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Approximation of helices has been studied by using in many ways. In this study, it
has been examined how a circular helix can be written as Bezier curve and writ-
ten the 3™ degree, 5" degree, and the 7™ degree Maclaurin series expansions of
helices for the polynomial forms. Hence, they can be written cubic, 5" order, and
7" order Bezier curves, based on the control points with matrix form we have al-
ready given in E3. Further we have given the control points of the Bezier curve
based on the coefficients of the Maclaurin series expansion of the circular helix.
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Introduction and preliminaries

A Bezier curve is frequently used in computer graphics and related fields, in vector
graphics, used in animation as a tool to control motion, see in [1, 2]. In animation applications
such as Adobe Flash and Synfig, Bezier curves are used to outline for example movement.
Users outline the wanted path in Bezier curves, and the application creates the needed frames
for the object to move along the path. For 3-D animation Bezier curves are often used to de-
fine 3-D paths as well as 2-D curves for keyframe interpolation. In [3], a dual unit spherical
Bezier-like curve corresponds to a ruled surface by using Study’s transference principle and
closed ruled surfaces are determined via control points and also, integral invariants of these
surfaces are investigated. Researchers have written many publications on Bezier curves, but
some of these studies inspired this article. For example: in [4], Bezier curves with curvature
and torsion continuity has been examined. In [4, 5], Bezier curves and surfaces has been giv-
en. In [6], Bezier curves are designed for computer-aided geometric. Recently equivalence
conditions of control points and application to planar Bezier curves have been examined. In
[7], Frenet apparatus of the cubic Bezier curves has been examined in E2. In [8], a cubic
trigonometric Bezier-like curve similar to the cubic Bezier curve, with a shape parameter, is
presented. In here, first 5" order Bezier curve and its first, second and third derivatives have
been examined based on the control points of 51" order Bezier Curve in E3. We have already
examine in cubic Bezier curves and involutes in [7, 9]. The Bertrand and the Mannheim mate
of a cubic Bezier curve by using matrix representation have been researhed in E3 [10, 11], re-
spectively. In [12], it has been examined the 5™ order Bezier curve and its derivatives. In [13],
it has been researched the answer of the question: how to find a n' order Bezier curve if we
know the first, second and third derivatives? Also in [14] it has been given the way how we
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can determine the wanted 5" order Bezier curve, if we know its the first, the second, and the
third derivatives, which it has the wanted control points. And finally, in [15, 16], approxima-
tion of circular arcs and helices have been studied.

Generaly n' order Beziers curve can be defined by n+1 control points Py, R,...,P,
with the parametrization:

B(t) = é[?)t' @-0)"'[R]

For more detail see [17, 18]. Approximation of helices has been studied by using in
many ways.

In this study, it has been examined how a circular helix can be written as Bezier
curve by using Maclaurin series. It is well known that Taylor series:

(0=3 102
n=0 .

of a function is an infinite sum of the functions derivatives at a single point a. Also, a Mac-
laurin series

f(x) = i f(”)(O)%
n=0 -

is a taylor series where a = 0.

Helix as a cubic Bezier curve

In this section, it has been examined a more complex helix
[acos(bt — ), asin(bt —c),dt] as a cubic Bezier curve.

Theorem 1. The matrix representation of the helix curve of
[acos(bt —¢), asin(bt —c),dt] as a cubic Bezier curve is:

[acos(bt —c),asin(bt —c),dt]=[t® 2 t 1[B%R, B P, AT

with the control points:

acosc —asinc 0
1 . 1 . d
Py acosc + — absinc —abcosc —asinc 3
R
= ab2cosc  2absinc 1 ,,.  2abcosc _ . 2d
P - + +acosc —ab“sinc+ ——— —asinc -
P 6 6 3 3
3 3a: 2 3 2a:
—ab’sinc  ab“cosc . —ab’cosc  ab“sinc .
- + absinc + acosc + +abcosc —asinc  d

6

Proof. Let’s examine the [acos(bt —c),asin(bt —c),dt] as a cubic Bezier curve. First
we need to write [acos(bt —c), asin(bt —c),dt] in Maclaurin series expansion. Also 3" degree
Maclaurin series expansion of helix can be written as in parametric form and a 3" degree pol-
ynomial function as in the following way:
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3a; 2
ab’sinc ab“cosc .
- t2 + (absinc)t + acosc,

