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Many mathematical concepts are explained when viewed through complex 
function theory. We are here basically concerned with the form 

2
0 1 2( )f z a a z a z= + + + . ( ) ,f z A  2( ) n

n nf z z a z
== +  will be an analytic 

function in the open unit disc  : 1,U z z z=   normalized by f(0) = 0,  
f'(0) = 1. In this work, starlike functions and close-to-convex functions with order 
1/4 have been studied according to the exact analytic requirements.  

Key words: analytic function, univalent function, close to convex function, 
starlike function 

Introduction 

Let A be the class of analytic functions ( )f z  in the unit disc : 1,U z z z=  { }

normalized by: 

 
2

( ) n
n

n

f z z a z


=

= + for (0) 0,f = (0) 1f  =  

where S denotes the class of ( )f z functions in A which ( )f z is a univalent function. These 
( )f z A functions lie in U as starlike of order (0 1),    such that: 

 ( )Re ,
( )

zf z

f z


 
 

 
 ( )f z A for all : 1,z U z z z =  { }  

In other words ( ) * ( ).f z S   That is ( ) * ( )f z S  if and only if ( ) * ( ).zf z S    If 
there is a convex function g(z) that provides the following function, then the ( )f z is called 
close-to-convex. Let K* be the class of close-to-convex: 

 ( )Re ,
( )

zf z

g z


 
 

 
 : 1,z U z z z =  { }  

According to the definitions for the class starlike functions S*(α) and complex 
functions K(α) which these functions are of α degree. We know that ( ) ( )f z K  if and only if
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( ) * ( )zf z S    [1-5]. For the starlike function ( )f z with a degree (0 1),    we can give 
the following function as an example: 

 (2 1)
2

2
( ) *

1
n

n

z
f z z nz S

z


−

=

= = 
−

  

where ( )f U  is starlike region by origin and for the convex function ( )f z  with (0 1),    
we can give the following function as an example: 

 2 1

2

1 1 1( ) , ln ‍‍ ‍ ‍ ‍
2 1 2 1

n

n

z
f z z z K

z n


−



+ 
= = +  

− − 
  

which K is set of convex functions where ( )f U  is convex region in complex plane. 
Definition 1. Let f f with the relevant domain D. We denote by ( )P f  and our 

functions 2
1 2( ) ...p z p z p z= + + + that are regular in domain D and satisfy:  

 [ ( ), '( )]p z zp z D  and Re [ ( ), '( )] 0f p z zp z   

when .z D  Here the class ( )P f is not empty since for any f f it is true that
1( ) ( )p z p z P f= +  for 1p sufficiently small (depends on f ) [6]. 

Theorem 1. Let ( )p z A  and suppose that there exists a point 0  z D such that: 

 0Re ( ) 0    for    p z z z  , 

 0 0Re ( ) 0    and    ( ) 0p z p z=   
Then we have: 

 0 0

0

( )
( )

z p z
ik

p z


=  

where k is real and 1k   [7, 8].  
Lemma 1. Let 2( ) 1 n

n nh z c z
== +   be analytic in the unit disc U and suppose that 

there exists a point 0z U  such that: 

 0Re ( ) 0 and Re ( ) 0h z h z =  
Then we have [9]: 

2
0 0 0 0

1( ) 1 ( ) for
2

z h z h z z z   − + 
 

 

Theorem 2 (Main Theorem 1). Let ( )f z and suppose that there exists a starlike 
function g(z) such that: 

 
2

. '( ) . ''( ) '( ) 1 '( )Re 1 1
( ) '( ) ( ) 8 ( )

z f z z f z zg z zf z

g z f z g z f z

    
 + −  − +         

 

then ( )f z is a close-to-convex function of degree 1/4 i.e ( ) * (1/4).f z K   
Proof. Let put: 

 ( ) 3( ) 4
( ) 4

zf z
h z

g z

 
= − 

 
 for ( )0 1h =  
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Then ( )h z  is analytic in 1z  which satisfies the condition. Now by using
( ) 4 ( ) / ( ) / :h z zf z g z= {[ ] [ ]} - 3 4  

