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In this paper, we define five parameters generalization of Fibonacci numbers that
generalizes Fibonacci, Pell, Modified Pell, Jacobsthal, Narayana, Padovan,
k-Fibonacci, k-Pell, Modified k-Pell, k-Jacobsthal numbers and Fibonacci
p-numbers, distance Fibonacci numbers, (2, k)-distance Fibonacci numbers, gen-
eralized (k, r)-Fibonacci numbers in the distance sense by extending the defini-
tion of a distance in the recurrence relation with two parameters and adding
three parameters in the definition of this distance, simultaneously. Tiling and
combinatorial interpretations of generalized Fibonacci numbers are presented,
and explicit formulas that allow us to calculate the nth number are given. Also
generating functions and some identities for these numbers are obtained.
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Introduction

The Fibonacci numbers, which have enticed the attention of various researchers in
modern science for many years, are terms of well-known recurrence sequence defined by the
recurrence relation F, = F,_ + F,_, for n > 2 with initial terms F, = 0, F; = 1. Many recurrence
sequences have been presented in different ways as generalizations of the Fibonacci numbers
[1]. One of the ways of generalization is to add an integer to the recurrence relation of the
Fibonacci numbers. For instance, Pell numbers, P, = 2P,_1 + P, with P, =0, P; =1 and Ja-
cobsthal numbers, J, = J,.1 + 2J,» with Jo = 0, J; = 1 are defined for n > 2 [2]. In the other
way, an arbitrary parameter is considered as the distance between the terms added and the po-
sitions of the terms in the recurrence relation. For some distance, it has been studied Narayana
numbers, N, = N,_1 + N3 with Ng = 0, N; = N, = 1, and Padovan numbers, P,, = P, + Py, 3
with P =P, =P, = 1 for n > 3 by using recurrence relations of the Fibonacci type [3, 4].

In another way of generalizing the Fibonacci numbers, arbitrary parameters are add-
ed to the recurrence relation of the Fibonacci numbers. For the parameter k in the recurrence
relation, Falcon and Plaza [5] determined k-Fibonacci sequences as Fyn = kFyn_1 + Fyn2 With
initial terms Fq = 0, F1 = 1. Mikkawy and Sogabe [6] introduced a new family of the k-Fi-
bonacci sequence. Tasyurdu et al. [7] also presented the period and many features of this new
family. These studies have been a source of inspiration for many researchers and k-sequences
of well-known number sequences are presented as various studies called types or families of
generalized Fibonacci numbers. For more details on generalizations, see [8-15].
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In other generalizations of the Fibonacci numbers, one of terms of the recurrence re-
lation is taken as the well-known Fibonacci number and the other term is taken in an arbitrary
parameter distance. Its generalization known as Fibonacci p-numbers has led to generaliza-
tions of the Fibonacci numbers in the distance sense. The Fibonacci p-numbers are presented
as Fp(n) = Fp(n — 1) + Fp(n —p — 1) with initial terms Fp(1) = Fo2)=...=Fp(p+ 1) =1forp>
0, n > p + 1 [16], and the recurrence sequences, called generalized or distance Fibonacci
numbers, are presented as follows:

— Generalized Fibonacci numbers [17]: F(k, n) = F(k, n — 1) + F(k, n — k) forn>k + 1 and
F(k,n) =n+1for 0<n <k, the integer k> 1.

— Distance Fibonacci numbers [18]: Fd(k, n) = Fd(k, n — k + 1) + Fd(n — k) for n > k and
Fd(k,n)=1for0<n<k-1,integersk>2and n>0.

— (2, k)-distance Fibonacci numbers [19]: Fa(k, n) = Fa(k, n —2) + F5(k, n —k) forn>k and
Fo(k,i)=1fori=0,1,...k—1, integersk>1 and n > 0.

—  The Padovan p-numbers [20]: Pap(n + p + 2) = Pap(n + p) + Pap(n) for n > 1 and Pap(1)
=Pap(2)=...=Pap(p) =0, Pap(p +1) = 1, Pap(p + 2) =0, integer p =2, 3, 4, ...

