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Introduction 

The concept of interval valued fuzzy set was introduced by Zadeh [1-4]. Gorzalcza-

ny, Gratten-Guiness, Jahn, Sambuc, and Turksen [5-10] examined the properties of interval 

valued fuzzy sets. It is important to search properties of interval valued fuzzy sets on different 

structures. Specially, Mondal and Samantha [11] studied the topological properties of interval 

valued fuzzy sets. 

The α-interval valued fuzzy set was defined by Cuvalcioglu, Bal and Citil. Algebraic 

properties of these sets were studied by same authors. The definition of level subset of α-inter-

val valued fuzzy set was given and some properties of these level subsets were examined by 

same authors. Fuzzy subgroups were defined by Rosenfeld [12]. The definition of interval 

valued fuzzy subgroups was given by Biswas [13]. Many authors studied interval valued 

fuzzy subgroups and fuzzy sets [14-18]. In this paper, D(I)  represents all closed sub-intervals 

of unit interval  I 0,1 .  The definition of αD(I )  is given below. The αD(I )  is called  

α-interval valued set. 

Definition 1. 
L U

αD(I ) [M ,  M ;α]α I     is called α-interval valued set. In order to 

make easy, it is shown that: 

       L UM , M ;α α I M;α M D I  and α M      
 

 

Order relation on αD(I )  is defined. 

–––––––––––––– 
* Corresponding author, e-mail: arif.bal.math@gmail.com 
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Definition 2.      αM;α , N;α D I  , 

     L L U UM;α N;α : M N  and M N     

It is easily seen from definition: 

    M;α N;α  

 
L L U U L L U U L L U UM N , M N  or M N ,  M N  or M N ,  M N          

Proposition 1. αD(I[ ), ]  is partial ordered set. 

By the help of order relation on αD(I ), the definitions of supremum and infimum on 

this set are given. 

Definition 3.      α  M;α , N;α D I ,   

i.         L L U Uinf M;α , N;α inf M ,N ,sup M ,N ;α 
 

 

ii.         L L U Usup M;α , N;α sup M ,N ,inf M ,N ;α 
 

 

Lemma 1. αD(I )[ , ],   is complete lattice with units  0,1;α  and  α,α;α . 

Proposition 2. α I,   

 α
α I

D(I ) D(I)


  

The function which satisfies following conditions is called negation function. 

Definition 4. L is complete lattice with units 0 and 1.   : L L and  a,b L,    

i.    0 1 and  1 0   

ii.    a b : a b    

iii.   a a  

The following function is a negation function on αD(I ).  
Proposition 3.        α α αM;α D I  and  :D I D I   , 

    L UM;α α M ,1 α M ;α    
 

 

 satisfies conditions of Definition 4. 
Definition 5. Let X be universal set and    αA;α :X D I  be function: 

       L UA;α <x,   A x ,A x ;α x X     
  

 

where; 
L UA : X [0,1] and A : X [0,1]    are fuzzy sets. 

In order to make easy, it is shown that: 

        L U<x,   A x ,A x ;α x X <x,A x ;α x X             
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 A;α  is called α-interval valued fuzzy set on X. The family of α-interval valued 

fuzzy sets on X is shown by α-IVFS(X). 

Complement, inclusion, equation, intersection and union of α-interval valued fuzzy 

sets are given below. 

Definition 6. Let X be universal set and [A;α],[B;α] α  IVFS(X). The Λ is index 

set λ Λ   

i.  c L UA ;α x, α A (x),1 α A (x) ;α x X           
    

 

ii.     L L U UA;α B;α : x X,A (x) B (x) and A (x) B (x)     

iii.     L L U UA;α B;α : x X,A (x) B (x) and A (x) B (x)       

iv.       L L U UA B;α x, inf A (x),B (x) ,sup A (x),B (x) ;α x X      
   

 

v.       L L U UA B;α x, sup A (x),B (x) ,inf A (x),B (x) ;α x X      
   

 

vi.    L U
λ Λ λ λ Λ λ λ Λ λA ;α x, A (x),V A (x) ;α x X  

      
  
  

vii.    L U
λ Λ λ λ Λ λ λ Λ λA ;α x, A (x), A (x) ;α x XV        

  
 

The algebraic properties of α-interval valued fuzzy sets are expressed. 