 2
[ '( ) ''( )]. ( ) '( ) '( )'( ) 4

[ ( )]
f z zf z g z g z zf z

h z
g z

 + − 
=  

  
 

 '( ) ''( ) '( ) '( ) '( ) '( ) ''( ) '( )'( ) 4 4 1
( ) '( ) ( ) ( ) ( ) ( ) '( ) ( )

zf z zf z zf z zf z zg z zf z zf z zg z
zh z

g z f z g z g z g z g z f z g z

     
= + − = + −    

     
 

 1 '( ) ''( ) '( )'( ) 1
4 ( ) '( ) ( )

zf z zf z zg z
zh z

g z f z g z

   
= + −  
   

 

from h(z) is analytic in U and h(0) = 1 suppose that there exists a complex number 0z U

which satisfies the conditions of lemma and from here: 

 '( ) ''( ) '( ) 11 '( )
( ) '( ) ( ) 4

zf z zf z zg z
zh z

g z f z g z

   
+ − =  

   
 

On the other hand, since the function h(z) and the point 0 1z z   satisfy all 
conditions of Lemma 1, then we obtain: 

 ( )
2

20 0 0 0 0 0 0 0
0

0 0 0 0

'( ) ''( ) '( ) '( )1 1Re 1 1 ( 1
( ) '( ) ( ) 8 8 ( )

z f z z f z z g z z f z
h z

g z f z g z g z

      
  + −  − + = − +              

 

Therefore proof of theorem (Main Theorem 1) is completed. 
Theorem 3. Let ( ) ,f z A  and suppose that there exist a starlike function g(z)such 

that: 

 
2

0
'( ) ''( ) '( ) 1 '( )Re 1 1 for   1,
( ) '( ) ( ) 2 ( )

zf z zf z zg z zf z
z z

g z f z g z g z

    
 + −  − +          

<  

then ( )f z is the close-to-convex, so ( ) *.f z K  
Proof. If ( ) [ ( )]/[ ( )]h z zf z g z= and ( )h z is analytic in U. By using

( ) [ ( )]/[ ( )]h z zf z g z= , we have 

 0 0 0 0 0
0 0

0 0 0

'( ) ''( ) '( )1 '( )
( ) '( ) ( )

z f z z f z zg z
z h z

g z f z g z

 
+ − = 

 
 

Therefore, we obtain [9]: 

 

( )
( )

( )

0 0 0 0 0

0 0 0

2'
0 02

0 0 0
0

'( ) . ''( ) '( )
Re 1

( ) '( ) ( )

1 1'( ) 1 ( ) 1
2 2

z f z z f z zg z

g z f z g z

z f z
z h z h z

g z

   
+ − =  

   

 
 =  − + = − +
 
 
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Lemma 2. Let 2( ) 1 n
n nh z c z
== +  be analytic in 1z   and (α which is 0 1/2  ) 

be a positive real number. Then suppose that there exists a point 0 1z z  such that [10]: 

 0 0 0Re ( ) and Re ( ) and ( ) forh z h z h z z z   =    

 0 0

0

'( )
( ) 2(1 )

z h z

h z




 −

−
 

Lemma 3. Let v(z) be a nonconstant analytic function in 1z   with (0) 0.v =  If 
( )v z  attaints its maximum value on the 1z r=   at z0. Then [1]: 

'
0 0( ) ( ) where 1z w z kw z k=   is a real number. 