Then, the following recurrence sequences are given by considering an arbitrary pa-
rameter in the recurrence relations of these distance Fibonacci numbers:

— Generalized (k, r)-Fibonacci numbers [21]: Fyn(r) = kFgni(r) + Feno(r) for n > r and
Fin(N=1,n=0,1,2,...r—1, except Fc1(1) =k, integersk>1,n>0and r > 1.

— The (k, p)-Fibonacci numbers [22]: Fyp(n) = pFcp(n —1) + (p — 1)Fp(n —k + 1) + Fyp(n —
k) for n > k and F,(0) = 0, Fyp(n) = p*tfor1<n<k-1, integersk>2n>0and ara-
tional number p > 1.

More generalized versions of the Fibonacci numbers have been obtained by using
different interpretations, such as the tiling and combinatorial interpretations, which are exten-
sively used in researching generalized Fibonacci numbers and their properties. These numbers
are interpreted as the number of distinct ways to tile a length n board, a 1xn grid with cells la-
beled 1, 2, ..., n, using squares and dominoes of various lengths. For instance, the nth Fibo-
nacci number counts the number of distinct ways to tile a 1xn board using 1x1 squares and
1x2 dominoes. The Fibonacci p-numbers count the number of distinct ways to tile a 1xn
board using various 1xr, r-ominoes from r = 1 up to r = p + 1. The combinatorial poofs are
provided to derive well-known identities of the Fibonacci numbers via tiling using various
schemes [23-25].

The aim of this study is to describe a new generalization of the Fibonacci numbers,
including all the ways of generalization given one by one in the studies cited above and newly
added, which extends the definition of the distance and number of parameters according to
each term in recurrence relation. So, we define generalized Fibonacci numbers with five pa-
rameters. We obtain the general formulas, generating functions and identities for the general-
ized Fibonacci numbers. Also, tiling, combinatorial and set decomposition interpretations are
presented, allowing us to derive these numbers and their properties.

Numbers Fs(?t (p,a;n)

In this section, a new generalization with five parameters of the well-known Fibo-
nacci, the Fibonacci type and the distance Fibonacci numbers, called generalized Fibonacci
numbers, is presented such that the distance to the nth number is not only the parameter p
with the previous term, but also the parameter g with the two previous term, and the added
terms are the parameter d distance between themselves. Moreover, arbitrary parameters are
added to the recurrence relation of these numbers and obtain their generating functions.
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Definition 1: For integers p, q, s, t>1, g > p and d = q — p, the nth number
st’t(p, g;n) is defined recursively by the recurrence relation

F3(p.g;n) =sFa (p.g;n—p) +tFS (p.gin-0), n>q 1)

with initial terms Fs‘?t(p,q;n) =sdlvp] for n =0,1,2,...,g—1. The sequences of the numbers

F&(p,q;n) are denoted by {F& (p,6:n)}s0-
From the Definition 1, the special cases of the numbers Fs?'t(p,q;n) obtained accord-
ing to the parameters d, p, g, s, t are given in tab 1.

Table 1. The special cases of the numbers FZ (p,q;n)

s|t| p q d Symbol nth ES (p,q;n) number

1)1 2 1 FH@2;n) = Foa F,, . nth Fibonacci number [1]

ki1] 1 2 1 Ria@2n) = FRona Fy.n » Nth k-Fibonacci number [5]

2|1 1 2 1 FA(L2;n) = Pyt P, . nth Pell number [2]

2|1k 1 2 1 F2i(1,2;n) = Rnet Bn» Nth k-Pell number [13]

2(1| 1 2 1 F21(L,2;n) =dn d, , nth modified Pell number [14]

2|k| 1 2 1 Fi (L,2;n) = ge.n Ok n » Nth modified k-Pell number [14]

112 1 2 1 Fh@2;n) =Jna J,, , nth Jacobsthal number [2]

kl2| 1 2 1 Fi2(L2;n) = Jynas Ji.n , Nth k-Jacobsthal number [15]

(1| 1 3 2 F3(L3n)=Npg N, , nth Narayana number [3]