3! 21
. —ab%cosc 3 abZsinc , .
a(t) =[acos(bt — ¢),asin(bt — ¢),dt] = 3 t°+ t© + abt(cosc) — asinc,

dt

Also this can be written in matrix form with the matrix representation of cubic Bezi-

er curve as in:

- [ _absinc  —ab®cosc 0 -

t 3! 3! t P
o(t) = [acos(bt — ), asin(bt —c), dt] = | L | | 0’cosc  ablsinc | _|t° [8°] A

t 2! 2! t P,

1 absinc abcosc d 1 P

acosc —asinc 0|

Solving the previous equation we get the control points By, R,P,, and P, as in the
result of the matrix product and so, we get the proof:

r -T
—ab%sinc  —ab?cosc :
absinc  acosc
3! 2!
_ah3 2qi
[ R P, BRI =[B" ab3|cosc absInC o pcosc —asinc
0 0 d 0
Corollary 2. The co-ordinates are:
| _abdsinc | [ _abcosc |
Xo 3! Yo 3! Zg 0
X _ab? 26i z 0
LBt ab“cosc ’ Y1 _[BT* ab“sinc LBt
X2 2! Y2 2! Z, d
X3 absinc Y3 abcosc Z, 0
| acosc | | —asinc |

Corollary 2.2. There is the following relations among the coefficients a and b and
apscissas, ordinates and applicates of the control points:

1

a=———-

b3sinc

(6xg —18x; +18x, —6X3)
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6X, COSC — 18X, COSC +18X, COSC — 6X; COSC —hXysinc =0
—3Xy COSC + 9X; COSC — 9X, COSC + 3X5 COSC — 30X, Sin € + 6bx,; sinc —3bx, sinc=0
6x, —18% +18X, — 65 + 30%x, —3b?x =0, b*(sinc) # 0

1

3 (6% 18y, +18y, ~6y,)

a=

—6Yy,sinc +18y,; sinc—18y,sinc + 6y, sinc — b3yO cosc=0
3y, sinc — 9y, sinc + 9y,sinc — 3y,sinc — 3by,cosc + 6by;cosc — 3by,cosc =0
6Y, — 18y, +18y, —6Y; +3b%y, —3b%y; =0,b®(cosc) = 0and d =3z
if z,=0, -3z +3z,-23=0, 6z -3z, =0.
Helix as a 5™ order Bezier curve

In this section it will be examined the helix [acos(bt —c), asin(bt —c),dt] as the 5™
order Bezier curve. We have already known that the matrix representation of the polynomial
curve a(t)=(t, a5t5 +a,tt + a3t3 + a2t2 +at, +a,) as 5" order Bezier curve in E? is:

a®)=[t> t* & & t YB°JR B P, P, P, R

where the coefficient matrix and the inverse of the 5" order Bezier curve are:

[0 0 0 0 0 1
_ _ 1
-1 5 -10 10 -5 1 00 0 0 1
5 -20 30 -20 5 0 1 2
00 0 — =1
-10 30 -30 10 0 O
[BS] — and [85]71 _ 10 5
10 =20 10 0 o0 O 0 0 1 3 3 1
-5 5 0 0 0 O 10 10 5
1 0 0 0 o0 0] o 1 2 3 4
5 5 5 5
11 1 1 1 1]
Theorem 2. The matrix representation of the helix curve of

[acos(bt — c),asin(bt —c), dt] as a 5 order Bezier curve is:
a(t) =[acos(bt —c),asin(bt —¢),dt] =
=[t> t* ¢ t* t qB°F, B P R P R

