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In this study, we define hyperbolic-type k-Fibonacci numbers and then give the
relationships between the k-step Fibonacci numbers and the hyperbolic-type
k-Fibonacci numbers. In addition, we study the hyperbolic-type k-Fibonacci se-
guence modulo m and then we give periods of the Hperbolic-type k-Fibonacci se-
quences for any k and m which are related the periods of the k-step Fibonacci se-
guences modulo m. Furthermore, we extend the hyperbolic-type k-Fibonacci se-
quences to groups. Finally, we obtain the periods of the hyperbolic-type
2-Fibonacci sequences in the dihedral group Dam, (m > 2) with respect to the
generating pairs (x, y) and (y, X).
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Introduction
The set of hyperbolic numbers H can be described in the form:

H={z=x+hy|hgR,h*=1x,yecR}

Addition, substruction and multiplication of two hyperbolic numbers z; and z, are
defined by:

2127, =(% +hy) £ (X% +hy,) =0 £ %) +h(y, £ y,)
2y x 2, = (% + hy)(% +hyy) = (X %) + (Y1Y2) + h(X Y, + Y1Xp)
On the other hand, the division of two hyperbolic numbers are given by:
4 _xthy

z, Xp+hy,

(% +hy))(X; —hy,) XX +Y1Y, (XY, +Y1Xp)

(Xo +hy,)(%, —hy,) Xz2 - 3/22 Xg - y22

If x3—y5 =0, then the division z/z, is possible. The hyperbolic conjugation of
z =X+ hy is defined by Z = x—hy.
The k-step Fibonacci sequence { ¥} is defined by the following recurrence relari-

on:
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fid = T + fia #4109, 200 (k=23:-) (1)
where f{ =0 =...= {&) =0 and &) =1.

The hyperbolic Fibonacci sequences {Hf,} is defined by a two-order recurrence
equation:
Hf = f, +hf,,

For n>0, where h> =1, h¢ R and f, is the n Fibonacci number.
In [1], Kalman derived a number of closed-form formulas for the generalized se-
guence by the companion matrix method:

010..0 O
001.0 O
000..0 O
A=l
000.. 0 1
[ Co €1 Ca-Cy—2 O |
He showed that:
aO an
Al "’Tl _ an‘+1

1 A1

Number theoretic properties such as these obtained from homogeneous linear rec-
curence relations relevant to this article have been studied recently by many authors, see for
example, [2-15]. In section The hyperbolic-type k-Fibonacci numbers, we define the hyper-
bolic-type k-Fibonacci numbers and then give the relationships between the k-step Fibonacci
numbers and the hyperbolic-type k-Fibonacci numbers.

A sequence is periodic if, after a certain point, it consists only of repetitions of a
fixed subsequence. The number of elements in the shortest repeating subsequence is called the
period of the sequence. For example, the sequence a,b,c,d,b,c,d,b,c,d,--- is periodic after
the initial element a and has period 3. A sequence is simply periodic with period k if the first k
elements in the sequence form a repeating subsequence. For example, the sequence
a,b,c,d,a,b,c,d,a,b,c,d,--- is simply periodic with period 4. Lu and Wang [16] contributed
to study of the Wall number for the k-step Fibonacci sequence. Lu and Wang [16] proved that
the k-step Fibonacci sequence modulo m is simply periodic.

The notaion h, (m) denotes the period of the sequence { f*)(m)}. Itis clear that:

flo, =0(modm), {0 | =0(modm),---, £ ) =0(modm)

and

k —
Ok s = L(modm)

In section The period of the hyperbolic-type k-Fibonacci sequence modulo m, we ex-
tend the concept to the hyperbolic-type k-Fibonacci sequence and then give the relationships
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between h, (m) and the hyperbolic-type k-Fibonacci sequence modulo m. Furthermore, in this
section, we produce the cyclic groups from the multiplicative orders of the generating matrix
of the hyperbolic-type k-Fibonacci sequences such that the elements of the generating matrix
when read modulo m. Then we derive the relationships among the orders of the cyclic groups
obtained and the periods of the hyperbolic-type k-Fibonacci sequences modulo m.

The study of recurrence sequences in algebraic structures began with the earlier
work of Wall [17] where the ordinary Fibonacci sequences in cyclic groups were investigated.
The theory extended to some special linear recurrence sequences by several authors, see for
example, [18-30]. In section The hyperbolic-type k-Fibonacci sequence in groups, we give the
definition of the hyperbolic-type k-Fibonacci sequences in groups generated by two or more
elements and then we investigate these sequences in the finite groups for any k. Finally, we
obtain the periods of the hyperbolic-type 2-Fibonacci sequences in the dihedral group
D,.,, (m=>2) as applications of the results produced in the same section.