1(1| 2 3 1 FLh(2,3n) =7 ‘R, , nth Padovan number [4]

111 1 |p+l| p |RA@pP+Ln)=Fy(n+1) Fp(n) , nth Fibonacci p-number [16]
1]1{k-1| k | 1 | Fik-1kin)=Fd(k.n) Fd(k,n) , nth distance Fibonacci number [18]
(1] 2 k |k=2| R52(2k;n)=F(k,n) F,(k,n) , nth (2, k)-distance Fibonacci number [19]
1|k| 2 ro|r=2| FR3E@r;n=FRn,r) F.n(r) , nth generalized (k, r)-Fibonacci number [21]

Since all results given throughout the study are provided for all generalized Fibo-
nacci numbers, the parameters d, p, g, s, t given in tab. 1 can be used in the theorem or corol-
lary of any special cases of the generalized Fibonacci numbers.

Generating functions for F;It (p,q;n)

In this section, we introduce generating functions of the sequences {Fs?t(p,q; N}so-
Let f&(p,g;n)(X) be the generating functions of the sequences {F& (P, q;N)},so- Then

f (P o)) = YRS (p.ain)x",
n=0

Theorem 1: Letd, p, q,s,t>1,q > pand d = g—p be integers. Generating functions
for the sequences {F& (p,0;N)},5o are
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fs(,jt(plq;n)(x): 1_dep_txq

Proof. If f&(p,g;n)(X) is the generating functions of the sequences
{F&(p,g;n)}s0, using Definition 1 we get

f& (P, g m)(X) = sxP 18 (p, g n)(X) ~0 £ (p, G n)(x) =

Foe (P X" =5 Y RS (p, s mx™P —t 3 RS (p, gy m)x™ =

M s

n=0 n=0 n=0
gq-1 0 g-p-1

=S FL(p.an)x" + Y RG(paimx" —s® > FS (pain)x"P —
n=0 n=q n=0

- Z FS(ft(p,q;n)XMp _tst(,‘t(pvq;ﬂ)qu =
:q_

n=q-p n=0

gq-1 q-p-1
=S FA(panx"=s* > FS(p g n)x™P +
n=0 n=0

+{ZF&(|o,q:n+0|)x”*q —s Y RS (pgin+q—p)x™ —tZFs‘,’t(p,q;n)X”*q} -
n=0 n=0 n=0

S 1D oo PP (P H 1) o0
=1+s LPAxq . 4s LPUxa g0 xP g lPIyPl gl P Iyat

n

dl =
with F& (p,g;n) =s L’J for n=0,1,2,...,g—1and so

1

1

I WK o PR I e
1+s LPIx+ . +s L P Ixa T _gd| xPyg LPIyPl gL P Ixat

£3(p,g;N)(X) =

1-s9xP —tx4
which completes the proof.

Theorem 1 generalizes previously obtained generating functions for sequences of the
Fibonacci numbers [8], the k-Fibonacci numbers [5], the Pell and the k-Pell numbers [13], the
Modified Pell and the Modified k-Pell numbers [14], the Jacobsthal and the k-Jacobsthal
numbers [15], the Narayana numbers [11], the Padovan number [26], the Fibonacci p-
numbers [27], the generalized (k, r)-Fibonacci numbers [21]. In addition, the following corol-
lary is proven for the Fibonacci numbers in the distance sense.

Corollary 1. Let k > 2 be integer. Then, we have
— Generating functions of the distance Fibonacci numbers where
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fih (k—Lk;n)(x) = Fd(k,n)(x) are

k-2

2"
-0
Fd(k,m(9 = —228— )“(H —

— Generating functions of the (2, k)-distance Fibonacci numbers where
fi2(2 k;n)(x) = Fp(k,n)(%) are

1+x
F, (k,n)(x) = 1w &

Interpretation of the numbers Fs(ft (p,g;n)

In this section, the numbers Fs{’t(p,q;n) are expressed with different interpretations
such that tiling, combinatorial and set decomposition interpretations which allow to derive
properties of them via tiling, combinatorial and special set decomposition proof. Also, using
these interpretations, various general formulas for the nth number of sequences
{F&%(p,q;n)},5o are obtained.

