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In this study, n-point graphs and n-point texture spaces are examined and graphs
that we will call Texture Graphs are obtained. In addition, it is shown how a di-
topology can be obtained on the given texture space with the help of this graph. It
is shown that a di-topological texture space (S,S,7,x) associated with di-graph
(S, G) and each di-graph (S, G) with n points associated with a unique di-
topology on texture space. With the graph obtained from co-topology, it has been
seen that there is alternative information for the solution of many mathematical
and non-mathematical problems in terms of application.
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Introduction

Graph theory, which was founded by Euler in 1736 with the Konigsberg bridge
problem, is used in many fields today, especially with its applications. This theory, whose ap-
plications we cannot finish counting, has brought solutions to many different problems in eve-
ry space where it is defined. Texture spaces, which consist of mathematical concepts and
structures independent of the complement operation, are more general structures than topolog-
ical spaces. The concept of texture is also known as fuzzy structures as a point-set-based
counterpart of fuzzy sets. These structures were later developed and called texture spaces. In
the following years, many mathematicians carried many mathematical concepts to these spac-
es and examined them. However, the concept of the graph has been never used. In this study,
we present the concept of di-topological texture graph to the literature by moving graphs to
texture spaces. Thus, we think that we have added a geometric interpretation to the texture
spaces. Thus, it is thought that examining the graph concept to texture spaces, will contribute
to the solution of many mathematical and non-mathematical problems.

The texture space we want to move the graph to is first defined by Brown in 1993
[1, 2]. Texture spaces are point-set-based and independent from complement spaces that con-
tain many mathematical concepts. In addition, a generalized complement operation on texture
spaces has been defined, and the relationship of texture spaces with known general structures
has been revealed. In the work titled Di-topological texture spaces and fuzzy topology II,
Topological considerations [4], the relationship of di-topologies with topologies and bi-
topologies has been revealed. Detailed information about the general definitions and concepts
used in this paper regarding texture spaces and di-topologies can be found in [1-5].

* Corresponding author, e-mail: tugcek@atauni.edu.tr, ceren.elmali@erzurum.edu.tr, tugur@atauni.edu.tr


mailto:tugcek@atauni.edu.tr

Kunduraci, T., et al.: The Di-topological Texture Graphs
S516 THERMAL SCIENCE: Year 2022, Vol. 26, Special Issue 2, pp. S515-S524

The relationship between graphs and topologies in general topological spaces was
first described in 1967 by J. W. Evans, F. Harary, and M. S. Lynn. In their work titled On the
Computer Enumeration of Finite Topologies [6], they showed that there is a one-to-one map-
ping between n-point topologies and n-point transitive directed graphs with the help of open
sets. Bhargav and Ahlborn's [7] article titled On Topological Space Associated With Di-graph
published in 1968 showed the existence of relations between closed sets and directed graphs
for general topological spaces. In Kannan's article titled A note on some generalized closed
sets in bi-topological spaces associated with di-graphs [8] showed the existence of relations
between closed sets and directed graphs for bi-topological spaces. The article titled Bi-
topological space associated with di-graphs [9] presented by Girija and Pilakat in 2013 again
showed that there is an alternative mapping between directed graphs and bi-topologies. Unlike
Kannan's study [8], Girija and Pilakat [9] obtained bi-topology from any di-graph using a
quasi-pseudo metric. When these studies are examined, it is seen that the graphs could be
moved to texture spaces. In 2003, in the study called Di-uniform Texture Space [10] by Selma
Ozcag and Lawrence Brown, it was proved that di-topologies were obtained using quasi
pseudo-dimetrics. In this study, metric neighborhoods are defined for texture spaces. Thus, it
is seen that graphs and di-topologies can be matched with the help of metric neighborhoods.

It can be seen that n-point graphs can be matched to n-point topologies. Similarly,
n-point graphs can be matched to n-point bi-topologies. Therefore, by matching n-point
graphs with n-point di-topologies, the graphs we will call di-topological texture graphs are ob-
tained in this. In this paper, since we work with finite graphs, the space is taken as plain tex-
ture.

