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Many mathematical concepts are explained when viewed through complex
function theory. We are here basically concerned with the form
f(2)=ay+az+az’+.... f(2)e A, f(z)=2+Z7,a,2" will be an analytic
function in the open unit disc U ={z: ZJ<1,Z eCC} normalized by f(0) = 0,
f'(0) = 1. In this work, starlike functions and close-to-convex functions with order
1/4 have been studied according to the exact analytic requirements.
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Introduction

Let A be the class of analytic functions f(z) in the unit disc U ={z :|Z| <1,2eC}
normalized by:

f(2)=2+2 a,2" for £(0)=0, f'(0)=1
n=2

where S denotes the class of f(z) functions in A which f () is a univalent function. These
f(2) € A functions lie in U as starlike of order (0 < & <1), such that:

Re[zi((z))} >a, f(z)eAforallzeU ={z :|Z|<1,Z eC}
z

In other words f(z) € S *(a). Thatis f(z)eS*(«)if and only if zf '(z) € S * (). If
there is a convex function g(z) that provides the following function, then the f(z)is called
close-to-convex. Let K* be the class of close-to-convex:

Re{@}>a, zeU :{Z:|Z|<1,Ze(C}
9(2)

According to the definitions for the class starlike functions S*(a) and complex
functions K(a) which these functions are of a degree. We know that f (z) € K(«) if and only if
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zf'(z) e S *(a) [1-5]. For the starlike function f(z) with a degree (0 <« <1), we can give
the following function as an example:

f(2)=—2 ~=2y "V es*
1-z n=2

where f(U) is starlike region by origin and for the convex function f(z) witha(0<a <1),
we can give the following function as an example:

1 1+z I
f(z)=—, In| — |=z+ z K
®=3. n(i*] Sy K

which K is set of convex functions where f(U) is convex region in complex plane.
Definition 1. Let f e f, with the relevant domain D. We denote by P,(f) and our
functions p(z)=a+ p;z+ p222 + ... that are regular in domain D and satisfy:

[p(2),zp'(z2)] € D and Ref[p(z),zp'(2)] >0

whenze D. Here the class P,(f)is not empty since for any f e f it is true that
p(z)=a+pzeP,(f) f0r| p1| sufficiently small (depends on f) [6].
Theorem 1. Let p(z) € A and suppose that there exists a point z, € D such that:

Rep(z)>0 for |z]<z,,

Rep(zy)=0 and p(z,)#0
Then we have:
ZO p (ZO) — |k
P(Zy)
where K is real and|k| >1 17, 8].
Lemma 1. Leth(z)=1+2;_,c,z" be analytic in the unit disc U and suppose that
there exists a point z, €U such that:
Reh(z) >0 and Reh(z;))=0
Then we have [9]:

25h'(29) < —%[1 @) | for 2] <z

Theorem 2 (Main Theorem 1). Let f(z) and suppose that there exists a starlike
function g(z) such that:
zf '(2) ZJ

Re{z.f (z)[1+ z.fv () g (z)}}>_l -

9(2) f'(2 9@ 8 f(2)

then f(z) is a close-to-convex function of degree 1/4 i.e f(z) e K *(1/4).
Proof. Let put:

B zf’(z)_i _
h(z)_{—g(z) 4} forh(0)=1
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Then h(z) is analytic in |Z|<1Which satisfies the condition. Now by using
h(2) =4[zt (DV9(D)]} - 3/4

h(2) =4{[f @+ 2 "@)]9(2) - g' @) '(z)}

[92)T

f '(2) N 2 "(2) 2t (z) zf'(z) zg '(z)} _ 4{zf '(2) {H 7#t"(z) zg ’(z)}}
9@ '@ 9@ 9@ 9@ 9(2) f'(2 9@

zh'(z):{

lzh'(z) _ { zf '(2) {1 A '(z)}}
4 9(2) f'2) 9@

from h(z) is analytic in U and h(0) = 1 suppose that there exists a complex number z, € U
which satisfies the conditions of lemma and from here:

{zf '(z){1+ ®'(2) 29 '(Z)}} ~ L)
g(z) f '(Z) g(z) 4

On the other hand, since the function h(z) and the point Z, e|Z|<1 satisfy all
conditions of Lemma 1, then we obtain:
2]

R AR I I
9(z9) f'(zy) 9(29) 8 8
Therefore proof of theorem (Main Theorem 1) is completed.
Theorem 3. Let f(z) € A, and suppose that there exist a starlike function g(z)such
Re{Zf (Z){1+ ARG (Z)}}»l 1+
9(2) f'(z) 92 2
then f(2) is the close-to-convex, so f(z) e K *.