Theorem 4. If ( )f z A satisfies the following inequality: 

 
2( ) ( )Re 1 (1 ),   0 2

( ) ( ) 4
zf z zf z

f z f z


  

    
+  − −       

 

then ( ) * (1/2)f z S  [11, 12]. 
Theorem 5. If ( )f z A satisfies the following inequality [1, 11]: 

 ( ) ( )Re 1 0
( ) ( )

zf z zf z

f z f z

    
+      

, then 1( ) *
2

f z S
 

  
 

  

Theorem 6. Let (0 1/3)    is a positive real number and ( ) .f z A  If: 

''( ) '( ) 1Re 1 Re
'( ) ( ) 6

zf z zf z

f z f z

   
+  −   

     
then we have ( ) * (1/4).f z S  

Proof. If ( ) [ ( )]/[ ( )].h z zf z f z=  Then h(z) is analytic in 1z   and h(0) = 1. 
Suppose that there exists a complex number 0 1z z  which satisfies the conditions: 

 0 0 0
1 1 1Re ( ) and Re ( ) and    ( ) for
4 4 4

h z h z h z z z =  <  

Really, now using ( ) [ ( )]/[ ( )],h z zf z f z=  it follows that: 

 
2

2
[ '( ) '( )] ( ) [ '( )]'( )

[ ( )]
f z zf z f z z f z

h z
f z

+ −
=  

 '( ) ''( ) '( ) '( ) '( )'( )
( ) '( ) ( ) ( ) ( )

zf z zf z zf z zf z zf z
zh z

f z f z f z f z f z
= + −  (1) 

 ( ) ( ) ( )1
( ) ( ) ( )

zh z zf z zf z

h z f z f z

  
= + −


 for (0)(0) 1

(0)
zf

h
f


= =   

Since the function h(z) and 0 1z z   satisfy all conditions of Lemma 1, therefore in 
view of [ ( )]/[ ( )]zh z h z and (1), it gives:  

0 0 0 0
0

0 0

''( ) '( )Re 1 Re (
'( ) ( )

z f z z h z
h z

f z h z

   
+ = +   

   
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This is a contradiction and therefore proof of Theorem 6 is completed.  
Theorem 7. Let 2( ) 1 n

n nh z c z
== +   be analytic in : 1U z z= { }  and suppose that 

there exists 0z U  such that Re[ ( )] 0h z   for 0 ,z z  0Re[ ( )] 0.h z =  Then: 

 2
0 0 0

1'( ) 1 ( )
4

z h z h z  − +
 

 

Proof. Let’s define ( ) 2 [1 ( )]/[1 ( )]p z h z h z= − +{ } function which satisfies the 
following conditions in its 0z z  region (0) 0,p =  ( ) 1p z   and 0( ) 1:p z =  

 2 2
'( )[1 ( ) '( )][1 ( )] 4 '( )'( ) 2

[1 ( )] [1 ( )]
h z h z h z h z h z

p z
h z h z

− + − − −
= =

+ +
 

from 0Re ( ) 0 and Re ( ) 0 for:h z h z =   

 ( ) 4 ( ) 1
( ) [1 ( )][1 ( )]

zp z zh z

p z h z h z

 −
= 

− +
 

or 

0 0 0 0

0 0 0

( ) 4 ( )
1

( ) [1 ( )][1 ( )]
z p z z h z

p z h z h z

 −
= 

− +  
for 0 .z z  Therefore, we have 2

0 0 0'( ) 1/4[1 ( ) ].z h z h z − +  
Theorem 8. Let’s assume that the function ( )f z A satisfies the conditions

( ) ( ) 0f z f z   and: 

 
2

. '( ) . ''( ) 1 . '( )Re 1 for    0 1
( ) '( ) 4 ( )

z f z z f z z f z
z

f z f z f z

   
+  −    

   
 

then ( ) * (1/4).f z S  
Proof. Let’s define the function ( ) [2 ( )]/[ ( )] 1h z zf z f z= −  which holds (0) 1.h =  

Using this value of h(z), we can consider the following equality: 

 20 0 0 0
0 0 0

0 0

( ) ( ) 1 1Re 1 Re ( ) [1 ( ) ]
( ) ( ) 4 8

z f z z f z
z h z h z

f z f z

      
+ = + +    

       
where 0z U  is a complex number which satisfies 0 0Re ( ) 0 for and Re ( ) 0.h z z z h z =<  
By using relations 0Re ( ) 0,h z =  2