where the control points Pg, P1, P2, Ps, P4, and Ps are:
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[ acosc i
1 .
acosc +—absinc
Xo 2 )
ab“cosc  2absinc
X — + + acosc
20
X2 3. 2 R
= ab’sinc  3ab“cosc  3absinc
X3 - - + +acosc
60 20
X4 4 3 - 2 .
ab“cosc ab®sinc 3ab“cosc 4absinc
Xg - - + + acosc
- - 120 15 10
ab%sinc  ab®cosc ab’sinc  ab?cosc .
- + - - + absinc + acosc
L 120 24 6 ]
[ —asinc 1
1 .
—abcosc — asinc
moo 5
yO 2 .
ab“sinc  2abcosc .
Y1 + —asinc
y 20
2 |= ab3cosc 3ab%sinc  3abcosc .
Ya - + + —asinc
y 60 20
4 ab%sinc ab®cosc 3ab%sinc 4abcosc .
Ys - — + + —asinc
=00 120 15 10
ab°cosc ab“*sinc ab3cosc abZsinc )
- - + + abcosc — asinc
L 120 24 6 J
and
T
d 2d 3d 4d
T
y 4, 2, 2, 1, Z] =|0 = — — — d
[ 0 1 2 3 4 5] |: 5 5 5 5 :|

Proof. Lets examine the (acos(bt —c),asin(bt —c),dt) as a 5" order Bezier curve.
First we need to write [acos(bt —c),asin(bt —c),dt] in Maclaurin series expansion. For helix
5% degree Maclaurin series expansion can be written as in parametric form and a 5™ degree
polynomial function:

a(t) =[acos(bt — ¢),asin(bt —¢),dt] =

—ab’sin(c)t® ab*cosc., ab’sinc.; ab’cosc )
O, t4 - 3 t2 + (absinc)t + acosc

51 4] 3! 2!
5 onde k3 2;
_|ab ;:'osc t°+ ab4|smct4 + abgtl:osc 3, Absinc .z abt(cosc) — asinc

dt
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Also this can be written in matrix form with the matrix representation of 5 order
Bezier curve as in:

a(t) =[acos(bt — ¢), asin(bt —c), dt]

[ _ab’inc  ab%cosc —ab’sinc  —abZcosc absine  Acosc
51 41 3! 3!
5 ahdei P 2qi
St 22t ab ;050 ab4lsmc ab3<|:osc ab 2sllnc abcose  —asinG
0 0 0 0 d 0

=[t> t* 2 t* t qB°R, B P, B P R

Solving the equation we get the control points Ry, R,P;,P;, P, and R, as in the re-

sult of the matrix product

- T
—ab®inc —ab%inc —ab’cosc )
: c absinc acosc
ab>cosc 41 3!
4b*cosc
I _ah3 2
[ B P R P R] =[B! St ab’cosc  abTsinc o osc —asinc
41 3! 2!
0 0 0 d 0
The result give us the proof.
[ _ab%sinc | [ abScosc |
51 51
X ab“*cosc Yo —ab®sinc 2y 0
X 41 Y1 41 A 0
X BT —ab3sinc Y2 _[B°] —ab®cosc ’ z, BT 0
X3 3! Y3 3l Z3 0
X4 —ab?cosc Y4 ab?sinc z, d
| X5 2! Vs | 21 | Z5 10|
absinc abcosc
| acosc | | —asinc |

Helix as a 7™ order Bezier curve

In this section we it will be focused on how we can write a general helix curve as a
7t order Bezier curve.
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Theorem 3. The coefficients matrix and the inverse matrix of any 7" order Bezier

curve are.
-1 7 21 3 -3 21 -7 1]
7 42 105 -140 105 42 7 O
21 105 -210 210 -105 21 O O
(8] 35 -140 210 -140 35 0 0 O
|-35 105 -105 35 0 0 0 O
21 42 21 0 0 0 0 O
7 7 0 0 0 0 0 O
| 1 0 0 0 0 0 0 0f
and
(00 0 0 0 0 0 1]
00 0 0 0 0 =1
7
00 0 0 0 = 24
21 7
00 0 o = 1 3,4
[B7]—l= 35 7 7
00 o L 4 2 4,
35 3 7 7
0o L 1L 2105
21 7 7 21 7
o1 2 3 4 5 6,
7 7 71 71 71 7
11 1 1 1 1 1 1]

