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In this paper, the definition of a-interval valued fuzzy subgroup is introduced by
the help of a-interval valued fuzzy set which is constructed on e-interval valued
set whose elements are closed sub-intervals including o of unit interval | = [0, 1].
The fundamental and structural properties of these groups are examined. Some
definitions, propositions and examples about these groups are given.
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Introduction

The concept of interval valued fuzzy set was introduced by Zadeh [1-4]. Gorzalcza-
ny, Gratten-Guiness, Jahn, Sambuc, and Turksen [5-10] examined the properties of interval
valued fuzzy sets. It is important to search properties of interval valued fuzzy sets on different
structures. Specially, Mondal and Samantha [11] studied the topological properties of interval
valued fuzzy sets.

The a-interval valued fuzzy set was defined by Cuvalcioglu, Bal and Citil. Algebraic
properties of these sets were studied by same authors. The definition of level subset of a-inter-
val valued fuzzy set was given and some properties of these level subsets were examined by
same authors. Fuzzy subgroups were defined by Rosenfeld [12]. The definition of interval
valued fuzzy subgroups was given by Biswas [13]. Many authors studied interval valued
fuzzy subgroups and fuzzy sets [14-18]. In this paper, D(l) represents all closed sub-intervals
of unit interval 1=[0,1]. The definition of D(l,) is given below. The D(l,) is called
a-interval valued set.

Definition 1. D(I,) ={[M", MY;a]a eI} is called a-interval valued set. In order to
make easy, it is shown that:

{[ML, MU;aJheI} ={[M;(x]|MeD(I) and aeM}

Order relation on D(1,) is defined.
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Definition 2. V[M;a],[N;a] e D(1,,) ,
[M;(x] < [N;a] > M < N' and MY > NV
It is easily seen from definition:
[M;a] <[N;a]

oME<NE, MY >NY or M- <NE, MY > NY or ME <NE, MY > NY

Proposition 1. [D(l,),<] is partial ordered set.

By the help of order relation on D(l,),the definitions of supremum and infimum on
this set are given.

Definition 3. V[M;a],[N;a] e D(I,,),

i. inf {[M;a],[N;a]} =[inf{ML,NL}’sup{MU,NU};a}

ii. Sup{[l\/l;(x],[N;(x]} =[sup{ML,NL},inf{MU,NU};a}

Lemma 1. [D(l,,), A,v] is complete lattice with units [0,1;a] and [o,0;a].
Proposition 2. Va el,

UI D(l,) =D(N)

The function which satisfies following conditions is called negation function.
Definition 4. L is complete lattice with units0and 1. A':L—Land Va,belL,

. N(0)=1and N/(1)=0
i, N(a)sN(b)=a=b
i N(N(a))=a

The following function is a negation function on D(l ).
Proposition 3. V[M;a]eD(1, ) and A: D(I, ) > D(I, ),

N’([M;a])=[a—ML,l+a—MU;a]

N satisfies conditions of Definition 4.
Definition 5. Let X be universal setand [A;a]: X —D(I,) be function:

[Asa]={[ <x. [A" (x).AY (x)] 550 ]k e X]

where; AN : X —[0,1]and AY : X —[0,1] are fuzzy sets.
In order to make easy, it is shown that:

{[<x, [AL (x),AY (x)] > a}|x c X} = {[<x,A(x) >alx e X}
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[A;a] is called o-interval valued fuzzy set on X. The family of a-interval valued
fuzzy sets on X is shown by a-1VFS(X).
Complement, inclusion, equation, intersection and union of a-interval valued fuzzy

sets are given below.
Definition 6. Let X be universal set and [A;a],[B;a] € a— IVFS(X). The A is index

set Vie A

. [Ac;a]:{[<x,[a—AL(x),1+a—AU(x)] >;a}|xeX}
ii. [A;a] C[B;a]:= Vx e X,A"(x) <B-(x) and A (x) > B" (x)

iii. [A;o]=[Bsa] = vx e X,A"(x) = B (x) and AY (x) = BY ()

iv. [AMB;a]= {[< x,[inf{AL(x),BL(x)},sup{AU (x),BY (x)}: >; a} x e X}
V. [AUB;o]= {[< x,[sup{AL(x),BL(x)},inf{AU (x),BY (x)}: >; a} xe X}
vi. [Moon A, 0] = {[< % AraAr 00, Vyen A, V00 | e X}
vii. [Uyon Ayio] = {[< %[ VieaAs 00, Aua sV 09 ] 50 i e X}

The algebraic properties of a-interval valued fuzzy sets are expressed.
Proposition 4. Let X be universal set. The V[A;a],[B;a],[C;a]€a—IVFS(X) and
A is index set VA € A:

i. [AI‘IB;a]z[BI‘IA;a]
ii. [AI_I B;a]z[BI_IA;(x]

iii. [A;a]ﬂ([BuC;a])=([AﬂB;a])U([AI‘IC;a])

iv. [A;a]u([BFIC;OL]):([AI_IB;OL])IT([AI_IC;a])
V. [A;a]l‘l([uk Bx;a]):[uk (AFIBA);(x]
vi. [Asa]u ([, B;:a])=[, (AUB, ):a]
Features about complement of a-interval valued fuzzy sets are stated following
proposition.