Set decomposition methods for the Fs(jlt (p,g;n)

We now represent the numbers Fs‘ft(p,q;n) related to special decompositions of the
set of n integers. Assume that d, p, g, s, t > 1 are integers and X, = {1, 2, ..., n} is the set of n
integers. Let M ={M, :i < I} be the family of subsets of the set X, such that subsets M; con-
tain consecutive integers and satisfy the following conditions
i. [Mji|=por|M|=qforiel,
ii.  If [Mj|=p it may be one of s’ different colors,
iii.  If M| =q it may be one of t different colors,
iv. MiNnM;=@fori#j, i, jel,
V. n—p+1<|Uia Mil<n,
vi.  If rem;, theneitherr=nor r+1¢mMm, for i€l
where g > p and n >p.
Each the family M is a color decomposition of the set of n integers related to s and
t colors and is called as a (s, t)-decomposition of the set X,. Let M9 (n) be the number of all
(s, t)-decomposition of the set X,. By the previous conditions, either {1,2,...,p}e M or
1,2,...,q}e M. Let MP(n) be the number of (s, t)-decompositions of the set X, such that
1,2,...,p} e M and let M%(n) be the number of (s, t)-decompositions of the set X, such
that {1,2,...,9} € M . Since these two cases are mutually exclusive, by the addition principle

MPA(n) = MP(n)+ M9(n) 2

and we directly obtain the following theorem.

Theorem 2. Letd, p, q, s, t> 1 be integers. For q > p, n>p, MP9(n)=F&(p,q;n).

Proof. By induction. Letd, p, q,s,t>1,q > p and n > p be integers and X, = {1, 2,
..., n}. Ifn<gq, then FY(p,q;n) =sdlme]. Forp<n<gq, MP(n)=F4(p,q;n) since M| =p
for ieland it may be one of s° different colors. Suppose that n > g and
MPA(n) =F&(p,g;n) holds for n. We show that MP9(n+1) = F&(p,q;n+1) is true for n +
1. Suppose {1,2,...,p} e M and add {1, 2, ... p} to each of the families of subsets of the set
Xnerp={p +1,p+2,...,n+1}, 50 Xyeq has s4MP9(n+1-p) = MP(n+1) with a choice of
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s¢ different colors. Suppose {1,2,...,q} € M and add {1, 2, ... g} to each of the families of
subsets of the set Xn+1q = {q + 1, q + 2, ..., N + 1}, 50 Xp4q has tMP9(n+1-q) = M9 (n+1)
with a ChOICe of t different colors. On the other hand using the induction’s hypothesis we
have MP9(n+1-p)=F4(p,g;n+1-p) and M" (n+1 q) = F&(p,g;n+1-0). In addition,
from egs. (1) and (2), we obtain

MPIM+D) = MP(n+D)+ MI(n+1)
=sIMPI(n+1- p)+tMPI(n+1-q)
= 'R (p,ain+1- ) +tF (p.g;n+1-q)
= R (p,ain+1)

and the theorem is proved.
This decomposition interpretation in sets allows us to express the numbers
Fd (p,q;n) with the tiling interpretations. We now present the tiling approach to the nth term
of sequences {F&t (P, N)}ns0-

Tiling methods for the Fs,t (p,a;n)

Let us consider a board of length n, called (1, n)-rectangle or n-rectangle, to repre-
sent the numbers F&(p,g;n). For integers d,p, q s,t>1, we use p-rectangles and
g-rectangles to tile these n-rectangles where there are s different colors for the p-rectangles
and t different colors for the g-rectangles. Suppose we begin from the leftmost when placing
cells, in this case an r-rectangle remains at the end for r €{0,1,..., p—1}. Also, it is obvious
that the tiling either begins with a p-rectangle and the number of distinct ways to tile an n-
rectangle is sd Fst(p g;n—p) with a choice of s¢ different colors or it begins with a g-
rectangle and the number of distinct ways to tile an n-rectangle is tht(p g;n—q) with a
choice of t different colors. Thus, F&(p,q;n)=s¢F4(p,q;n—p)+tF&(p,g;n—-q) in Defini-
tion 1 is obtained.