0'( ) (1/4)[1 ( ) ],o oz h z h z − +  the following inequality can 
be written: 

 2 20 0 0 0
0 0

0 0

'( ) . ''( ) 1 1 1Re 1 [1 ( ) ] ( )
( ) '( ) 8 8 8

z f z z f z
h z h z

f z f z

   
+  − + − +   

   
 

 2 0 0
0

0

'( )1 1( )
4 4 ( )

z f z
h z

f z
 −  −  

therefore, we have Re ( ) 0h z   or Re[ '( )]/[ ( )] (1/4),zf z f z   so ( ) * (1/4)f z S  [11].  
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Theorem 9 (Main Theorem 2). If ( )f z A  is a function which satisfies the 
following conditions '( ) 0zf z   and: 

 . '( ) . ''( )Re 1 (3 )(2 )(1 )
( ) '( ) 8

z f z z f z

f z f z


   

   
+  − − − −  

   
 in 0 1z   for 0 3    

then ( )f z  is 1/4  order starlike function. That is ( ) * (1/4).f z S  
Proof: Let’s define [ '( )]/[ ( )] [1 ( )]( /4) ( )zf z f z h z h z= − +  for (0) 1,h =  then the 

following equality can be written such that Re ( ) 0h z   and 0Re ( ) 0h z =  for 0 . z z Then 
from here: 

 
2

'( ) '( ) ''( ) '( ) '( ) 1 '( )
( ) ( ) '( ) ( ) ( ) 4

d zf z f z zf z f z f z
z h z

dz f z f z f z f z f z

   
= + − = −   

  
 

 
2'

''( ) ''( ) '( ) ( ) 1 ( )
( ) '( ) ( ) ( ) 4

zf z zf z zf z zf z
zh z

f z f z f z f z

   
+ − = −   

  
 

 ''( ) ''( ) '( )1 1 ( )
( ) '( ) ( ) 4

zf z zf z zf z
zh z

f z f z f z

   
+ − = −  

  
 

Suppose that there exists a complex point 0 1z z  such that it satisfies the 
conditions Re ( ) 0h z   and 0Re ( ) 0h z =  and Lemma 1, Lemma 2, and Lemma 3. Then we 
have: 

 

0 0 0 0

0 0

2 3
2 2

0 0 0

. '( ) . ''( )
Re 1

( ) '( )

Re 1 '( ) 1 [ ( )] 1 ( 1 ) ( ) (1 )
4 4 4 8 4

z f z z f z

f z f z

z h z h z h z



    
    

   
+ =  

   

       
= − + − + − + − + + −      

       

 

If the relations 0Re '( ) 0h z =  and 2
0 0 0Re '( ) (1/4)[1 ( ) ]z h z h z − +  are used in the 

previous equation, then: 

 0 0 0 0 0 0

0 0 0 0

. '( ) ''( ) '( ) ''( )
Re 1 Re Re 1

( ) '( ) ( ) '( )
z f z z f z z f z z f z

f z f z f z f z
 

       
+ = +       

       

 

 
3

2 2 2
0 01 (1 ( ) ) (1 ) | ( ) | (1 )

4 4 4 8 4
h z h z

    
 

 
 − − + − − + + −  

 
 

 

3 3
1 (1 ) (3 )(2 )(1 )

4 4 8 4 8
    

   
 

 − − + + −  − − − − 
   

Re[ . '( )]/[ ( )] ( /4)z f z f z   is also obtained, which is ( ) * (1/4).f z S   
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Conclusion 

Theorem 2 is improved from Theorem 9 because obtained results are: 

 
2

0 (1 ) (3 )(2 ) (1 ) when 0 1
8 8
 

     − −  − − − − −    

 
2

0 (1 ) (3 )(2 ) (1 ) when 1 2
8 8
 

     − −  − − − − −    

 
2

0 (1 ) (3 )(2 ) (1 ) when 2 3
8 8
 

     − −  − − − − −    
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