Proposition 5. Let X be universal set. The V[A;a],[B;a]ea—IVFS(X) and
A is index set VA € A:

] {([AC;Q])C ;a} _[Asd]
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([A nB; (x])c = [AC L Bc;a}
([AUBa]) = A° M B%a]
([[—lXeA Ax;a])c = |:|—IkeA i;a}
(['—'xeA Ax;a])c = |:|_|keA Ai;a}
Proposition 6. Let X be universal set. The Oy : X —[0,1;a] and 1y : X — [o, 0z a]:
(0x )C =1x

(1x)° =0x
Definition 7. Let X be universal set and [A;a] e a—IVFS(X):
[A; a] has sup — property
= VX e X, 3[M,hp:0] € D(1,) [ A(x)sa | =1, 0:0a]

Definition 8. Let X be universal set and [A;a] € a— IVFS(X).

VA 2p;0] €DA,),

[A; a] D] = {x eX|At (x) = Mand AY(x) < kz}

The set [Ajalp, , .o is called [7‘1 A,;ol-level subset of [A;a]. It is easily seen from

definition, [Ay,A,;0l- -level subsets of [A;a] are crisp sets

Definition 9. Let X be universal set and [A;a] e a— IVFS(X).

V[M,}\,z;a] € D(I(x)a
VIA; oy, »,.q1 -level subsets of [A;a],

given.

>
=
/—’\_\

x e XA (x) > Xl}

By = {x e XIBY(x) < xz}
The relations between level subsets of a-interval valued fuzzy sets and crisp sets are

Proposition 7. Let X be universal set and [A;a],[B;a] € a — IVFS(X).

VM. 40l € D(1,) and | is index set, Vi, je I,[A;,Aj;a] € D(l,),
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i. xe[A; a][)\i,kz;a] < [AX);a]=[A,Ap;0]

i, (Al = A5 NAY

ii. ([AUB; “])[xl,xz;a]

=[A; a][%xz;a] U[B; a][%xz;a] V) (AKL1 NB; ) U (B';1 NAY )

. ([AnBial), ;. =450 2, OBy
V. AL DA}
vi. Al cA)
vii. NA- =AN,,
el a
viii. UAY =AY,

jer

jel

The o-interval valued fuzzy subgroups

As a result of previous discussions about a-interval valued fuzzy sets, the definition
of a-interval valued fuzzy subgroup is given below. The a-interval valued fuzzy subgroup on
a-1IVFS(G) is shown by a-IVFS(G, [A;a]).

Definition 10. Let G be group and [A;a] € a — IVFS(G). VX,y € G,

i. [A(xy);a] 2 inf {[Ax);a].[A(y);al}
ii. [A(Xil); a} >[A(x);a]
Example 1. For (Z,+) abelian group:

(x:%, the ﬁmctionA:Z—)D[Il],

ot}

};kis even andk =0

Wl
Wl

and

[

2
'3

NI

|

gl Wik

};kisodd

5.1
6’3

1/3-interval valued fuzzy subgroup.
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Solution.
1. k,meZ are given arbitrary.

1. situation
k and m are even.

e o]
433 433 3

2. situation

k and m are odd.

151] [151] 1
e[t 8]

2.
. 121|151 . 11 25 151
PR B PR R e
4 33|56 3 45 36 563
1. situation
Let k and m be even, then k+m is even.
4’ 3 3 433|433 433

int {[A(k):ﬂ [ A ﬂ}

2. situation
Let k be even and m be odd, then k + m is odd.

5' 6 3 433|563 563
- 17 [ pqm: L
=inf {A(k), 3][A(m), 3}}
3. situation
Let k be odd and m be even, then k +m is odd.
om0
563 563|433 563
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4, situation
Let k and m be odd, then k + m is even.

em -2 122

. 1 1
inf {A(k)’EHA(m)E}
1. situation

Let k be even, then —k is even:
ACKE = 2211
3 433
2. situation

Let k be odd, then —k is odd:

ACE ] 2225|222 A

3 563 563 3

A satisfies the conditions of o —IVFS(G,[A;a]).