Theorem 4. The matrix representation of the helix curve
a(t) =[acos(bt —c),asin(bt —c),dt] as a 7" order Bezier curve is:

a(t) =[acos(bt —c),asin(bt —c),dt] =
=i’ € ¢t qBIR R P R PR R PT

where the control points Ry, R, P, R, P, B, s, and P, have the following co-ordinates:

of
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[ acosc i
1 .
o acosc + 7 absinc
Xo 9 .
% —ab“cosc  2absinc
4 + +acosc
X 42
2 —ab%sinc  abcosc  3absinc
X3 - + + acosc
= 210 14
X4 4 3 - 2 .
ab“cosc 2ab®sinc ab“cosc 4absinc
Xs - - + + acosc
840 14 7
X6 | | 6 5e: 4 3. 2 :
ab’cosc ab’sinc ab“cosc 2ab’sinc 5ab“cosc 6absinc
X7 - + - - + +acosc
= 5040 420 56 21 7
—ab®cosc ab’sinc  ab®cosc ab’sinc  ab®cosc .
- + - - + absinc + acosc
L 720 120 24 6 i
[ —asinc 1
mo abcosc .
Yo —asinc
yl 2 .
ab“sinc  2abcosc
Y, + —asinc
y 42
= —ab%cosc lab%sinc 3abcosc .
Vs + + —asinc
210 7
Vs —ab%inc  abZsinc  4abcosc .
Ve 3 + —asinc
y 84ab*cosc 7
T4 | _ab’cosc  abSsinc ab°cosc  ab%sinc  ab3cosc  absinc .
+ - - + + abcosc — asinc
L 5040 720 120 24 6 ]
and
d 2d 3d 4d 5d 6d
20 2 o 73 24 7z 7, 7]=[0 - - - - — dl

7 7 7 71 1 7

Proof. First we need to write [acos(bt —c),asin(bt —c),dt] in Maclaurin series ex-
pansion. For sine function 7t degree Maclaurin series expansion can be written as in paramet-
ric form and a 7" degree polynomial function:

a(t) =[acos(bt —c),asin(bt —c), dt]

ab’tsinc . —ab%Ccosc  abt>sinc . ab*cosc " ab3sinc E ab?cosc

t? + abtsinc + acosc

B 7! 7! 6h° 41 3!
—ab’t’cosc  ab®t%sinc ab®t®t°cosc —ab*t’sinc ab’t’cosc ab’t’sinc .
- + ol + = + 2l - 3 + + abtcosc — asinc

Also this can be written in matrix form with the matrix representation of 7" order
Bezier curve as in:
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a(t) =[acos(bt — c¢),asin(bt —c), dt]

= BIR AR RPRRPT

absin(c) _ab’cosc 0_
7! 7!
T —ab®osc  absinc 0
6 6! sinc
t —ab°sinc  ab®cosc
5 5 0
t ab® 51
_|t*] | ab’cosc  —ab’sinc 0
@ 41 41
(2| | —ab%inc  —ab’cosc 0
. 3l 3l
2 2a:
1 —ab“cosc  ab“sinc 0
- 21 21
absinc abcosc
acosc —asinc |

Solving the previous equation we get the control points R, R,P,,R;, P, R, B, and
P,, as in the result of the matrix product:

absin(c) _abcosc O_
7! 7!
—abbcosc  ab®sinc 0
e | I
P, o g
P —ab’sinc  ab’cosc
1 0
; 65 51
2 51
5 I
P3 =[B'T™*| abcosc  —ab’sinc 0
P“ 41 41
P5 —ab’sinc  —ab3cosc 0
6 3! 3!
P. .
LT —ab%cosc  abZsinc 0
21 21
absinc abcosc d
| acosc —asinc ]
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Hence it is easy to say that:

" absinc | __ ab’cosc |
7! 7!
- —ab®cosc | abPsinc
Xo 6! Yo 6!
X —ab®sinc Y1 ab°cosc
X5 51 Yo 51
X3 _[B] ab“*cosc Y3 _[B] —ab®sinc
Xy 41 Vs 41
Xg —ab3sinc Ys —abscosc
Xg 3! Ye 3!
| X7 | —ab®cosc | | V7| ab?sinc
2! 2!
absinc abcosc
| acosc | | —asinc |

and [z, 7 2, 23 2, z 25 z,]' =[BT'[0 0 0 0 0 0 d O]'. So, this
complete the proof.

Now, it will be examined «(t) = (acost, asint, bt).