Preliminaries
This section contains the notations which are needed in the sequel.

Texture spaces

Definition 1. Let S be a set. Then S < P(S) is called a texturing of S, and S is

said to be textured by S if
1. (S,©) isacomplete lattice containing S and & for any index setland A €S, iel
the meet A;_, A and the join V,_, A in S are related with the intersection and union

iel

in P(S) by the equalities:

AA=0A
for all I, while:

SA=A
for all finite I.

2. S iscompletely distributive.
3. & separates the points of S. That is, given s #s, in S we have AeS with
sseAs,zAor AcS with s, e A s g A
If Sis textured by S then (S,S) is called a texture space, or simply a texture [5].
A texturing on a set S is a point separating, complete, completely distributive lattice
S of subsets of S concerning inclusion which contains S,< and, for which arbitrary meet co-
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incides with intersection and finite joins coincide with the union. Then (S,S) is called a tex-
ture space. The sets:

P.=(A:seAeS} and Q, =Vv{R:s¢R}

are known as p-sets and g-sets and they are important tools for textures as we will see in the
sequel. If for allse S, we have P, £ Q;, then (S,S) is called a plain texture space. This is
equivalent to saying that (S,S) is closed under arbitrary unions.

Definition 2. Let (S,S) be a texture space. If r and x satisfy the following condi-
tions, thus 7 is a topology on (S,S) and x is a co-topology on (S, S), a di-topology (z,x)
pair on (S,8), and (S,S,7,x) is di-topological texture space.
— A topology on (S,S) to family a 7 < S that satisfies the following conditions, and the

elements of 7 are called open sets of the topology [5]:

T-1) &,Ser
T-2) G,G, er=G NG, er and
T-3)iel,G er=v, G

— A co-topology on (S,8) to family a x = S that satisfies the following conditions, and
the elements of « are called closed sets of the co-topology [5]:

CT-1) 4,Sex

Here, there is generally no link between open sets and closed sets.
How di-topologies are obtained with the help of pseudo-dimetrics is expressed as
follows.
Definition 3. Let (r,x) be a di-topology on (S, S).
1. If seSP, aneighborhood of sisaset N e S for which there exists G e r satisfying
RcsGeNZQ.
2. If seS, aco-neighborhood of sisaset M € S for which there exists K € k' satisfy-
ing PS;(_M cKcQ..
Note that although co-neighborhood are defined for all s< S it will be apparent lat-
er that we need only consider the co-neighborhood of points in S° (in here, the core of a set A
in S is the set A° defined by:

A =U{NA; :jed} (A jedlc S A=ViA jed}

for plain ((S,S) space is called plain texture space if P, Z Q, for every seS) textures, we
have A" = A).

Again the formal duality between these two concepts is clear. We denote the set of
neighborhoods (co-neighborhood) of s by #7(s)[x(s)], respectively. We will also refer to
[17(s), (s)], s SP, as the di-neighborhood system of (z,x).

How di-topologies are obtained with the help of di-neighborhood is expressed as fol-
lows.
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Theorem 1. For a di-topology (z,x) on (S,S) let the families T](S),Sesb and
u(s),seS be defined as above.
1. For seSP we have 7(s) =@ and these families satisfy the following conditions:
i. Nen(s)=NZQ,
ii. Nen(s),NcN eS=>N en(s)
ii. NN, en(s), NNOAN, ZQ, = N; NN, e7(s)
iv.
a) Nen(s)=3N eS,PcN cN,sothat N"¢Q =N en(t) vteS®
b) For NeS and N ,d_Qs, if there exists, N" eS,P, c N" < N which satis-
fies N" ¢ Q = N"en (t), Vstes®, then N en (s).
Moreover, the sets G in 7 are characterized by the condition that G e n7(s) for all s
with G Z Q.
1. For seS we have u(s) =@ and these families satisfy the following conditions [5]:
i Meu(s)=PR, M
i. Meus)),MoM eS=M e u(s)
iii. M1, M, € u(s) =M; UM, € u(s)
iv.
a M ey(S):>3M eSMcM” < Q;, so that
REM =M eu(t),vtes.
b) For MeS and P 5,2 , ifthere exists M e SSM cM™ < Q, which satis-
fiess RZM” —M e,u(t) VteS, then M e u(s).
Moreover, the sets K in x are characterized by the condition that K € u(s) for all s
with P, Z K.
How di-topologies are obtained with the help of pseudo-dimetrics is expressed as