Proposition 9. Let G be group and o —IVFS(G,[A;a]) . The VX e G,

i [A(Xil); a} =[A(x);a]
ii. [A(e); a] > [A(x);a]
Proof. x e G is given arbitrary:
. o~ IVFS(G,[Asa]) = [A(x‘l);aJ >[Ax)a]...
[A((X_l)_l); a} > [A(x_l);a] =[ARX);a]> [A(x‘l);a}
From inequalities (1) and (2):
[A(x’l); a] =[A(x);a]
i [A€):o] =] Aoy |2 inf {[A(x); al.[AG; a]}
=inf {[A(X);a],[A(x);(x]} =[A(x); 0]
Proposition 10. Let G be group and [A;a] € a — IVFS(G). VX,y €G,

a—IVFS(G,[A;a]) < [A(xy*l);a] > inf [A(); o] {,[A(y):a]}

M)
2
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Proof: X,y € G are given arbitrary.

[AGY ;o] >inf {[A(x); al.[AG™; a]} = inf {[AG); ], [AG); 0]}

. [A@; 0] = AGx M0 | > inf {[AR); a].[AK); o]} = [AK)a]
- [A(x’l); aJ = [A(exfl);a] > inf {[A(e);a].[AR); ]} = [A(x); 0]
i, [AGy):al=[ A(xo ™) | zinf {[a:al. [ Ao}
> inf {[AX);a].[A(y);a]}
Proposition 11. Let G be group and [A;a],[B;a] € o — IVFS(G).

o— IVFS(G,[A; a]) and o — IVFS(G,[B; a]) =>0- IVFS(G,[A nB; a])

Proof. x,y € G are given arbitrary.

[(AnB)y ™ a] =] inf{At (y™),B-(xy )} sup{A 0y ), BY (v 0|

> inf {inf (A" (0, A" @)}, inf {60, B ()} sup{sup{AY (9, AV )} ,sup{BY (%, BV )}
- [inf finf {A"(0,B" ()} inf {A" (%), (¥)}}.sup{sup {A" (60,B" (9} sup{A" (), B (y)}}:aJ

~inf {[inf {A"(9,8" (9}, sup{A" (9, BV (0}t || inf {A" (). B* ()} sup{A" ().BY 1)} e

= inf {[(AT1B)(X);a].[(A 1 B)(y);at]}
Proposition 12. Let G be group and | be index set, Viel,[A;;a]€a—IVFS(G).
o— IVFS(G, (Aig ;a)) =>a- IVFS(G,[Hi A ;a])

el

Proof. X,y € G are given arbitrary.

0~ IVFS(G.[Aic:0]) = | Aia Gy s |2 inf {[Ai (o], [Aia 0:a]}

= |:Aie| oy 0‘} 2 inf {[ALiel ), AV (%); OL] 9[ALie| . A () GJ}
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=[ A 0y i inf (AL 00, A% )] sup{ AV (0, A% )] s
= [T A0y i) = AAS .V AY 2
> L/E\I inf {A% 00, A% (y)},i\/lsup{AUi(x),AUi(y)};aJ
- [inf{ A A'00, AAY )] sup{ VAV (9, v AY )
inf [ A AL 0.V A% (i [ A AL G,V AY x|

=inf {[([—liel ADX);al,[(Mig Ai)(Y);(l]}

=oa- IVFS(G,[FI- Ai;a])

iel
Proposition 13. Let G be group.
a—IVFS(G,[A;a]) < V[, Ay 0] € D(1,)

[A; lp, 2,01 # D5 [M, A0 — level subset of [Asa] is subgroup of G.

Proof.

xeG, [, hy;0]eD(,), [AX);a]=[A, Ay 0] = Vx €G, [A(e);a] > [Ax); 0]

=eelA a][%nga] =[A; a][%xz;a] =
X,y e [A;a][xl,xz;a] are given arbitrary.

[A(X); a] > [M,Xz;a] and [A(y); a] > [Xl,KZ;(x]
= [A(Xy_l); a] >inf {[A(x); a],[A); a]} > M, hp50] = xy e[ A (x][%xz;a]
Assume 3xq, Yo € G, [A(XoYo 1) al <[inf {A(Xo), A(Yo); )]
[A(Xo);a] =[a1,a2;(x], [A(yo);a] = [bl,bz;a] is taken,
[A,Aq50]= inf{[al,az;a],[bl,bz;a]} is chosen,

[A(XO); a] = [al,az;a] > inf{[al,az;a],[bl,bz;a]} = [Kl,kz;a] =Xp€ [A;a][xl,kz;a]
[A(Yo);a] = [by,by:a] inf {[a;,a5;0a],[by.bysal} =[A, k0] = yp € [A;a][xl,xz;a]
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[A(XOYO_1)§ a} <inf {[A(Xo);aL[A(Yo);‘l]} =inf {[all az; “]»[bbbz;a]}
=M Ags0] = xoye " 2[ A a][kl,kz;a]
is contradiction. Then,
VX0, Yo €6, |:A(X0y0_1); OLJ 2 inf{[A(Xo);GL[A(YO);G]}
Proposition 14. Let G be group and a —IVFS(G,[A;a]) . The V[A,Ay;a] € D(1,),

[A; (x] B

2

Daiyic] is subgroup of G < A;'jl and ((AU)C )1 , are subgroups of G.