Theorem 5. The matrix representation of the helix of function
a(t) = (acost, asint,bt) as any 7" order Bezier curve based on the coefficients is:
a(t) = (acost,asint,bt) =[t" t® ¢ t* ¢ t* t BIR B P, P, P, B B PRI

with the control points Ry),R,R,,R;, Py, B, B, and P, are:

a 0 0]
a E a 1b
7 7
P 4 a 2 a 2 b
Rl | 42 7
Pg Ea ﬁa Eb
p| |14 210 7
3
=1103 58 4
P 120 105 7
5 43 1681 5
P —a ——a =b
6 56 2520 7
[P] 330 107 6
—a —a -—
504 140 7
389 4241
—a —— b
| 720 5040
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Proof. For helix «(t) = (acost,asint,bt) , the 7" degree Maclaurin series expansion

a(t) = (acost, asint, bt) =
2
:[O_EtG ot _£+a,—it7 + 2 8 +at,bt]
6! 41 21 71 51 3l

This 7t degree polynomial function can be written as in parametric form in E>. Al-
so this can be written in matrix form with the matrix representation of 7" order Bezier curve
asin:

-= 0
7!
i T
v |-2 o of [V P
6 6! 6 0
t ¢ 5
o 2 o 1
v 51 £ P,
4 a 4 P
a(t) = (acost, asint, bt) = t 2 0 ol|t CRIE
3 41 2 P,
3! P
t t 6
- P
ER R T  E Y IR
0 a b
a0 0]

Solving the equation we get the control points RB),R,P,, R, P, R, R, and P;, as in
the following, result of the matrix product:

0 i 0 5 0 - 0a
_ a a a
[, R P P P B P P7]T=[B7]1—ﬂ 0 = 0 T 0 a o

This complete the proof.

Theorem 6. There is the following relations among the coefficients a and b and ap-
scissas, ordinates and applicates of the control points. Further the coefficient a, based on the
apscissas, and the ordinates of the control points. Also the coefficient b, based on the only
aplicates of the control points.
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X — X9 — 21X, +35X5 — 35X, + 21X — T X5 + X7 =0
TXg —42% +105%, —140%; +105X, —42X5 + 7Xg = —%0
105x; — 21x, —210x, + 210x; —105x, + 21X =0
35Xy —140%; +210x, —140x5 + 35X, = 2—14a
105x%; —35x; —105X, + 35X, =0
21Xy —42x% + 21X, = —%a
7% —T7X% =0,x=4a
7Y, — Yo — 21y, +35y3 — 35y, + 21y — 7Ys + Y5 :—ﬁ
7Yy — 42y, +105y, —140y; +105y, — 42y + 7Y; =0
105y, — 21y, — 210y, + 210y, —105y, + 21ys; = %a
35y, —140y, + 210y, —140y; + 35y, =0
105y, — 35y, —105y, + 35y, :%a
21y, — 42y, + 21y, =0

Y1 =7Yy =aYy=0

72y — 2y — 2127, + 3523 — 352, + 2125 — 775 + 74 =0
72y —422, +105z, —1402; +105z, — 4225 + 77,4 =
105z, - 21z, - 210z, + 210z; —105z, + 21z =
35z, —140z, + 210z, —140z; + 35z, =
105z, - 35z, -105z, + 352, =
21z, - 42z, + 21z, =

72,-725 =b,z;=0



Kilicoglu, S.: On Approximation of Helix 3, 5" and 7" Order Bezier Curves in E3
THERMAL SCIENCE: Year 2022, Vol. 26, Special Issue 2, pp. S525-S538 S537

Proof. For the apscissas, applicates and ordinates we have the following equations:

0 _a
_XO_ i ‘yo‘ 7!
X 6! Y1
X2 Y2 2
74 %3 hat 74| ¥3 >
B “|=| 4| [B] ~|= O
Xy 0 Ya a
X5 a Ys| | 31
X6 | | 21 Y6
| X7 0 | Y7
L a _ L O _

and

The solutions of the above equilately give us the proof.

Here we will examine the helix «(t) = (cost,sint,t) as a 7" order Bezier curve.