follows.
Definition 4. Let (S,S) be a texture, p=(p,p):S*xS—[0,+x) two-point func-
tions. B
Then p=(p, p) is called a pseudo dimetric on (S, S) if
M1 p(s,t) < p(s,0) + p(u,t) Vvs,t,ueS
M2 P, ZQ =p(s,t)=0 vs,teS
DM 5(s,t) = p(t,s) Vs,teS
CM1  p(s,t) < p(s,u) + p(u,t) vs,t,ueS
CM2 R ZQ,=p(s,)=0 vs,te$S

In this case, p is called the pseudo metric, p the pseudo cometric of p. If the DM
condition is removed, then p=(p, p) is called a quasi pseudo dimetric on(S,S). If p isa

pseudo dimetric (quasi pseudo dimetric) which satisfies the conditions
M3 P, ZQ,, p(uv)=0, R, ZQ =P, & VstueS

CM3 P gZQS , p(u,v) = O P 7Q, :>P ZQ,Vs,tues
Itis called a dlmetrlc (quasi dlmetrlc)
For a pseudo dimetric to be dimetric must be p(s,t) = O =P, ZQ [10].
Theorem 2. Let p, a pseudo dimetric on (S,S), s eS® and for >0

NZ(s)=V{R :P, £Q, with JueS,p(u,t) <&}
and

M2 (s) =M{Q : R, £Qswith Jue S, p(u,t) <&}
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In this case, S, —{Np(s) seS,e>0} is a base for di-topology (z,,x,) on
(S,8) and yp_{M”(s) SES ,& >0} is a co-base [10].
For more details see [1-5, 10].

Graphs

A graph is a pair of sets G(V,E) where V is the set of vertices and E is the set of
edges, formed by pairs of vertices. The two vertices u and v are end vertices of the edge
(u,v). The two edges (u,v) and (v,u) are the same. In other words, the pair is not ordered.

A directed graph or di-graph is formed by vertices connected by directed edges or
arcs. A di-graph is a pair D(V,E) where V is the vertex set and E is the set of vertex pairs
graphs. The difference is that now the elements of E are ordered pairs: the arc from vertex u to
vertex v is written as (u, v) and the other pair (v,u) is the opposite direction arc. Vertex u is
the initial vertex and vertex Vv is the terminal vertex of the arc (u, V).

Let G, =V, E) and G, =(V,,E,) are two graphs. The combination of these
graphs is indicated by:

GG, =V (GUG,), E(GIUS,)]
and it is defined:
V(G UGy) =V, UV,
E(G UG,)=E UE,
For more details see [11, 12].

Texture spaces associated with graphs

Girija and Pilakat [9] showed that bi-topologies are associated with directed graphs
and bi-topologies. In their study, they defined a path using a quasi-pseudo metric as follows.
p:VxV >R and q:V xV —> R, respectively:

p(X,Y) ={

0, xis reachable fromy 0, yis reachable from x
- ) ( il ) = -
1, otherwise 1,otherwise

Ozcag and Brown [10] defined quasi-pseudo dimetric as follows:
for Vs,t (s=t)eS

pP=(p,p):SxS —[0,+x)

E(S,t) :{ O’ PS fd— Qt ,L_)(S:t) :{ O’Pt QQS

1, otherwise 1, otherwise
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Considering these two studies:

VXV p [0,1]

f=ptop

SXS
f=plop:SxS—>SxS
(s,1) P ZQ

there is not a way otherwise

f=p™opl(s,1)] ={

f=(f,f):SxS—>5xS

F(s.t)= there is a way fromttos, P, ZQ
" |thereis nota way fromttos, otherwise

F(s.1) = there is a way from stot, B ¢ Q,
=77 there is not away fromstot, otherwise

The path, called the texture path, is obtained. Allows us to obtain a path from t to s
if P,ZQ and a path from s to t if B ZQ,. With the help of the edges (texture paths)
formed by these paths, the graphs that we called texture di-graph is obtained.

Example 1. Let S ={a,b,c,d} be a set:

S§={2,8,{a},{b},{a,b},{a,d},{b,c},{a,b,c} {a,b,d}}

be a texture on S. It is obtained by following the texture di-graph with the help of the sets Ps
and Q:

f=(f,f):SxS—>SxS
bH G a H d
chQb Pdnga

Corollary 1. Let S be a finite set and S be any texture. Then (S,S) texture space
associated with a di-graph.
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The method of obtaining di-topology
by using texture graph

Evans et al. [6] conceived this idea and he proved that there is a one-to-one corre-
spondence between the set of all topologies on a set X with n points and the set of all transi-
tive di-graphs with n points. He established his results as follows. Let V be a finite set and z be
a topology on V. The transitive di-graph corresponding to this topology is got by drawing a
line from u to v, if and only if, u is in every open set containing v. Conversely, let D be a
transitive di-graph on V; the family B={Q(a):acV} forms a base for a topology on V,
where Q(a) ={a} u{beV :(b,a) e E(D)}

It is obtained di-topology by using Evans’s method, Theorem 1 and Theorem 2, tex-
ture graph, as follows.

Definition 5. For Vs,teS (s #t) 7(s) =P, U{PR :sis reachable from t}:

B =vi{n(s):seS}
is a base for z topology. For Vs,teS (s=#t):
u(t) =Q NH{Q; :tis reachable from s}

B =Mu):teS}

is a co-base for k co-topology. Thus, a di-topology is associated with the texture space with
the help of a texture di-graph. A di-topology in the space where this texture graph is obtained
is found, thus the di-graph is called the di-topological texture di-graph.

For Example 1.
Qc

a d

or—9
B. ={{a},{b},{b,c},{a,d}} is a base and z topology
7 ={S,J,{a},{b},{b,c},{a,d},{a,b,c},{a,b,d}}

For co-topology
B ={.{b,c},{a,d}} is aco-base and x co-topology

x={S,0,{b,c},{a,d}}

Remark 1. A graph we call texture graph can be associated with every texture space
defined on S set different from the empty set. Note that the texture space basically contains di-
topologies with the help of metrics and neighborhoods. The di-topologies found with the help
of neighborhoods are more than one. Therefore, a different graph is associated with each di-
topology. However, the di-topology found with the help of the composite transformation®
and the graph associated with to it are unique. So, the following theorem is obtained.
Theorem 3. Following statements are equivalent.
i.  Adi-topological texture space (S,S,7,x) associated with di-graph (S, G).
ii.  Eachdi-graph (S, G) with n points associated with a unique di-topology on texture.
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Proof: We show that with any topology z of any di-topology one can associate a tex-
ture di-graph (S, G), as follows. The point set of (S, G). is that of z. For two distinct points s
and t of 7, s will be adjacent to t in (S, G) provided s is in every neighborhood of z,7(t) (open
sets containing t). If s<SP, a neighborhood of sis aset N e S for which there exists G e ¢
satisfying PRcGcNZQ,. But if we choose this collection
n(s)={B:P, chGcN 7Q,,seSand Ger, N €S}, then we get the base for di-
topology. Thus a family #(s) of di-graph (S, G). is open if s is in every neighborhood of t im-
ply that steG,, where st G isapath fromstot.