Proof.

‘v’[kl,kz;a] eD(I,),ee [A;“][xl,xz;a] = A'}:l N A;EJZ =ee A;':l andee A;sz

=A%) <1, =>1-A"%@)21-2, 366((AU)°)1 )

Al =@ and ((AU)C)HZ %)
X,y € AAL1 are given arbitrary,
AL (x) =2, and A-(y) 21,
= AL (xy ) > inf {AL(x),AL(y)} >0 =xy e AL
X,y € ((AU)")H are given arbitrary,

2

1-AY(x)21-2%, and 1-AY(y) 21— 4, and
AY(xy ™) <sup{AY(x), A% (y)}
=1- A0y ) 21-sup{AY (), AV (v)]
—1-AY(xy ™) > inf {1—AU(x),1—AU(y)} >1-1%,
—xyte ((AU)C)

1-2,

A and ((AU)C) are subgroups of G =>eeA; andee ((AU)C)

1-2, 1-A,

=1-AY@)21-%, > AY%@ <k, =eeA)



Bal, A., et al.: On Some Fundamental Properties of a-Interval Valued ...
THERMAL SCIENCE: Year 2022, Vol. 26, Special Issue, pp. S681-S693 S691

=ec A)Izl M A;Li = [A;a][Kl,XZ;U] = [A’ U’][Kl,kz;(x] # 2

X,y € G are given arbitrary,
AL (xy™) > inf {AL(x),AL(y)} >, and

1-AY(xy 1) > inf {l—AU(x),l—AU (y)} >1-1%,
= AL (xy ™) > inf {A"(x),A"(y)} >, and
1-AY (xy ) =1-sup {AU (x),AY (y)} >1-2,
= AL (xy ™)) > inf {AL (x), At (y)} >\and AY (xy ) < sup{AU (x),AY (y)} <,
= [A" (xy ™), AY (xy™?); a} > [, hp50]
=xy " e[A; “][xl,xz;a]
Example 2. For (Z,+) abelian group:

a:%, the functionA:Z—)D{Il},

3
o553

and

% }kis even andk =0

{

The 1/3-interval valued fuzzy subgroup:

[??ﬂet’('ﬂ

{A;ﬂ[ =27 is subgroup of Z

}

N

)|

gl wlk
wlr

,E };kisodd
6

Wl

14
6’5’

= ((AU)C)1 = 27 are subgroups of Z

=7 and ((AU)° )17
5

AL

ol
[S NN
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Definition 11. Let X be universal set and [A;a] € o — IVFS(X).
A" ={xeX[Ax);0]>[0,1;0]}

is called support set of A.
Definition 12. Let G be group and o —IVFS(G,[A;a]).

A= {X € G|[A(X); a]= [A(e);a]}

Proposition 15. Let G be group and a—IVFS(G,[A;a]).
i A is subgroup of G.
ii. A.. is subgroup of G.

Proof.
i X,y € A are given arbitrary.

[AX);a] >[0,1;a] and[A(y);a] > [0,1;a] = inf{[A(x);a],[A(y); (x]} >[0,1;a]
= [A(Xy_l); 0,:| > inf{[A(x);a],[A(y);a]} >[0,;a]= xy teA”

ii. X,y € A. are given arbitrary.
[AM);a] =[A(e);a] and[A(y);a] = [A(e);a] = inf {[AR); ], [A(Y);a]} = [A(e);a]
= AGy )0 ]2 inf {[AG);a].[Aw)sa]} =[Ace)a]... 3)
and o - IVFS(G,[A;a]) = [A(e);a] 2 [A(xy‘l); a]. .. 4)
from (3) and (4), we get below equality:
[AGY ™0 ] =[A(e)a] = xy " e A

Conclusion

In this paper, the definition of a-interval valued fuzzy subgroups was introduced. It
was studied that an a-interval valued fuzzy set of G group under which conditions this set is
a-interval valued fuzzy subgroup. The structural properties of these groups were examined.
An example of a-interval valued fuzzy subgroup was given. It was searched that when the
level subset of a-interval valued fuzzy subgroup is a classical subgroup of G group.
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