Example 1. The numerical matrix representation of the helix «(t) = (cost,sint,t), as
a 7t order Bezier curve is:

a(t)= (cost,sint,t)
(1 0 0]

1 11

Rl 7 7

t 4 2 2

t° 2 7 7

5 13 89 3

ol 14 210 7

= |, [B] 103 58 4
t 120 105 7

t? 43 168l 5

t 56 2520 7

1 3329 107 6
T 5040 140 7
389 4241

| 720 5040 ]

Proof. For the helix «(t) = (acost,asint,bt), if we substitute a=1 and b=1 in The-
orem 5, we have the proof.



Kilicoglu, S.: On Approximation of Helix 3, 5" and 7™ Order Bezier Curves in E3
S538 THERMAL SCIENCE: Year 2022, Vol. 26, Special Issue 2, pp. S525-S538

References

[1] Marsh, D., Applied Geometry for Computer Graphics and CAD, Springer Science and Business Media,
New York, USA, 2006

[2] Zhang, H., Jieqing, F., Bezier Curves and Surfaces (2), State Key Lab of CAD&CG Zhejiang University,
Zhejiang, China, 2006

[3] Tas, F., llarslan, K., A New Approach to Design the Ruled Surface, International Journal of Geometric
Methods in Modern Physics, 16 (2019), 6, 1950093

[4] Hagen, H., Bezier-Curves with Curvature and Torsion Continuity, Rocky Mountain J. Math., 16 (1986),
3, pp. 629-638

[5] Michael, S., Bezier Curves and Surfaces, in: Encyclopedia of Applied and Computational Math., Lecture
9, pp. 113-115, Springer, New York, USA, 2003

[6] Farin, G., Curves and Surfaces for Computer-Aided Geometric Design, Academic Press, New York,
USA, 1996

[71 Kilicoglu, S., Senyurt, S., On the Cubic Bezier Curves in E3, Ordu University Journal of Science and
Technology, 9 (2019), 2, pp. 83-97

[8] Levent, A., Sahin, B., Cubic Bezier-Like Transition Curves with New Basis Function, Proceedings of
the Institute of Mathematics and Mechanics, National Academy of Sciences of Azerbaijan, 44 (2008), 2,
pp. 222-228

[9] Kilicoglu, S., Senyurt, S., On the Involute of the Cubic Bezier Curve by Using Matrix Representation in
ES3, European Journal of Pure and Applied Mathematics, 13 (2020), 2, pp. 216-226

[10] Kilicoglu, S., Senyurt, S., On the Bertrand Mate of a Cubic Bezier Curve by Using Matrix Representa-
tion in E3, EJAM, 2022

[11] Kilicoglu, S., Senyurt, S., On the Mannheim Partner of a Cubic Bezier Curve in E3, International Jour-
nal of Maps in Mathematics, 5 (2022), 2

[12] Kilicoglu, S., Senyurt, S., On the Matrix Representation of 5™ order Bezier Curve and Derivatives,
Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat., 71 (2022), 1, pp. 133-152

[13] Kilicoglu, S., Senyurt, S., How to Find Bezier Curves in E3, Communications in Advanced Mathematical
Sciences, 5 (2022), 1, pp. 12-24

[14] Kilicoglu, S., Senyurt, S., An Examination on to Find 51" Order Bezier Curve in E3, Journal of New The-
ory, 37 (2021), Dec., pp. 35-44

[15] Lizheng, L., On Polynomial Approximation of Circular Arcs and Helices, Comput. Math. Appl. 63
(2012), 7, pp.1192-1196

[16] Young, J. A., Helix Approximations with Conic and Quadratic Bezier Curves, ComputerAided Geomet-
ric Design, 22, (2005), 6, pp. 551-565

[17] ***, Derivatives of a Bezier Curve, https://pages.mtu.edu/ shene/COURSES/ ¢s362n/NOTES/spline
/Bezier/ bezier-der.html

[18] Kilicoglu, S., Senyurt, S., On the Matrix Representation of Bezier Curves and Derivatives in E3, Sigma
J. Engineering and Natural Sci., 71 (2022), 1, pp. 133-152

Paper submitted: June 8, 2022 © 2022 Society of Thermal Engineers of Serbia.
Paper revised: August 10, 2022 Published by the Vinéa Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: September 15, 2022 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.


https://pages.mtu.edu/
http://www.vin.bg.ac.rs/index.php/en/

