature rise inside the film is completely controlled by heat conduction.

It can be found by observing figs. 3(a)-3(d). When t* = 100, the temperature of the thin 
film with Kn = 0.1 has not reached a stable state along the thickness direction. Although the 
temperature of the film with Kn = 0.5 does not reach a completely stable state along the thick-
ness direction, the variation range of the temperature along the thickness direction is smaller 
than that when Kn = 0.1. When t* = 100, the temperature of the film with Kn = 1 has reached 
a stable state along the thickness direction, which is about 384.94 K. The film with Kn = 2 is 
along the thickness direction the temperature is about 491.22 K. It can be concluded that with 
the increase of Knudsen number, the time required for the temperature in the film to reach a sta-
ble state becomes shorter. It is also found from the figure that at the same time, the temperature 
at the center of the heated surface of the film increases with the increase of Knudsen number, 
and the temperature maintained inside the film in the steady-state increases with the increase 
of Knudsen number. This is because with the increase of Knudsen number, the film thickness 
decreases and the thermal conductivity becomes smaller, which reduces the energy received in-
side the film. In addition, the adiabatic boundary condition selected in this paper also causes the 

Figure 3. The temperature distribution diagram of the center position of the thin 
film along the thickness direction of the improved DPL model at different time t *; 
(a) Kn = 0.1, H = 410 nm, (b) Kn = 0.5, H = 82 nm, (c) Kn = 1, H = 41 nm, and  
(d) Kn = 2, H = 20.5 nm
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temperature at the center of the heated surface of the film to rise with the increase of Knudsen 
number. At the same time, the shortening of the film thickness will cause the energy absorbed 
per unit thickness to increase, so the temperature of the film along the thickness direction in-
creases with Knudsen number in the steady-state.

There is no temperature bump phenomenon in the improved DPL results. Although 
the improved DPL considers the hysteresis effect of the heat flow vector and temperature gra-
dient, the thermal conductivity of the film is far from the macroscopic thermal conductivity 
due to the consideration of the size effect of the film at the same time, resulting in insufficient 
accumulation of energy inside the film to make the temperature at the next point It is higher 
than the previous one, but it is worth noting that the heat inside the film is still propagated in 
the form of waves.

Figure 4 shows the temperature distribution along the radial direction at the center 
of the heated surface of the film at different times t*. Where b = 0.2, and the radial size of the 
film remains unchanged. It can be seen from the figure that the temperature at the center of the 
heated surface of the film increases rapidly with time and then decreases, and the radial size 
affected by energy disturbance also increases gradually. These phenomena are consistent with 
the thickness direction in qualitative analysis. It is worth noting that the size range of energy 
sweep along the radial direction of the internal temperature of the film is smaller than that in 
the thickness direction at the same time. This phenomenon is not difficult to explain. As can be 
seen from the expression of laser energy density, the energy carried by the laser in the radial 
direction is far less than that in the thickness direction, so the energy accumulated along the 

Figure 4. The radial temperature distribution diagram of the central position of the thin  
film at different time t* of improved DPL; (a) Kn = 0.1, H = 410 nm, (b) Kn = 0.5, H = 82 nm, 
(c) Kn = 1, H = 41 nm, (d) Kn = 2, H = 20.5 nm
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radial unit length of the film is far less than that in the thickness direction. It causes the fluctu-
ation of heat in the radial direction be less than that in the thickness direction. As can be seen 
from figs. 4(a)-4(d), with the increase of Knudsen number, the temperature at the center of the 
heated surface of the film increases, and at the same time, the internal radial temperature also 
increases. This is because with the shortening of the thickness size, the heat absorbed per unit 
volume of the film increases with the increase of the heat per unit thickness size. Figure 4 also 
shows that as time goes on, even though the radial size affected by the laser heat gradually in-
creases, it does not transfer to the radial edge of the film. This is caused by two reasons. One is 
that the energy carried by the laser in the radial direction is low, so the heat wave has reached a 
stable state before reaching the radial edge. The second reason is that the radial size is 750 nm, 
which is larger than the thickness direction, so the thermal wave effect displayed is not obvious 
compared with the thickness.

 Figure 5 shows the effect of the temperature gradient hysteresis time based on the 
improved DPL heat conduction model on the internal heat conduction process of the film.  
Figure 5(a) shows the temperature distribution of the film at different b when Kn = 0.1 and  
t* = 10. It can be seen from the figure that the temperature distribution of the film changes more 
slowly with the increase of b. This is because with the increase of b, the lag time of temperature 
gradient in the film increases. When b = 0, the temperature near the surface of the film is basi-
cally the same as the temperature at the surface of the film, then it drops rapidly. This is because 
the temperature hysteresis effect inside the film is not considered when b = 0, resulting in more 
energy accumulation inside the film. This phenomenon also explains that heat is transferred 
in the form of wave in the improved DPL heat conduction model. Figure 5(b) shows the film 
temperature distribution with different b when Kn = 0.5 and t* = 10. It can be seen from fig. 5(b) 
that the temperature near the film surface drops slowly when b = 0, and then decreases rapidly 
with the increase of depth, and the film temperature changes more gently with the increase of 
b. We can get a conclusion: If the lag time of the temperature gradient in the film is larger, the 
temperature distribution inside the film is smoother and the time required to reach a stable state 
is shorter.