The hyperbolic-type k-Fibonacci numbers

We now define the hyperbolic-type k-Fibonacci numbers for any given
k(k =2,3,...,) by the following homogeneous linear recurrence relation:

HEE = hHEDS, + h2HEDY, + - TR 1 hk R 2)
for n>0,, where HFR") =..oHF®™Y -0 HF"Y =1 and h?=1.  Since

-2
FX = HR(™O | B0 = g0 TR = HFK(E'Zkg and F&) = HFE(" ) and from egs. (1) and (2),
we derive the following relations:
If k is odd:

Lt _ | R n=0(mod2)
n F&,n=1(mod2)
If K is even:

F® n=0(mod2)

HF(" =
" (), n =1(mod2)

From eq. (2), we have:

HESO L Thin? gtk ] HESO

n+k+1 nek
HE®O | 110 0 o || HE(Y,

: =/01.. 0 O :
HE (h.k) O | S =GA

n+2 n+1

HE (k) 0o0..1 0 HFn(h,k)

n+l | = =

for the sequence of the hyperbolic-type k-Fibonacci numbers. Letting:
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h hZ hkfl hk
1 0..0 0
My=l0 1.. 0 0
0 0..10

The companion matrix M is said to be the hyperbolic-type k-Fibonacci matrix.

By mathematical induction on n, we find:

HF W THRTE, + R N HETLY,
MG RS, R, e
(M)" = CCoo 5 5 (3)
HF(" FRIHREMO) LR RN hE (M)
HF" TRTHED + hEHEL) RHRN

for n>1,, where the column matrices C; and C; are;

ChZHFEM, 1+ PHE(O, ey R EHE (R gk M) ]
h?HEDS, + h3HFEMR), o TR 1 p R (LK)

Cl = .
h?HEM + R HFEO 4o RTHE D), + R HE (),
| h?HE £ hPHEO 4o iHEY, + R R, |
and
hPHFER, +h HEOE, o+ hHEN i HRNR ]
WP HFES, + W HEDY, +- -+ hTHED + i HE(MY)
C2 = :

REHE ™) 4+ HEO oy RELHEGR), | pkHE (R,

n—k+

_h3HFn(E1'k) +h*HEMX) o BT HE R, 4 R HE (LK), |

Also, we derive the following relationships between the hyperbolic-type
k-Fibonacci numbers and the k-step Fibonacci numbers for n>k —1:
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[l psuspp K B O L et | AP =1 SRR o}

n+k+1 n+k— n+k n+k n+k
k+u-1p (k k k k k k 1 k k k
h*t Fn(+l)<+l h +U[Fn(+l)<—3 + I:n(+l)<—4 teeet Fn(—z] e [Fr1(+&—3 + n(+l)<—4 toeeet I:n( )]
(M,)" = ; : :
2R hOIRO RS+ BT R+ RS+ BRG]
1 (k 2 k k k 3 k k k
L h* I:n(+l)<+l h** [Fn(—:% + Fn(% toeeet Fn(—l)<+1] h'* [Fn(—:% + Fn(% teeet I:n(—l)<+2]
L (e IR Y L e s
2k+u-3 k k 2k+u-2 = (k
h o [Fn(&—s + Fn(+l)<—4] h o Fn(+&—3
: : 4)
hk+u[Fn(k) " Fn(k“ hk+u+1Fn(k)
k+u-1 k k k k
R R RY
where

Ue 0,k —n=0(mod2)
" | Lk =n=1(mod2)
The period of the hyperbolic-type
k-Fibonacci sequence modulo m

If we reduce the hyperbolic-type k-Fibonacci sequence {HF"*)} modulo m, taking
least non-negative residues, then we can get the repeating sequence, denoted by:

(HEM (m)} = (HRS™ (m), HE™ (m), - HEO (m), -}

where HF ™) (m) is used to mean n™ hyperbolic-type k-Fibonacci number modulo m. We
note here that the sequence {HF"*)(m)} has the same recurrence as in the {HF."¥)1.
Theorem 1. {HF"™*) (m)} forms a simply periodic sequence for any k > 2.
Proof. Let us consider the set:

X ={(X, %, %) |0<X, <m-—-1}

It is clear that X is a finite set. Let the notation |X| denote the cardinality of the set
X, then there are |X|distinct k-tuples of the hyperbolic numbers modulo m. Then, at least one
of the k-tuples appears twice in the sequence {HF ™) (m)}. Thus, the subsequence following
this k-tuple repeats; therefore, the sequence {HFnr(]h"‘)(m)} is periodic. Since periodicity, for
any s >0, there exist r >s+k such that:
HF™(m) = HEM (), HE( () = HRG (m),--, HRG (m) = HEGO (m)

s+1

From the recurrence relation of the hyperbolic-type k-Fibonacci sequence HF"*),

we can easily derive that:
HF™O (m) = HE®O (), HEM (m) = HE MO (m), -, HR™ (m) = HE ™ (m)

which implies that the sequence {HF"*)(m)} is simply periodic.
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We denote the period of the sequence {HF,"™* (m)} by pf(m).

The hyperbolic-type k-Fibonacci sequence in groups
Let G be a finite k-generator group and let:

X ={(xl,x2,---,xk)eG xGx---G |{x1,x2,---,xk}=G}
k

We call (x,%,,:-+,%,) agenerating k-tuple for G.
Definition 1. Let G be a k-generator group. For generating k-tuple (x;,X,, -+, %), we
define the hyperbolic-type k-Fibonacci orbit by:

he h
89 =Xy, 8 =Xp, ", &1 = X,y = (@,)" (an+1) < (An4k-2)" (@pik-1) ' N20

The following conditions hold for every x,y € G.
i, if xy=yx, then x"y" = y"x".
. (xy)h = yhxh,
iii. xy" = y"x and x"y = yx".
For generatmg k-tuple (x;,%,,--+, %), we define the hyperbolic-type k-Fibonacci or-
bit is denoted by HF(X . (S
Theorem 2. Let G f)e a k-generator group. If G is finite, then the hyperbolic-type k-
Fibonacci orbit of G is periodic.
Proof. Consider the set:

X = {[(Xl)a1(mod\xl\)Jrhbl(mod\xl\) ,

(x )az(mod\xz\)+hb2(mod\x2\)
2 ) 1
(Xk)ak(mod\xk\)+hbk(mod\xk\)] |

X0, Xp, % €G and a,,b, € Z such thatl<n <k}

Since G is finite, the X is a finite set. Then for any t >0, there exists v>t+k such
that a; =a,,;,a., =80, Btk = Byke Because of the repeating for all generating k-
tuples, the sequence HF «)(G) is periodic.

We denote the Iength o the period of the orbit HF , ,(G) by L, , . )(G).
From the definition of the orbit HF(X x,.--x)(G) itis clear that tﬁe Iength of the perlod of this
sequence in a finite group depend on the chosen generating set and the order in which the as-
signments of x;,x,,---,x, are made.

Itis well—known that the dihedral group D,,, of order 2m is defined by the presen-
tation:

om = (X%, Y|X™ =y = (V)" =€)

We shall now address the lengths of the periods of the orbits HF(X y)(Dap) and
HF(y X) (DZm)
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Theorem 3. For:
m=2, I-r(1)(,y) (Do) = L?y,x) (Do) = lem[6, pg (m)]

Proof. Let us consider the hyperbolic-type 2-Fibonacci orbit of the dihedral group
n for generating pair (X, y).

a, = %a = Y,a, =xy",a; = x",a, = x*y"a; = x*"y,a5 = x°,

asr =X sry Vs e SI’+1_X sr+1y Vs i asr+2 =X sr+2y sr+2

Since || =m,|y|=2 and pj(2)=6:

Ug.r — yUsrs — yUsriz yh
Ao =X, 8641 = XY, 85 0 = XY,
and

m)r

p (m).r+1
2 ,a

8 ps(m).r+2

p(m)r+2
p; (M).r+1 — =Y X y-

A (myr =XV "

where uy =1,u; =0,u,,, =hu,,; +u, and vy =0,v; =1,V , =hv,,; +V,,n>0.
Then we obtain:

h

= X 8emie, pr (mylsL = Y Bemps, pi(myje2 = X Yoo

Bicm(s, p2 ()]

Thus it is verified that the length of the period of the sequence HFh (Dypy) IS
lem[6, p5 (m)]. There is a similar proof for length of the period of the sequence HF(y %) (Dam)-
Example 1. The sequence L, ,,(Ds) is:

X,y,th,Xh,Xzyh,y,X2,X2hy,th,e,th,th,
X2,y,Xzyh,XZh,th,y,X,th,Xzyh,e,Xzyh,X2hy,
X Y.
which implies that LY, ,,(Dg) = 24. It is easy to see that Icm[6, p} (3)] = lcm[6,8] = 24.
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