Clearly, (S, G) is uniquely determined by z. Similarly, we can show that any co-
topology « of any di-topology one can associate a texture di-graph (S, G). For two distinct
points s and t of k. The s will be adjacent to t in (S, G) provided s is not in every co-
neighborhood of t, «(t) (closed sets containing t). The (S, G) is uniquely determined by x. If
seS, a co-neighborhood s is a set M €S for which there exists K ex satisfying
PRIMcKcQ,. But if we choose this collection
U(s)={B:R,¢M cBcKcQ,,seSandK ek, M €S}, then we get the co-base for di-
topology. Thus a family u(s) of di-graph (S, G) is closed if s is not in every neighborhood of
t implying that st e G.

We next show that each texture di-graph (S, G) with n points corresponds to a
unique di-topology on texture (S,S). Define 7 as that topology with the same point set as (S,
G) in which the basic open set are all sets 7(s), seSP.The 7(s) consists of s and all points
adjacent to it. We should show that 7 is a topology. By definition, every open set in 7 is
formed from U{;7(s;). Immediately the union of two open sets is open. It is sufficient to
show that the intersection of two open sets is open, if we prove it for two basic open neigh—
borhoods 77(31) and 7(s,). It is clear from Theorem 1, such that for NeS and N ZQ,, if
there exists, N"eS, P.cN <N which satisfiess N"ZQ, = N  en(t), vs,teSP, then
N en(s).

Similarly, this process can be made for any co-topology k. By definition, every
closed set in x is formed from u(S). Thus, the proof is completed. It is easy to say that there
is a 1-1 correspondence between the di- topologlcal texture space with n points and the texture
di-graph with n points. Thus, £, ={n(s): sesP } is a base for 7 on texture (S,S) and
B.={u(s):seS} isaco-base for x on texture (S,S). Thus each di-graph (S, G) determines
a unique di-topological texture space (S,S,7,x).

Applications of texture di-graphs

Graphs associated with topologies provide some information in terms of application.
However, graphs associated with di-topologies offer much more information. Because in di-
topological space there are two different graphs corresponding to topology and co-topology.
While the graph corresponding to the topology is the same as the texture graph, the graph cor-
responding to the co-topology is completely different and offers alternative information in
terms of application.

Definition 6. Let (S,S,7,x) be a di-topological texture space. The graph corre-
sponding to this space consists of two parts. One is the graph corresponding to z and the other
is the graph corresponding to x. When obtaining the first of these graphs, if there is Pa in eve-
ry p-set containing Py, there is a path from a to b. This path is called the z-path and the com-
bination of these paths obtained from the topology is called the = graph. If there is Qp in every
g-set containing Qa, while obtaining the other, there is a path from a to b. This path is called a
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x path, and the combination of x paths is a x graph obtained from co-topology. Thus, the di-

topological texture graph is obtained with the 7 graph and « graph.
Remark 2. Texture graph and z graph are the same, but « the graph is different from

this graph.
Example 2. Let S ={a,b,c,d} be a set:

§={,S,{a},{b},{a,b},{a,d},{b,c},{a,b,c},{a,b,d}}
be a texture on S. We get the following texture di-graph with the help of Ps and Q:
b c
S
a S—P d
The topology of texture space is:
r={{a},{b},{a,b},{a,d},{b,c},{a,b,c},{a,b,d},S,T}
The co-topology of texture space is:
x ={{a,d},{b,c},S,}

Thus, we get the following z graph and « graph by using z-paths and «-paths, respec-
tively:

b lc
M
a d a d

7 graph k graph

For example, by using di-topological texture graph, alternative routes can be offered
for the four settlements given in figs. 1-3.

) o N Hospital
J— < N - ,/Vlllage‘l )

e : (Village 1) e=t> | Hospital b /<= | ¢
Mﬂ‘aige\} Hospital ) '\ b/ o B ~_ b

e T me— — me B

N A N

Figure 1. Figure 2. Figure 3.
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