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The theory of geometric functions was first introduced by Bernard Riemann in
1851. In 1916, with the concept of normalized function revealed by Bieberbach,
univalent  function concept has found application area. Assume

f(2)=z+%7,(a,z") converges for all complex numbers z with z|<1, and
f(2)is one-to-one on the set of such z. Convex and starlike functions f(z) and g(z)
are discussed with the help of subordination. The f(z) and g(z) are analytic in unit
disc and f(0)=0, ' (0)=1, and g(0)=0, g'(0) — 1 = 0. A single valued function
f2) is said to be univalent (or schlict or one-to-one) in domain D — C never gets
the same value twice; that is, if f(zl) f(z,)#0 forall zy and z, with z) #z,. Let
A be the class of analytic functions in the unit disk U ={z: |z| <1} that are nor-
malized with f(0)=0, Zf 0)=1. In thls paper we give the some necessary condi-
tions for f(z)eS [a,a”] and 0<a’*<a<l

S @Q DI~ @]+ (2)
211 (P
This condition means that convexity and starlikeness of the function f of order 27.
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Introduction

Let 4 be the class of analytic function in the unit disk that are normalized with
f(0)=0, f(0)=1. Function f(z)=z+ZX,.,(a,z") is said to be convex of order a in the
opendisk U={zeC :|z| <1} if f(z) is analytic in D and satisfies:
EACN
S (Z)
for some real (0 <« <1). This family of functions was introduced by Robertson [1]. A func-
tion f(z)=z+%, ,(a,z") is called starlike of order a in U.
If f(z) in analytic and satisfies:
Re 76 >a
/(@)
in*U for some real a(0<a <1). This class was also introduced by [1] and we degote by
S (). Here [2] and [3] show that, if it is obtained as f(z) € K(@), itwillbe f(z)e S ().
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If we denote the function class 4 then f{z) is analytics on the unit disk U ={z: |z| <1}
and normalized by f(0)=0 and f'(0)=1[4-6].

Moreover, let f,g € A. Then we say that f{z) is subordinate to g(z), and we write
f(z) < g(z),, if function #(z) in the unit disk U is analytic, so that #(0)=0, t(z)| <1 and
f(z)=g[t(z)],with all zeU. In particular, if g(z) is univalent in the unit disk U then
f(2) < g(z)if and only if A0) = g(0) and f(U)c g(U). If 0<a®><a<1 then important
class is defined by:

S*[a,a2]={feA'Zf'(Z)< 1+az}

" f(2) 1+d’z

A new class S'[a,a] is defined at regular intervals using subordination properties.
Here the 0<a” <a <1 is arranged for the desired range.

In geometric terms, this means that the diameter U is inside open unit disk centered
on real axis with endpoints (1—a)/(1—a®)=1/(1+a) and (1+a)/(1+a*) by [zf ')V (2)].
Special selection of @ and a’ takes us to the following classes:

S*[O, 1= S" is in the class of starlike:

ST 1-2"",-)=85"27"), 0<27" <1

is the class of starlike functions of order 2. Additionally, K*(2™"), 0<2™" <1, is tPe class of
convex functions of order 27, identified by f(z) € K(27") if and only if zf'(z)e S (27") so:

Re{l +M} >27 zeU
/')
In this article we will study the class:

0,, - PEPRIACTe: SIEFACILE @), ZGU}
| 211 |

0<27" <1, u>0 and give sufficient conditions to embed it in classes S [a,a’] and
K(Q2™), 0<27" <1. The results we have obtained will be compared with the previously

known results. To this end, we will use the following lemma from first-order differential sub-
ordinates theory [7-10].

Instructions

Lemma 1. Let ¢(z) be univalent in the unit disk U, and let 8(w) and @¢(w) be analyt-
ic in a domain D containing g(U), with ¢(w)#0 when we q(U). Set O(z) =zq'(z)@[q(2)],
h(z)=0[q(z)]+ O(z) and if we assume:

1. O(z)eS"; and

2h'@) _ . {9’[q(z)] 20 '(z)} 20, zeU
0(z) a(2)]  O(2)
p(2) is analytic in U, with p(0) =¢(0), p(U) < D and:

OLp(=)]+ 2p (L p()] < Olg(2)] + 24 '(2)g(2)] = h(2) (M)
then p(z) <¢(z) and g(z) is the best dominant of (1) [11].