Proposition 4. Let X be universal set. The [A;α],[B;α],[C;α] α   IVFS(X) and 

Λ is index set  λ Λ:   

i.    A B;α B A;α  

ii.    A B;α B A;α  

iii.           A;α B C;α A B;α A C;α  

iv.           A;α B C;α A B;α A C;α  

v.       λ λ λ λA;α B ;α A B ;α     

vi.       λ λ λ λA;α B ;α A B ;α     

Features about complement of α-interval valued fuzzy sets are stated following 

proposition. 

Proposition 5. Let X be universal set. The [A;α],[B;α] α   IVFS(X) and 

Λ is index set  λ Λ:    

i.    
c

cA ;α ;α A;α
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ii.   
c c cA B;α A B ;α 

 
 

iii.   
c c cA B;α A B ;α 

 
 

iv.   
c c

λ Λ λ λ Λ λA ;α A ;α 
 
 

 

v.   
c c

λ Λ λ λ Λ λA ;α A ;α 
 
 

 

Proposition 6. Let X be universal set. The    0 : X 0,1;α  and 1 :X α,α;α : X X  

i.  
c

0 1X X  

ii.  
c

1 0X X  

Definition 7. Let X be universal set and  A;α α  IVFS(X): 

  A;α  has sup property  

        1 2 α 1 2: x X, λ ,λ ;α D I A x ;α λ ,λ ;α        

Definition 8. Let X be universal set and [A;α] α  IVFS(X). 

1 2 αλ ,λ ;α D( ,] I )[    

     
1 2

L U
1 2λ ,λ ;α

(A;α x XA x λ a) nd A )x λ(      

The set 
1 2[λ ,λ ;α][A;α]  is called 1 2[λ ,λ ;α]-level subset of [A;α] . It is easily seen from 

definition, 1 2[λ ,λ ;α]-level subsets of [A;α]  are crisp sets. 

Definition 9. Let X be universal set and [A;α] α  IVFS(X). 

1 2 αλ ,λ ;α D( ,] I )[    

1 2[λ ,λ ;α][A;α] -level subsets of [A;α],  

i.  
1

L L
λ 1A x X A (x) λ     

ii.  
2

U U
λ 2A x X A (x) λ     

iii.  
1

L L
λ 1B x X B (x) λ     

iv.  
2

U U
λ 2B x X B (x) λ     

The relations between level subsets of α-interval valued fuzzy sets and crisp sets are 

given. 

Proposition 7. Let X be universal set and [A;α],[B;α] α  IVFS(X). 

1 2 α[λ ,λ ;α] D(I )   and I is index set, i j αi, j I, λ ,λ ;α D(] ),[ I     
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i.       
1 2

1 2λ ,λ ;α
x A;α A(x);α λ ,λ ;α  

ii.    1 21 2

L U
λ λλ ,λ ;α

A;α A A   

iii.   
 1 2λ ,λ ;α

A B;α  

          
1 2 1 21 2 1 2

L U L U
λ λ λ λλ ,λ ;α λ ,λ ;α

A;α B;α A B B A     

iv.   
 

     1 2 1 21 2
λ ,λ ;α λ ,λ ;αλ ,λ ;α

A B;α A;α B;α  

v. 
1 2

L L
λ λA A  

vi. 
1 2

U U
λ λA A  

vii. 
λ ii i I

L
λ

I

A AL

i





  

viii. 
λ jj j I

U U
V λ

I

A A
j




  

The α-interval valued fuzzy subgroups 

As a result of previous discussions about α-interval valued fuzzy sets, the definition 

of α-interval valued fuzzy subgroup is given below. The α-interval valued fuzzy subgroup on 

α-IVFS(G) is shown by α-IVFS(G, [A;α] ). 

Definition 10. Let G be group and [A;α] α  IVFS(G). x, y G,   

i.       A(xy);α inf A(x);α , A(y);α   

ii.  1A(x );α A(x);α  
 

  

Example 1. For ( , )  abelian group: 

1

3

1
α ,   the function A : D I

3

 
   

 
 

, 

 
1 1 1 1

A(0); , ;
3 3 3 3

   
   

   
 

and 

 

1 2 1
, ; ;  is even and  0

4 3 31
A(k);

3 1 5 1
, ; ;  is odd

5 6 3

k k

k

 
 

  
  

   
   

 

1/3-interval valued fuzzy subgroup. 
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Solution. 