Proof. If h(z)=[zf'(2)//[g(z)]and h(Z)is analytic in U. By using
h(z) =[zf'(2)]/[g(2)], we have

z,f'(zp)

9(zy)

that:

zf '(2)
9(2)

2
] for 7, €|z <1,

2, f'(z9) [1 b f'(zg) 29'(zp)
9(z9) f'(zy) 9(zy)
Therefore, we obtain [9]:

Re{zof '(Zo){l_‘_ zy.-f"(zy) 29 '(Zo)}}=
9(Zy) f'(zy) 9(2o)

Zof‘(zo)2
9(z)

}: 2ph'(zy)

=27,h'(zy) < —%(H‘h(zo)z‘) :—% 1+
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Lemma 2. Leth(z) =1+Z}_,c,z" be analytic in |Z| <1 and (a which is 0<a <1/2)
be a positive real number. Then suppose that there exists a point z, € |z| <1such that [10]:

Reh(z)>a and Reh(z;)=a and h(zy)#a for |Z|<|ZO|

Zoh'(zo)<_ a
h(z)) — 2(-a)

Lemma 3. Let v(z) be a nonconstant analytic function in |Z| <1 with v(0)=0. If
|V(Z)| attaints its maximum value on the |Z| =r<1 atzy. Then[1]:

2,W (zy) =kw(z) where Kk >1 is a real number.

Theorem 4. If f(z) € A satisfies the following inequality:
’ " 2
Re 4@ 1+05Zf () >—a—(l—a), 0<a<2
f(z) f'(z) 4

then f(z)e S *(1/2) [11, 12].
Theorem 5. If f(z) € A satisfies the following inequality [1, 11]:

Re{ 7t '(2) {1 A "(Z)}} >0, then f(z)e$ *(lj
f(2) f'(2) 2

Theorem 6. Let (0 < @ <1/3) is a positive real number and f(z) € A. If:

w1220 a0
f'(2) f(z) | 6

then we have f(z) € S *(1/4).
Proof. If h(z)=[zf'(2)J/[f(z)]. Then h(z) is analytic in |z| <1 and h(0) = 1.
Suppose that there exists a complex number z, € |z| <1 which satisfies the conditions:
Reh(z) >i and Reh(z,) :% and h(z,) ii for|z| < |Zo|
Really, now using h(z) =[zf '(2)J/[ f (2)], it follows that:
[f '@+ @If @)-2f'@)F
[f(@)P
zf '(2) N 2 "(2) zf (z)  zf '(2) 2 '(2)
f(y '@ f@ f@ @
zh (z):1+zf (2) #'(2) for h(0) = zZf (O):l
h(z) f'(z)  1(2) f(0)
Since the function h(z) and 7, € |Z| <1 satisfy all conditions of Lemma 1, therefore in
view of [zh'(2)}/[h(z)]and (1), it gives:

Re{l+M} =R6{M+ h(zo}
f'(zp) h(zy)

h'(z) =

zh'(z) = (1
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This is a contradiction and therefore proof of Theorem 6 is completed.
Theorem 7. Leth(z)=1+27 ,c,z" be analytic in U ={z :|Z| <1} and suppose that
there exists z, eU such that Re[h(z)]>0 for |Z| < |ZO|, Re[h(z,)]=0. Then:

2,h'(z9) < —i[l + |h(zo)|2J

Proof. Let’s define p(z)=2{[1-h(2))/[1+h(2)]} function which satisfies the
following conditions in its |Z| < i <1 and | p(z, )| =1
—h'@[+h(2)-h'@)I1-h@)]_ -4h'(2)

[1+h(2)] [1+h(2)]

p(2)=2

from Reh(z) >0 and Reh(z,)) =0 for:

zp'(2) _ —4zh'(2) 51
p(z) [1-h(@)][1+h(z)]

or
Zyp'(2y) _ —4z,h'(zy)
p(zy)  [-h@z)I[1+h(zy)]

for |2| <|zy|. Therefore, we have zyh'(zy) < —1/4[1 +|h(z,)[].
Theorem 8. Let’s assume that the function f(Z) e Asatisfies the conditions
f(2)f'(z)#0 and:

Re{z.f '(2) {1 N z.f "(z)}} . 1
f(2) f'(2) 4
then f(2) € S *(1/4).