ii. Re
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Lemma 2. Let the h(7) analytic functions with 4(0) = 1 be class 4. Open unit disk
U =U" U {0} is analytic. Hence:

Reh(z)>0, (zel)

We can say that f(z) and g(z) analytic in the unit disk U ,f'is subordined to g and
written as f < g;

f(z)<g(2), (zeU)

If class A has an analytic function of v(z), it is v(z) < |z| and f(z) = g[v(z)]. Also, if
the function g is univalent in unit disk U then:

f(z)<g(2) = f(0)=g(0)and f(U)=gU), (zeU)

Let 2(0) = 1 and h(z) is analytic function then /(z) is in class 4. The U =U" U {0} is
analytic in the open unit disk and where:

Reh(z)>0, (zeU")

If w(z) is an analytic function, we write w(z)<|z| and f(z)=g[w(z)], (zeU").
So if function g(z) is univalent in U then [12]:

f(z)<g(z) < f(0)=g(0)and f(U)c gU), (zeU")

Main results and consequences

We will show our proof for the following result by using Lemma [ and Lemma 2
with the results we obtained initially.
Theorem. Let [ e A, 0<a<1 and (1+|a))/(3+|a)) <27 <I.

If
S@Q DO=SEN+LE) yr g grrylra’z 272a=a")
21f'(2)F 1+az (1+ az)?
_ 1+a°z N a222(1+2a)+az(25+a)+3 — (2)
1+az 2" (1+az)

then f e S*[a,az]. In this way, we get our result.

Proof: We choose r(z) =[f(2)l/[zf"(2)], s(z)=(1+ azz)/ 1+ az),

The H(1)=(1-2"")t+2"" and O(t)=-2"". Then s(z) is convex, thus univalent, be-
cause 1+[zs"(2)]/[s'(z)]=(1—az)/(1+az); H(t) and O(¢) are analytic in the domain D =C
which contains s(U) and 6(¢) when ¢ € s(U). Further:

-re 2
P(2) = 25 ()Os(2)] = L)%
+az)

is starlike because [zP'(z)]/[P(z)]=(1—az)/(1+ az) . Further:

2 2.2
h(z) = 9[s(z)]+ P(z) = lliaazz R (Za; 3:;1;(;1 +5)+3
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and
h' 2
ReZME) _pe(1-27+ S1-2 +—=— zeU
P(2) 1+az 1+ |a

which is equal to or greater than zero, if and only if 27" > (1+ |a|)/(3 + |a|). From Lemma, it
follows that r(z)<s(z); ie. feS [a,a’]. The result is sharp as the functions ze® and
z(1+a’2)" show in the cases @* = 0 and a # 0, respectively.

Remark 1: According to the definition of subordination, the result of Theorem 1
means that 2(U) is the largest region in the complex plane:

£ -D[1- ()] +2f"(2)
2'f')F

eh(U) forall zeU

then 7/(z)eS [a,a’].
The following corollary embeds O, into S'[a,a*).
Corollary. Oy,z" c S[a,a*] when (1+ |a|)/(3 + |a|) <27 <1 and:
C(a-a)(1-2"")]d-(1-327)
- (1+]a])?

This result is certain, that is, given u is the largest, so inclusion is valid.
roof. To prove this result, due to Theorem I, it is sufficient to show that:
pu=min{{h(z)—(1- 2_r)‘ : |z = 1|} = /1, , where h(z) is defined as in the expression of the theo-
rem and:

a(1-2")z =327 +1

h(z)—-(1-2"")=-az(l-a) (l+az)2

Moreover, let:

- 2
o) = ”7y (12| =

[1-2")a® +(2=-32")1=2")av+ (1 +3.277)?]
(1+2av+ a’ )2

v=cos(fr/2) e[-1,1]. Thus £ =min{\/p(v):-1<v<1}.
If  27<1/2 then 1-27" >0 and  having in  mind that
1-327"< —[(2|a|)/ G+ |a|)] <0 we receive that ¢(v) is a function with a certain univalent

and:
fv=min {Jp(=D), (=D} = min{| (- - (1-27) J=u

The last equality is valid because 1-3.27" +a(1— 2 )z > 0 is equivalent to:
*lal  1-ld
+ |a| 3 2|a|