1. k,m  are given arbitrary. 

1. situation  

k and m are even. 

 
1 2 1 1 2 1 1 1

k m , ; , ; A(k); A(m);
4 3 3 4 3 3 3 3

       
           

       
 

2. situation  

k and m are odd. 

 
1 5 1 1 5 1 1 1

k m , ; , ; A(k); A(m);
5 6 3 5 6 3 3 3

       
           

       
 

2. 

 
1 2 1 1 5 1 1 1 2 5 1 1 5 1

inf , ; , , ; inf , ,sup , ; , ;
4 3 3 5 6 3 4 5 3 6 3 5 6 3

            
            

            
 

1. situation  

Let k and m be even, then k m  is even. 

 

1 1 2 1 1 2 1 1 2 1 1 2 1
A(k m); , ; inf , ; , , ; , ;

3 4 3 3 4 3 3 4 3 3 4 3 3

1 1
inf A(k); , A(m);

3 3

          
              

          

    
     

    

 

2. situation  

Let k be even and m be odd, then k m  is odd. 

 

1 1 5 1 1 2 1 1 5 1 1 5 1
A(k m); , ; inf , ; , , ; , ;

3 5 6 3 4 3 3 5 6 3 5 6 3

1 1
inf A(k); , A(m);

3 3

          
              

          

    
     

    

 

3. situation  

Let k be odd and m be even, then k m  is odd. 

 

1 1 5 1 1 5 1 1 2 1 1 5 1
A(k m); , ; inf , ; , , ; , ;

3 5 6 3 5 6 3 4 3 3 5 6 3

1 1
inf A(k); , A(m);

3 3
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4. situation  

Let k and m be odd, then k m  is even. 

 

1 1 2 1 1 5 1 1 5 1 1 5 1
A(k m); , ; inf , ; , , ; , ;

3 4 3 3 5 6 3 5 6 3 5 6 3

1 1
inf A(k); , A(m);

3 3

          
              

          

    
     

    

 

3. 

1. situation  

Let k be even, then k  is even: 

 
1 1 2 1 1 2 1 1

A( k); , ; , ; A(k);
3 4 3 3 4 3 3 3

       
          

       
 

2. situation  

Let k be odd, then k  is odd: 

 
1 1 5 1 1 5 1 1

A( k); , ; , ; A(k);
3 5 6 3 5 6 3 3

       
          

       
 

A satisfies the conditions of α  IVFS(G,[A;α]). 

Proposition 9. Let G be group and α IVFS(G,[A;α]) . The x G,   

i.  1A(x );α A(x);α  
 

  

ii.    A(e);α A(x);α  

Proof. x G  is given arbitrary: 

i.      1α IVFS G, A;α A(x );α A(x);α   
 

… (1) 

    1 1 1 1A (x ) ;α A(x );α A(x);α A(x );α          
    

 … (2) 

From inequalities (1) and (2): 

  1A(x );α A(x);α  
 

 

ii.     1 1A(e);α A(xx );α inf A(x);α , A(x );α     
   

 

       inf A(x);α , A(x);α A(x);α   

Proposition 10. Let G be group and [A;α] α  IVFS(G). x, y G,   

       1α IVFS G,[A;α] A(xy );α inf A(x);α , A(y);α   
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Proof: x, y G  are given arbitrary. 

" "   

        1 1A(xy );α inf A(x);α , A(y );α inf A(x);α , A(y);α     
   

 

" "   

i.         1A(e);α A(xx );α inf A(x);α , A(x);α A(x);α   
 

 

       1 1A(x );α A(ex );α inf A(e);α , A(x);α A(x);α       
   

 

ii.       1 1 1A(xy);α A x(y ) ;α inf A(x);α , A(y );α      
  

 

     inf A(x);α , A(y);α  

Proposition 11. Let G be group and [A;α],[B;α] α  IVFS(G). 

      α IVFS G,[A;α]  and α IVFS G,[B;α] α IVFS G,[A B;α]     

Proof. x, y G  are given arbitrary. 