Proof. Let’s define the function h(z)=[2zf'(2)]/[f(z)]-1 which holdsh(0)=1.
Using this value of h(z), we can consider the following equality:

Re{ z,t'(zy) |:1 N z,f ”(ZO):|} _ Re{% Z,h'(z9) + é[l + h(ZO)Z]}

2.f'(2) 2
f(2)

for O<|Z|<1

f(zp) f'(zp)

where z, eU is a complex number which satisfies Reh(z) >0 for |z| |Zo| and Reh(z,) =0.
By using relations Reh(z,)=0, z,h'(z,) <—(1/4)[ 1+|h(20)| , the following inequality can

be written:
Re{zof (ZO)[H 2 f (ZO)Hs—%[l+|h(zo)|2]—%|h(20)|2 Lo

f(zp) f'(zy)

< —%|h(zo)|2 <1 M
(z9)

4
therefore, we have Reh(z) >0 or Re[zf '(2)]/[f (2)]> (1/4), so f(z) e S *(1/4) [11].
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Theorem 9 (Main Theorem 2). If f(z)e A is a function which satisfies the
following conditions zf '(z) # 0 and:

z.T'(2) z.1"(2) Lo, _ o
Re{ f(2) {Ha f'(2) }}> 8(3 a)2-a)l-a) in 0<[z|<1 for 0<a <3

then f(z) is 1/4 order starlike function. That is f (z) € S *(1/4).

Proof: Let’s define [zf '(2)J/[f(2)]=[1-N(2)](a/4)+h(z) for h(0)=1, then the
following equality can be written such that Reh(z) >0 and Reh(z,)=0 for |Z| < |ZO|. Then
from here:

1 1 " 1 1 2
d78@_f@ #'@f (z)_z(f (z)] :[1—gjh'(z)
dz f(z) f(z) f'(2) f(2) f(2) 4

'@, f'@x'@ | (2) ? :(I_ZJ A
f(z)y f'(2) (2 f(2) 4

fol f@ f© 4

Suppose that there exists a complex pointz, e|z|<lsuch that it satisfies the
conditions Reh(z)>0 and Reh(z,)=0 and Lemma 1, Lemma 2, and Lemma 3. Then we

have:
Re{zo.f '(zo){lﬂx z,.f "(zo)}} _
f(zy) f'(zy)

2 3
_ Re{a(l—%) zoh'(zo)+a(1—%j [h(2)]2 +(1 —%)(oﬂ +1-a)h(zy) +%+(1 —a)%}

If the relations Reh'(z))=0 and z,Reh'(z,) S—(1/4)[1+|h(20)|2] are used in the
previous equation, then:

Re{zo'f (2) {1+a Z,f "(Zo)}}:R{Zof '(Z)}Re{l ta Z,f "(Zo)}S
f(z,) f'(zy) f(zy) f'(zy)

3
< —%(1—%j(1+|h(zo)|2)—a(l—%)2 Ih(z,) +%+%(1—a) <

3 3
S—%(l—%j+%+%(l—a)s—%(3—0:)(2—05)(1—0{)

Re[z.f (2)V/[f (2)] > (a/4) is also obtained, which is f(z) € S *(1/4).
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Conclusion

Theorem 2 is improved from Theorem 9 because obtained results are:

2
0>—%(1—a)>—%(3—a)(2—a)—(1—a) when 0<a <1

2
0>—%(1—a)>—%(3—a)(2—a)—(1—a) when 1<a<2

2
0>—%(1—a)>—%(3—a)(2—a)—(1—a) when 2<a<3
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