Theorem 3. Let d, p,q,s,t>1 be integers. For g > p, n > p, F&(p,q;n) counts the
number of distinct ways to tile an n-rectangle using colored p-rectangles and colored g-
rectangles, where there are s® different colors for the p-rectangles and t different colors for the
g-rectangles.

Proof. By induction. Let d, p,q,s,t>1 be integers. For q > p n > p, indicate by
(p,q), the number of distinct ways to tile an n-rectangle using s different colored p-
rectangles and t different colored g-rectangles. To complete the proof, we show that
(p,9), =F&(p,g;n). If p<n<gq, then all cells in tilings are p-rectangle and it is obtained in
exactly sdlnp) ways. So (p,q), =sL") =Fd,(p,q;n) for p<n<q. Suppose that n>¢q and
(p.a), =F&(p,g;n) holds for n. We show that (p,q),,; = F&(p,g;n+1) is true for n+1.
From now on, there are two options according to first cell. Let (p),,1 be the number of tilings
first cell being the p-rectangles and let (g),,; be the number of tilings first being the g-rec-
tangles for the (n + 1)-rectangle. Since these two cases are mutually exclusive, by the addition
principle (p,q)ns = (P)ns1 +(q)nss . If first cell is a p-rectangle or a g-rectangle, we can simply
remove the first cell to get a tiling of lengths n + 1 —p or n + 1 — q, and this is the same as the
number of distinct ways to tile an (n+1- p)-rectangle or an(n+1-q)-rectangle according to
this first cell being a p-rectangle or a g-rectangle, respectively. Then sd (P, ®ns1-p = (P)ns1 OF
t(p,Wn+1-q =(@Q)n+1. On the other hand, using the induction’s hypothesis we have
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(P, ®)(ns1-p) = F&k(p.g;n+1-p) and (P,A)n+1-q) = F&(p,g;n+1-0). In addition, from eq.
(1), we obtain

(p! q)n+l = (p)n+l + (q)n+1
=s¢ (p, q)(n+1—p) +t(p, q)(n+1—q)
=s'FS (p.g;n+1-p)+tF% (p.ain+1-q)
= (p.ain+1)

and the theorem is proved.
Example 1. There are 16 distinct ways to tile a 5-rectangle using colored 2-rec-
tangles and colored 3-rectangles, where there are 2 different colors for the 2-rectangles and 3
different colors for the 3-rectangles where
d=1p=2,9g=3s=2,t=3, all tilings are First cell 2-rectangle
provided in fig. 1. Note that the colorless | :

1-rectangle always remains at the end. So, we | :
have F}3(2,3;5)=16. . ‘

Combinatorial Methods for the Fs‘ft(p,q; n) i 3 3

We now give explicit formulas that al-

low us to calculate the nth term of sequences Figure 1. Tiling interpretations of
(Fdq(p,q;N)}pso Using the combinatorial ap- Fzs(23:5) number
proach. For integers d, p,q,s,t>1, > p and
nxp, assume that y={(m,m,,---,m,r)jiel and 0<r<p-1; is the set of the ordered
compositions of an n-rectangle and satisfies the following conditions

i. me{pq} foriel

ii. N—p+1<%,,m <n

iii. re{0,1,...,p—1 isalways the last component of ordered composition
where there are s different colors for the components p and t different colors for the compo-
nents g. Each element of the set ) is a composition of an n-rectangle and (my, m,,---,m;) is
called as a m-order, except r. Let )p,q(n) be the number of all m-orders for the n-rectangle.
By the previous conditions, either m;=p or m; =q. Let Jb(n) be the number of all m-
orders such that m; = p and let )4(n) be the number of all m-orders such that m; =q. Since
these two cases are mutually exclusive, by the addition principle

First cell 3-rectangle
I

?