    1 L 1 L 1 U 1 U 1( ) ((A B)(xy );α inf A xy ,B xy ,) ( )sup A xy ,B xy( ) ;α       
   

 

 

         L L L L U U U Uinf inf A (x),A (y) ,inf B (x),B (y) ,sup sup A (x),A (y) ,sup B (x),B (y) ;α 
  

 

 

          L L L L U U U Uinf inf A (x),B (x) ,inf A (y),B y ,sup sup A (x),B (x) ,sup A (y),B (y) ;α 
  

 

 

        L L U U L L U Uinf inf A (x),B (x) ,sup A (x),B (x) ;α , inf A (y),B (y) ,sup A (y),B (y) ;α   
   

 

     inf (A B)(x);α , (A B)(y);α  

Proposition 12. Let G be group and I be index set, i Ii I,[A ;α] α    IVFS(G). 

    i I i I iα IVFS G,(A ;α) α IVFS G,[ A ;α]     

Proof. x, y G  are given arbitrary. 

        1
i I i I i I i Iα IVFS G, A ;α A (xy );α inf A (x);α , A (y);α
   

   
 

 

  1 L U L U
i I i I i I i I i IA (xy );α inf A (x),A (x);α , A (y),A (y);α
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    1 L L U U
i I i I i I i I i IA (xy );α inf A (x),A (y) ,sup A (x),A (y) ;α
    

   
   

 

   1 L 1 U 1
i I i i i

i I i I
(A (xy );α A xy ), y ;(A x α)V  


 

    
    

 

    L L U U
i i i i

i I i I
inf A (x),A (y) , V sup A (x),A (y) ;α

 

  
  

 

    L L U U
i i i i

i I i I i I i I
inf A (x), A (y) ,sup V A (x), V A (y) ;α

   

   
  

 

  L U L U
i i i i

i I i Ii I i I
inf A (x), V A (x);α , A (y), V A (y);α

  

   
     




  

     i I i i I iinf A (x);α , ( A )(y ;) α( )   

   i I iα IVFS G, A ;α   

Proposition 13. Let G be group. 

   1 2 α[α IVFS G,[A;α] λ ,λ ;α D(] I )     

 
1 2[λ ,λ ;α] 1 2[A;α] , [ λ ,λ ;α] level subset of [A;α] is subgroup of G.   

Proof.  

" "   

          1 2 α 1 2x G,   λ ,λ ;α D(I ),   A(x);α λ ,λ ;α x G,   A(e);α A(x);α        

      1 2 1 2λ ,λ ;α λ ,λ ;α
e A;α A;α     

1 2[λ , ]λ ;αx, y [A;α]  are given arbitrary. 

        1 2 1 2A(x);α λ ,λ ;α  and  A(y);α λ ,λ ;α   

          1 2

1 1
1 2 λ ,λ ;α

A xy ;α inf A(x);α , A(y);α λ ,λ ;α x A) y ;( α      
 

 

" "   

Assume  1
0 0 0 0 0 0x , y G,  A(x y );α[ ] ([inf A x , α ]) )A(y ;    

        0 1 2 0 1 2( )A(x );α a ,a ;α ,   A y ;α b ,b ;α  is taken,   

       1 2 1 2 1 2λ ,λ ;α inf a ,a ;α , b ,b ;α  is chosen,  

 
             

             

1 2

1 2

0 1 2 1 2 1 2 1 2 0 λ ,λ ;α

0 1 2 1 2 1 2 1 2 0 λ ,λ ;α

A(x );α a ,a ;α inf a ,a ;α , b ,b ;α λ ,λ ;α x A;α

A(y );α b ,b ;α inf a ,a ;α , b ,b ;α λ ,λ ;α y A;α
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          1
0 0 0 0 1 2 1 2A x y ;α inf A x ;α , A(y );α inf( ) a ,a ;α , b ,b ;α( )   

 
 

     1 2

1
1 2 0 0 λ ,λ ;α
λ ,λ ;α x y A;α    

is contradiction. Then, 

     1
0 0 0 0 0 0x , y G,   A(x y );α inf A(x ) ( );α , A y ;α   

 
 

Proposition 14. Let G be group and α IVFS(G,[A;α]) . The 1 2 αλ ,λ ;α D( ,] I )[   

     
11 2

2

L U c
λλ ,λ ;α 1 λ

A;α  is subgroup of G A  and   (A )  are subgroups of G.