Figure 5. Temperature distributions of thin films along the thickness direction at  
different b values at t * = 10; (a) Kn = 0.1, H = 410 nm and (b) Kn = 0.5, H = 82 nm

In order to show the influence of the size effect on the thermal wave in the film, the 
improved DPL (imp) result when b = 0.2 is selected here for comparison with the DPL result, as 
shown in fig. 6. The temperature peak of the film in the improved DPL results always exists in 
the center of the heated surface, while the temperature peak in the DPL results will appear inside 
the film. This is because the thermal conductivity of the film in the DPL is greater than that of the 
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improved DPL, the energy received inside the film is more than that of the improved DPL. Due 
to the hysteresis effect of the heat vector, a bump in temperature occurs when energy builds up at 
a point that makes the temperature higher than the previous point. In the initial heating stage, the 
temperature at the center of the heated surface of the film simulated by DPL is higher than that 
of the improved DPL. With the increase of heating time, the temperature of the improved DPL is 
gradually higher than that of the DPL. The time when the improved DPL is higher than that of the 
DPL is more and more earlier with the increase of Knudsen number. When Kn = 2 and t* = 0.2, the 
temperature at the center of the heated surface is higher than that in the DPL model. Observing  
fig. 6(a)-6(d), we can also find that it takes a shorter time to reach a stable state based on the 
improved DPL model. This is because the size effect of the nanofilm is used in the improved 
DPL thermal conductivity model, resulting in a low internal thermal conductivity of the film. 
The internal temperature of the film is always lower than the temperature at the center of the film 
surface before reaching the stable state, and gradually decreases along the thickness (radius) of 
the film. It saves the time required for the reciprocating cycle of the internal temperature of the 
film in the DPL model from low to high and then low. In summary, the size effect in the structure 
of the nanofilm makes the internal thermal conduction process of the film more complex, and the 
influence on the internal thermal conductivity of the film is also not negligible.

Figure 6. Improved DPL and DPL results; (a) Kn = 0.1, H = 410 nm,  
(b) Kn = 0.5, H = 82 nm, (c) Kn = 1, H = 41 nm, and (d) Kn = 2, H = 20.5 nm

Figure 7 shows the temperature distribution of 1-D and 2-D DPL in the thickness 
direction. The 2-D result of temperature in thickness direction is lower than that in 1-D at the 
same time, and the temperature difference becomes larger and larger as time elapses. This is 
because the 2-D thermal conductivity model takes the radial dimension of the film into account. 
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The energy carried by the laser in the radial direction is less than that in the thickness irection, 
resulting in the energy transferred in the thickness direction the radial direction, and the energy 
is transferred more and more over time. Therefore, if the radial dimension of the film is con-
sidered, the calculation results of the internal temperature of the film will be greatly affected.

Figure 7. Comparison analysis diagram of 1-D and 2-D improved DPL results;  
(a) Kn =0.5, H = 82 nm and (b) Kn=1, H = 82 nm

Conclusion

In this paper, the integral transformation method is used to study the heat conduction 
problem of ultra-fast laser heating nanosilicon film based on an improved DPL model which 
reflects size effects. The results show that the temperature in the film increases first and then 
decreases with time. In the thin layer near the surface of the silicon film, the temperature rise is 
mainly caused by the irradiation of the laser source. The heat conduction in the depth direction 
of the film gradually occupies a dominant position. The longer the temperature gradient lag 
time in the film, the less time it takes for the temperature inside the film to reach a steady-state. 
By comparing the results of the improved DPL and DPL, the temperature distribution in the 
film obtained by the improved DPL model is relatively flat after considering the size effect 
inside the film, and the peak temperature of the film is always located in the center of the film. 
The size effect in the nanostructure has an important influence on the thermal conductivity pro-
cess inside the film. The temperature in the thickness direction of the 2-D model is lower than 
that in the 1-D model, so the radial dimension of the film can’t be ignored when studying the 
thermal conductivity of the laser heated nanofilms.
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Nomenclature
Cv – specific heat capacity, [Jm–3K–1]
J – laser energy density, [Jm–2]
l – mean free path of hot carriers, [nm]
R – surface reflectance, [–]
T0 – initial temperature, [K]
tp – laser pulse duration, [ps]

Greek symbols

δ – laser penetration depth, [nm]
λ0 – thermal conductivity, [Wm–1K–1]
v – average group velocity of  

hot carriers, [nmps–1]
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