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The semilinear Klein-Gordon equation with initial conditions is studied in de Sitter
spacetime. The L* decay estimates are derived for the solutions to the linear
Klein- Gordon equations with and without source term in de Sitter spacetime. It
is also showed the global existence of solutions to the initial value problem with
power type non-linear terms for small initial data by using these estimates.
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Introduction

In this article, we study the semilinear Klein-Gordon equation with the following ini-
tial value problem in de Sitter spacetime:

RE+NOE—e AE+MIE=F(&), (xt)eR"xR,
E(X,0)= po(X), 6,&(X,0)=py(x), xeR"

where p,,p, are in Sobolev space W™ 2(R"), and m>0. The model of de Sitter
spacetime indicates the spatial expansion of the universe. The initial value problem for the
Higgs boson equation:

(M

RE+NOE—eAE-MPE=|E"E, (xh) eR" xR

in de Sitter spacetime is analyzed by Yagdjian [1], and some qualitative property of the solu-
tion revealed if the global solution exists. In addition, it was shown by Baskin [2] that the ini-
tial value problem for:

0 a
d2u+ndu +t—\/ﬁatu —e XA U+ Au+|ufu=0, (y,HheYxR

Jr

admits a small amplitude global solution in the energy space H' @ L2, provided A >n?/4
and a =4/(n—1). Here h is a smooth family of Riemannian matrices on compact n-D mani-
fold Y, which is characterized as an asymptotically de Sitter spacetime. When either
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0<m<(yn*=1/2) or m>n/2, it has been shown in Yagdjian [3] that there is a constant
€ > 0 such that if:

||po||Hs(Rn)+||,01||H5(Rn)Se, for 0<e<g

the problem in (1) has a solution & € C([0,00); H*(R")) satisfying:

e ECOye ) < 2¢ 2)
where y is either y =0 if m>n/2 or:
n [n? 2
PR [2
0<y<¢ if 0<m< n -1
a+1

In Nakamura [4], for m>n/2, the initial value problem (1) with the power type non-
-linear term which satisfies the Lipschitz continuous condition was considered in de Sitter
spacetime. The existence of global solutions was proved in the energy space if the power in the
non-linear term satisfies the condition 4/n< p<2/(n—2) for n=3,4. The exponential type
non-linear term was also considered for the problem (1) with n=3,4 in [4]. The global exist-
ence of the energy solutions was proved under the relations between the power of the non-li-
near term p, the spatial dimension n and the mass m in [5].

Moreover, Galstian and Yagdjian [6] showed the global existence of the small data
solutions to the initial value problem for the following equation:

DFE+NOE —e P AX,,)E+ME=F(&), t>0, xeR" (3)
where

m e (0,+/n? —1/2)_In/2,00) and A(X,0,) = D_a,(X)dy

‘a‘SZ

is an elliptic negative second order differential operator with the real value coefficients
a, € B”. Here, B” denotes the space which contains all C” functions with uniformly
bounded all orders derivatives and F is Lipschitz continuous. It is also proved in [6] that if the
source term f = f(X,t) is added to eq. (3) with the zero initial data, the existence result is
valid for m> 0. In [7], Nakamura proved that the non-linear Klein-Gordon equation under the
quartic potential has a global solution in de Sitter spacetime. The existence of the small data
global solvability of the initial value problem for the eq. (3) proved by Yagdjian [8] for:

wie=ah

>

2 2

In this article, we study the case of n/2 <m. Decay estimates are crucial in proving
the existence of global solutions for non-linear differential equations. Therefore, we use the
L™ decay estimate to show the existence global solutions to the problem (1).

Theorem 1. Let N:=2[n/2]+3 and k:=[n/2]+2 where [.] denotes the integer
part. Then there is a constant ¢, >0 such that if || p, ||WN.2(Rn + p HWN,z(Rn <e¢ for
0<e <), the initial value problem (1) has a solution & € C([0,00);W**(R")) satisfying:
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n,
e? ||§(.,t)|lwk‘.d,(Rn) <2¢ where n/2<m

In order to prove the theorem, we recall the following estimate for the linear Klein-
Gordon equation, which is proved by Yagdjian-Galstian [9].
Lemma 1. Let & = &(X,1) be the solution to the following problem:

HRENE —e AL+ M E =T, £(X,0)=py(X), &(X,0)=p(X)

for (x,t) e R" x(0,20), where p,,p, € CI(R") and f e C*(R"™). Let | e Z* {0}, n>2
and m=>n/2. Then:

n son| L1
”(—A)_sf(.,t)lw,,q(w) SCe_zt(l+t)1‘59”M(1_e—t)[2 (P QH

N 4)
’ {ez ”'OO”\N"”(]R“) +(1-¢" e "\I\/""(]R") } +

_hetony b b + s—n(f—f)
+Ce 2 Iez e’(e®-e™ Pa.
0

A+t =b) M| £ b, &, db

for all t >0 where C >0 is a constant if:

n2

l+1:1, 1<p<2, l(n+1)[l—l)s2s£n(l—lj<25+land/\4= m> - —
P q 2 P q P q 4

Here, Sobolev space is defined:
WSI(R") = {ve LY(R"):DPv e LYR"), |B|<s}
with the norm:

My, { > uoﬂv\‘*]

s

Ve gy = D88 5Up Dﬂv‘
plss E

The positive constants C and C,, may change and they are written by the same let-
ters throughout the paper.

L~ estimates for the Klein-Gordon equation

We derive L estimates for the linear Klein-Gordon equation in de Sitter spacetime.
We are going to apply the following two lemmas to show the estimates where K, and K, are
denoted by Yagdjian and Galstian [9].
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Lemma 2. Let M>0 and z(t)=1-e". Then:

n-1 t

1
j[1+r(t)s] 2 K z(t)ds <C, €2 )
0
for all t>0.
Proof. Changing the variable by 1+7(t)s=r and using the definition of K, we
get:
n,]
j[l +7(t)s] (t)ds =
2-¢*  n-l -t
= [ [(1+e‘t)2—(r—1)2] 2 [1 +iM,~ +|M1(1 &)’ ~(r=]) Jdrg
1 (1+ey —(r-1?
e s (1 (e' -1’ —yJ
C j [((e+1)"—y~] 2 +iM,— +|M,1,— dy
0 ( +1)

where we have changed the variable by e'(r —1)=y in the last inequality. In [9], the hyper-
geometric function (see e.g., [10]) obeys the estimate:

[E+IM +|Mlmj <

(e' +1) M

for M > 0. Hence:

n—1 el 1 t

j[1+r(t)s K, (z(1)s,t)|z(t)ds < Cy, j [(e' +1)° —y?] 2dy<C,e2(1-e™)

which leads to (5).
Lemma 3. Let M>1/2 and 7(t)=1—e". Then:

n-1 t

1 _n-1 t
j[1+r(t)s] 2 K, (z(D)s, )| 7(t)ds < Cyy €2 (6)
0

forall t>0.
Proof. Similarly to the proof of Lemma 2, we obtain:

n—l el

1 1
[li+7®s] 2 [Ko®s,hlz(t)ds <Cy j [ +1)* —y*] 2[e" — 1 —y*T":
0

-{[et—eZt—iMa—e y)]F[ +iM— +|M1mj
(' +1)°

2t N L € -1n*-y
+(e 1+y)(2 IMJ ( 2+|M +|Ml—( ) de
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From [9], we have

z-1

1
[tz+1* =y’ 121@ -1 -y’ T"

0

z-2*-iM1-z —y)]F(—+|M +|M1LJ+ @)
(z+1) -y

+(22_1+y2)(%_iMj (—E+IM +|M,1,—E§+B - de

1
<Cy (z+1) 2(z-1)

forall z:=e' >1. Hence (7) leads to (6). This completes the proof.
Theorem 2. Let & = &(X,t) be the solution to the following problem:

OFE+NE+e HAE+ M E =T, &(X,0)=py(X), &(X,0)=p(X)

for (x,t) e R" x(0,20), where py, 0, €Cy(R") and f eC*(R"™). Let n/2<m and 2<n.
Then, for all t >0, we obtain for C > 0:

I n-1.t n-1

—ts —b
Hé( t)HL (R~ Ce 2 {"pO"W 22 (RO )+||’01"\N[ VL2 (RO )}_:,_Ce 2 J.e 2 “ f('ab)H‘/\/t“J*‘-'(R") db (8)
0

Proof. First, we consider the solution of the initial value problem:

BE+NE+ETAE+ME=0, &(X,0)= py(X), O E(X,0)=p(X) ©9)

for (x,t) e R" x(0,00), with p,, 0, € Cy'(R"). If p, =0, from the solution of (9) in [9], we
get:

_n- 1

Ex,t)=e 2 v (xr(t)+e ? jv (%, 7()$)(2K, (7(1)s,t) + nK, (z(1)s, 1))z (t)ds

where for peCy (R"),v ,(X,1) denotes the solution to the following problem:
8t2v —AV=0, V(X,0)= p(X), V(x,0)=0, (x,t)eR"x(0,0) (10)

Then, we get:

1ECD |- (R)se B Hv (-7(1)

+e 2 j”v (,z(0)s)