  

Proof. 

" "   

      1 2 1 21 2

L U L U
1 2 α λ λ λ λλ ,λ ;α
λ ,λ ;α D I ,e A;α A A e A  and e A( )        

  
2

U U U c
2 2

1 λ
A (e) λ 1 A (e) 1 λ e (A )  


         

  
1

2

L U c
λ

1 λ
A  and  (A )


   

1

L
λx, y A are given arbitrary, 

 
L L

1 1A (x) λ  and A (y) λ   

  
1

L 1 L L 1 L
1 λA xy inf A (x),A (y) λ x A( ) y       

 
2

U c

1 λ
x, y (A )  


 are given arbitrary, 

 
U U

2 21 A (x) 1 λ  and 1 A (y) 1 λ  and        

  U 1 U UA (xy ) sup A (x),A (y)   

  U 1 U U1 A (xy ) 1 sup A (x),A (y)     

  U 1 U U
21 A xy inf 1 A (x),1 A( y) ( ) 1 λ        

  
2

1 U c

1 λ
xy (A )  


   

" "   

    
1 1

2 2

L U c L U c
λ λ

1 λ 1 λ
A  and  (A )  are subgroups of G e A  and e A( )  

 
    

 
2

U U U
2 2 λ1 A (e) 1 λ A (e) λ e A         
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      1 2 1 2 1 2

L U
λ λ λ ,λ ;α λ ,λ ;α

e A A A;α A;α      

x, y G  are given arbitrary, 

  L 1 L L
1A (xy ) inf A (x),A (y) λ  and    

  U 1 U U
21 A xy inf 1 A (x),1 A (y) 1( λ)       

  L 1 L L
1A xy inf A (x),A (y) λ( )  and    

  U 1 U U
21 A xy 1 sup A( (x),A () y) 1 λ      

    L 1 L L U 1 U U
1 2A xy inf A (x),A (y) λ and A xy sup A (x),A( (y) λ) ( )       

  L 1 U 1
1 2A (xy ),A xy ;α λ ,λ ;α( )   

 
 

   1 2

1

λ ,λ ;α
xy A;α   

Example 2. For ( , )  abelian group: 

 1

3

1
α ,  the function A : D I

3

 
   

 
 

,  

 
1 1 1 1

A(0); , ;
3 3 3 3

   
   

   
 

and 

 

1 2 1
, ; ;k is even and k 0

4 3 31
A(k);

3 1 5 1
, ; ;k is odd

5 6 3

 
 

  
  

   
   

 

The 1/3-interval valued fuzzy subgroup: 

 1

3

1 4 1
, ; D I  

6 5 3

  
        

  

 
1 4 1

, ;
6 5 3

1
A; 2 is subgroup of 

3  
 
 

 
 

 
 

    L U c U c
4 11

1
5 56

A and  (A ) (A ) 2 are subgroups of 
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Definition 11. Let X be universal set and [A;α] α  IVFS(X). 

     *A x X A(x);α 0,1;α     

is called support set of A. 

Definition 12. Let G be group and α IVFS(G,[A;α]) . 

     *A x G A(x);α A(e);α     

Proposition 15. Let G be group and α IVFS(G,[A;α]).  

i. 
*A  is subgroup of G. 

ii. *A  is subgroup of G. 

Proof.  

i. 
*x, y A  are given arbitrary. 

               A(x);α 0,1;α  and  A(y);α 0,1;α inf A(x);α , A(y);α 0,1;α     

       1 1 *A(xy );α inf A(x);α , A(y);α 0,1;α xy A      
 

 

ii. *x,y A  are given arbitrary. 

               A(x);α A(e);α  and  A(y);α A(e);α inf A(x);α , A(y);α A(e);α     

       1A(xy );α inf A(x);α , A(y);α A(e);α    
 

 (3) 

      1and α IVFS G, A;α A(e);α A(xy );α    
 

 (4) 

from (3) and (4), we get below equality: 

  1 1
*A xy ;α A(e); x( ) α y A     

 
 

Conclusion 

In this paper, the definition of α-interval valued fuzzy subgroups was introduced. It 

was studied that an α-interval valued fuzzy set of G group under which conditions this set is 

α-interval valued fuzzy subgroup. The structural properties of these groups were examined. 