- —(a- a2)2

h(1)—(1-27")

b

—

27>

W
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If 27" >1/2 we have the following analysis. Equation ¢',(v)=0 has the unique-
ness of the solution:

_ d(1-27)(-2")+(1-327)(1-2")
' 2a(1-2"")(1-327")

It can be verified that

ve| >1 is equivalent to:

E@,2)=a’(1-27)1-2"")=2|a|(1-2"")(1-327")+(1+327)(1-2")>0

Now, &(a,27") s decreasing function of |a|€[0,1] that means
E(a,27")=E(1,277)=2"%">0. Thus |v*| >1 that means ¢(v) is a univalent function on
[-1, 1] leading to:

a=min{{/p(v) :-1<v <1} =
= min{\Jp(~1),/p(D | = min{‘h(—l) —(1-2")

At the end, the function:

h(1)—(1-27")

b

}

_ a2 _ 2]*]‘(2 _ a2)

— 217}' 1
(1+a)*(1-a)?

7(@,27)=[h()-(1-27)

~[p-n-a-27)

has the inverse sign of the sign of coefficient 4. Therefore:
[h)-a-27)
[A(-1--27)

R a>0

a= =u

, a<0

The sharpness of the result is due to the clarity of Theorem I (in Remark 1) and the
fact that the resulting u is the largest that embeds the disk |t —(1—27")|< & in A(U). The ex-
ample below shows some concrete conclusions that can be drawn from the results of the pre-
vious section by specifying the 27", a,a” values.

Example 1. Let 0<a® <a<l:

2

. * a—a
1) O , cS'[a,a®] when y=———
ﬂ% 2(1+|a|)2
* 2—|a|

i) 0,,cS[a,a’] when u=(a—a*)— "

! # ) 2(1+]al)?

" 1- 1+ 8-
iii) O | cS'[a,a*] when ﬁz-ﬂ and ,u=(a—a2)ﬂ—ﬂ|2a|
g 1+q| 2(1+]al)

. * 2 1 _r
iv) Oy’z,r c S [a,a”] when ES 27" <1 and u= e

v) O,,. gS*[a,az]cS*(l/l—az) when %SZ"S],OQ@S] and pu=a’(1-327").
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Given u is the greatest value so inclusions are valid.

Remark 2. The result from Example 1 (i) is the same as in Corollary in [13]. Also,
for 27" =1/2 in Example 1 (v) we receive the same result as in Theorem [ from [14]. Eventu-
ally, for 27" =1 and a® =1 in Example 1 (v) we receive the same result as in Corollary from
[15]. Next theorem studies connection between O, and the class of convex functions of
some order.

Theorem 2. O, ,. < K(2—- 2") when 1/2<27" <1 and:

_ (1-27)327 -1
J25.27% =227 11y

. Proof. Let f eOﬂ , and a* = u/(1-3.27"). Then, by Example 1 (v) we have
fes0,a’], ie.:
PACI
zf'(2)

<a2, zeU

Further:

yr 27 3"E)

72y ey ) f'(2)
eI E IEAC)
f(2)

and for all ze U we obtain:

NG

'@ o (2| [
arg[1+ s 242 } <|arg 1 |+ arg FA0) ‘
/(@)

2
< arcsina’® + arcsin H arcsin # V11— at +a% J1- ad 5= arcsinl = z
1-27 -2 [(1-a) 2

so feK(2-2").
Example 2. For 27" =1/2 and 27" =1/(2— ) from the previous theorem with the
results we obtained:

N

1) O | <K when y=—
ﬂaE 4
i) O |, cK(f)when 0< <1 andpu=

1- 7
"2 p @-pN20+ %)
Remark 3. By putting 2" =2- 3, 0< <1, we receive the result from Theorem 2
in [16].
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Conclusion

In this study, the principles of functions starlike and convex are investigated. In ad-
dition, analytical functions and their properties are discussed. Convexity of analytic functions
are examined and proofs for 27" grade cases are obtained. By considering functions K and S,
proofs of these functions are obtained by subordination. The relationship and transformations
between the O,>" < K(2 — 2") shaped O,>" and K(2 — 2") were obtained by subordination
method. Examples of these are shown. A new subclass O, has been created.
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