L*(R") L@ (11)
2K, (z(t)s,t) + nK, (z(t)s, 1)} r(t)ds
As is well known, the solution V(X,t) of the initial value problem (10) satisfies:

n-1

VG N gy SCA+D) 2 1 2 iz e, (12)
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for t>0, if N>2 (see e.g. [11] ). For all t>0, we have:

-l 1 n-1
e 2 IV, (7O Iy SCe 2 (1470) 2 [y
_n-l,
<Ce 2 ||p0|lw[n,2]+1.1(Rn)
Hence, we get:

n-1 n-1
2 <Ce 2 13
e ||vp0 (7O o) <Ce 120 lygtores gy (13)
On the other hand, we obtain:
n 1
) t t)ds <
e {“vpn 2O o, (t)ds <
(1 _n-1

< Cllpplynn er, € 2 I(r(t)s t) 2 [(2Ky(z(t)s,t) + nK, (z(t)s,t)) | 7(t)ds

From Lemma 2 and Lemma 3, we have:

e 2 j[1+r(t)s B 1|2K0(r(t)s t)|z(t)ds < Ce - (14)
0
N1 _n-1 -,
e 2 j 1+z(t)s] 2 r(tds<Ce 2 (15)
0
Hence, from (13)-(15) we get:
_n
1ECD @ <Ce 2 [|ofyimesas oy (16)
when p, =0. For the case g, =0:
-l
1ECD |- gy <Ce 2 IIpIILNW,I(Rn) (17)

in a similar way. Since p,, 0, € Co"(R"), from Holder inequality we have:

||p0 ”vv[n 21+1,1 (Rn) + ||p1 "\Iv[n/ZIH.I(Rn) S C["po "vv[n/Z]H,Z(Rn) + ||p1 "V\/[n?]ﬂl (Rn)]

Then, from (16) and (17) we get:

1ECD e ry < ce > ||P0”W[ vz gy 01 ooz gy ] (18)

for the solution of (9).
Next, we consider the solution to the initial value problem:

DE+NOE+e AL+ ME=T, £(X,0)=0, 8,£(X,0)=0
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for (x,t) e R" x(0,00), with f € C*(R™"). The solution of the initial value problem in [9]

has the following form:

gP—et

é:(X t) 2e 2 Idb J. drez V(X r: b)4IM —IM(b+t)[(e—t +e‘b)2 _r2

—b —'[ 2 2
—+|M +|/\/l1(eb# dr

where V(X,t;b) is the solution to the following problem:

—l—i/\/l

] 2

OIV—AV=0, V(x,0;b)= f(x,b), V,(x,0;b)=0,(x,t) e R"(0,0)

where b > 0. From (12), we get:

n-1

IV Fb) e ey SCA+TY 211 F () oo

for all r >0. Hence:
1EC0 [l gy <Cmie 2 JeZ I Cob) oz ey

e h_gt n-1 1

[ a+n 2pet+e®?’-r’12fF
0

[1 +iM,— +|M,1,

ntn eP—e

e —et)y?_r
P +e ) _r?

<C ezjez 1F (D) oz, b j (e +e) —r’] 2

2 2
—+|/\/l +|/\/l1(eb# dr
2 (e +e) -r?
If the variable r =e'y is used, then we get:
n tn
&G, t)||L,(R)<CMe 2 jez I £ (D) lytnars oy db-
0
e 2 1 €12y
j [ +1)* —y?] 2|F| = +iM - +iM =
2 2 e+

|

dr <

Then we have the following estimate for the second integral of the last inequality:

e -1 1 (et—b _ 1)2 —y
![(etb 1)? y]2 ( +iM,—~ +IM1(etb+l)2 y

ett_1 1 t-b

<Cy [ [P+’ -y’] 2dy<Cye 2 [I-e "]

0
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for b <t. Thus, we obtain:
L t n-l
1D gy <Cme 2 j 2 £ () llytnis oy (19)
0

Hence (18) and (19) lead to (8). This completes the proof.
Global existence with small data

From (1), it follows that:

OyOlE +n0,01E —eADIE+ mPTE = DTF (&), (x1)eR"x(0,T),
DEX0) =1y (0. (DIEK(X,0) =1 (X), XeR"
where 7 is a multi-index. Therefore:
OTE(X,t) = & (X,1) + L[OTF(E)](x,1) for (x,t) e R" x[0,T) (20)
where & is the solution of:
Oy +NoE—eAE+MPE=0, (X,1)eR"x(0,T)
E(x,00=07pp(x), &(x,00=07p(x), xeR"

and for a smooth function f, set:

e e

L[ fl(x,t)=2e 2 jdb j dre2 V(X,I;D)E(r,;0,b) for (x,t) e R" x (0,T)

where E(r, t) is defined in [9]. Here V(X,t;b) is the solution to the problem:
OIV—AV=0, V(x,0;b)=f(x,b), V,(x,0;0)=0, (x,t)eR"x(0,T)
In other words, L[ f] is the solution of
Ol +N0,E—e AL+ mPE=f, (x1)eR"x(0,T),
£(x,00=0, &(x,00=0, xeR"
Let |77[<[Nn/2] + 2. Then, from (19) we get:

nltnl

|LierF@cy| . . <ce 2 jez IF(E)D) lly s e

L"(R")
for t €[0,T), where we put N =2[n/2]+ 3. From (18) , we also have:

n-1,
GOl - oy <Ce 2 [IIpOIIWNz(Rn 1Pyl tELO,T)
Therefore, we obtain:

n-1.t n-1

——ta —b
||§(.,t)n,vm(R)SCe B |P0"WN2 s+l ey 1+ Ce 2 e 2 I gy db 21)
0
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We use the following Lemma to estimate the non-linear term F(&).

Lemma 4. Let F(&)= &% & with an even integer >0, N =2[n/2]+3 and
k=[N/2]+1=[n/2]+2. If & is a solution of (1) with compactly supported initial data, then
we have:

” F(é) Il/\/N«‘(R")S C || é Il/a\!/kW(R")” é IlNN’z(]R") (22)

where C is a positive constant.
Proof. Since F(0)=0, from the finite speed propagation property of the solution,
we get:

I F )y gy < CITEE) ynagen)

from Holder's inequality where C is a positive constant independent of t. It follows that:

12
IF(S) lyne @y = Z {H@"((e‘f)“/zé)‘z dx} =
[o|<N (R"

P 1/2

> C, (07E%E .07 ETE) dx

o\ +..+0,,=0

-2

|o|<N| R"

where C_, is a suitable constant. Without loss of generality, we may assume

aTS [N/2]+1. Hence we have:

I e gy SC I lyag { 3 a@mwi
V<[

<[N/2]+1

This completes the proof.

Proof of Theorem 1. Since the local smooth solution of (1) exists, we need to derive
is a suitable apriori estimate for proving the global solvability of (1). Let N =2[n/2]+3 and
k =[N/2]+1. We assume that the solution of (1) satisfies:

n-1

€2 | € llyer e, < 2¢ for te[0,T) (23)

for n/2<m, T >0, and ¢ >0.We have from (20) and (21):

o,
e 2 150 o gy < ClRO ey + 11y oy 1+
(24)

n-1

t =y
+Cle 2 11 E0D) Il o)l ECb) llywa ey db
0

where m>n/2. Therefore, we need to evaluate || £(.,b) ||« z(R )
from Lemma 1 with p,=¢, =0,p=q=2 and S=1=0 we have:

Let |7]< N in (20). Then,

n-lton-ly
L{OIF(£) |0 <Ce 2j2|W@xmmmw
0
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In view of the proof of Lemma 4 we get:

” F[f:(,b)] “\/\/NQ(R”)S C ” é:(a b) Hj\l/kW(R")” é:(a b) “\N”’Z(R")
On the other hand, from Lemma 1 with f =0,5s=0,1=N and p=0q=2, we get:

1

Fl
oDy <€ 2 onlyns ey Iy

for t €[0,T). Summing up, we obtain:

n-1
St
0% (. )LZ(Rn Ce 2 [||p0"va~z(R”)+||p1"vv“‘-2(n§")]+

Lt -y
> fe 2 1ECD I 1 2CD) o, D
0

so that (23) yields:

n-1
—t
e 2 ” é(at) |lNN‘2(]R")S C[”p()"WN‘z(Rn) + "p] ”\IVN,Z(RH)] +
n-1

t (n lj n-l
+Cle Q)| e 2 11 ECD) [lynegr) [db
0

<e, we see from Gronwall's ine-

for t€[0,T). Since we assumed |p, "vv“ . +||,ol by gy <

quality that for t €[0,T):

tcg“e’({%})cib

n—
e ||§( )l oy < Cee <Ce

for N> 2. Using these bounds in (24) , we get:
n, \ a(ujb 1
e |15, t)|l,vka(R)—CC06+Cj «lg "\ 2/ dh <Cye +CCe”*

for t €[0,T). If we choose ¢ and C; such that CC,e“ <C,/3, then we obtain:

4C06

eT ”é:( t)”\NK”(R)— 3

for n/2 <m. Combining the existence of the local solution, we find that the initial value prob-
lem (1) admits a global solution.
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