An example of α-interval valued fuzzy subgroup was given. It was searched that when the 

level subset of α-interval valued fuzzy subgroup is a classical subgroup of G group.  

References  

[1] Zadeh, L. A., Fuzzy Sets, Information and Control, 8 (1965), 3, pp. 338-353 
[2] Zadeh, L. A., The Concept of a Linguistic Variable and Its Application to Approximate Reasoning, Part 

1, Infor. Sci., 8 (1975), 3, pp.199-249 
[3] Zadeh, L. A., The Concept of a Linguistic Variable and Its Application to Approximate Reasoning, Part 

2, Infor. Sci., 8 (1975), 4, pp. 301-357 
[4] Zadeh, L. A., The Concept of a Linguistic Variable and Its Application to Approximate Reasoning, Part 

3, Infor. Sci., 9 (1975), 1, pp. 43-80 
[5] Grattan-Guiness, I., Fuzzy Membership Mapped onto Interval and Many-valued Quantities, Z. Math. 

Logik, Grundladen Math, 22 (1975), 1, pp. 149-160 



Bal, A., et al.: On Some Fundamental Properties of α-Interval Valued … 
THERMAL SCIENCE: Year 2022, Vol. 26, Special Issue, pp. S681-S693 S693 

 

[6] Gorzalczany, B., Approximate Inference with Interval-valued Fuzzy Sets-an Outline, Proceedings, 
Polish Symp. On Interval and Fuzzy Mathematics, Poznan, Poland, 1983, pp. 89-95 

[7] Gorzalczany, B., A Method of Inference in Approximate Reasoning Based on Interval-valued Fuzzy 
Sets, Fuzzy Sets and Systems, 21 (1987), 1, pp. 1-17 

[8] Jahn, K. U., Intervall-wertige Mengen, Math. Nach, 68 (1975), 1, pp. 115-132 
[9] Sambuc, R., Fonctions φ-floues Application L’aide au Diagnostic en Pathologie Thyroidi- enne, Ph. D. 

Thesis, Univ. Marseille, Marseille, France, 1975 
[10] Turksen, I., Interval Valued Fuzzy Sets Based on Normal Forms, Fuzzy Sets and Systems, 20 (1986), 2, 

pp. 191-210 
[11] Mondal, T. K., Samantha, S. K., Topology of Interval-Valued Fuzzy Sets, Indian J. Pure Applied Math, 

30 (1999), 1, pp. 20-38 
[12] Rosenfeld, A., Fuzzy Groups, Journal of Mathematical Analysis and Applications, 35 (1971), 3, pp. 512-

517 
[13] Biswas, R., Rosenfeld’s Fuzzy Subgroups with Interval Valued Membership Functions, Fuzzy Sets and 

Systems, 63 (1994), 1, pp. 87-90 
[14] Kang, H. W., Hur, K., Interval-Valued Fuzzy Subgroups and Rings, Honam Mathematical Journal, 32 

(2010), 4, pp. 593-617 
[15] Wang, G., Li, X., TH-Interval Valued Fuzzy Subgroups, J. Lanzhou University, 32 (1996), pp. 96-99 
[16] Li, X., Wang, G., The SH-Interval-valued Fuzzy Subgroups, Fuzzy Sets and Systems, 112 (2000), 2, pp. 

319-325 
[17] Salahshour, S., et al., Uncertain Fractional Operator With Application Arising In The Steady Heat Flow, 

Thermal Science, 23 (2019), 2B, pp. 1289-1296 
[18] Tu, X, et al., State Variable-Fuzzy Prediction Control Strategy for Superheated Steam Temperature of 

Thermal Power Units, Thermal Science, 25 (2021), 6A, pp. 4083-4090 

 

 
 

 

 

Paper submitted: August 5, 2022 © 2022 Society of Thermal Engineers of Serbia.  
Paper revised: September 7, 2022 Published by the Vinča Institute of Nuclear Sciences, Belgrade, Serbia. 
Paper accepted:  September 26, 2022 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.  

http://www.vin.bg.ac.rs/index.php/en/