L EE—
==

Vyq(M) =, (M) +(n) - (3)

If first component is p or g, we can simply remove the first component to get
m-orders of an (n— p) -rectangle or an (n-q)-rectangle, and this is the same as the number of
all m-orders for an (n— p) -rectangle or an (n-q) -rectangle according to this first component
being a p and a q, respectively. Then s9)phq(nN—p)=Ip(N) or tdhq(n—q)=I4(n). Thus,
Vha(n) and F&(p,a;n) in egs. (1) and (3) have the same recurrence relations and initial
terms. From here we directly obtain the following theorem.

Theorem 4. Let d, p,q,s,t >1 be integers. For g > p, n>p, dp,q(n) = F&(p,q;n).

We now present another general formula that directly gives the nth term of sequenc-

es {F&(P,0;N)}so -
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Theorem 5: Let d, p,q,s,t >1 be integers. For g> p, n=0, then

Fs‘,’t(p,q;n)=%sdrﬂt" j{%J

j=0 J

Proof. Let d, p,q,s,t>1, = p and n>0 be integers. From Theorem 4, the num-
ber of all m-orders of the set ) is equal to qut(p,Q;n) where there are s® different colors
for the components p and t different colors for the components g. Assume that there are |
times the component p and j times the component g where 0<i <|[n/p] and 0< j <|n/q].
So, the number of ways of choosing of component ¢ found j times in all m-orders consisting
of i+ j components in the set ) is equal to

lnfal it
Foa(P.ain) = st"[ j j
i=0 J
Using Definition 1, | n/q | =0 for n<q-1, and so
ZLji/gJSditj (i + jJ: gl
J

Suppose that n>q. In addition, since ip+ jg<n, it is obtained as i <|n—ja/p]
for a fixed j and the desired

[nfa] i [n/g] g/ "=i9 | n-jq
Fla(p.g;n) = st'tj(“;]j: ZS{ p JtJ JJ{ . J
j=0

i=0 j

is found. So, the proof is completed.
Theorem 6: Let d,k, p,q,s,t >1 be integers. For n>kqg, we have

k k o
F;‘t(p,q:n>=2(ijs"‘k')t'F;,‘t(p,q;n—(k—i)p—iq).
i=0

Proof. This result is obtained directly by induction from the eq. (1).

Theorems 5 and 6 generalize previously obtained general formulas, well-known
combinatorial formulas, that allow us to calculate the nth Fibonacci number [8], the nth dis-
tance Fibonacci number [18], the nth (2, k)-distance Fibonacci number [19], the nth k-
Fibonacci number and the nth generalized (k, r)-Fibonacci number [21], the nth Fibonacci p-
number [28], other numbers in tab. 1 [8, 9, 11, 13-15].

Identities of the numbers Fscjlt (p,q;n)

In this section we present the sums formulas for the numbers FSE’t(p,q;n). These
formulas give the sums of the odd and even terms of the sequences {FSS‘t(p, 0;N)}nso as well as
the sums of the first n terms with special subscripts.
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Theorem 7: Let d, p,q,s,t >1 and n >0 be integers. For p<q, we have

n—p+1

. dLMJ [ p )
Fr(pan+a)=s P+ > sUFS(p,g;n—ip)
i=0

Proof. By using Theorem 3, we get that the left-hand side of the identity,
F& (p,g;n+0q), counts the number of distinct ways to tile an (n+q) -rectangle with different
colored p-rectangles and different colored g-rectangles. If we show that the right-hand side of
the identity counts the same number tilings, the proof is completed. Let us consider an (n+q) -
rectangle and place the cells, beginning to place the first rectangle from the leftmost cell. In
tilings, either all cells are the p-rectangle, counting in sdln+a/p] tilings, or there is at least a g-
rectangle. To calculate other tilings, we consider the smallest length tilings containing only a
g-rectangle, relative to the location of the first g-rectangle. In this case, the g-rectangle that
can be selected with t different colors is either in the first cell, counting in th‘ft(p,q;n) tilings,
or there are i times the p-rectangle that can be selected with s different colors before the g-
rectangle, counting in sYtF& (p,q;n—ip) tilings for 1<i<[n-p+1/p]. Summing all the til-
ings, we achieve the desired result.

When tiling the rectangles of lengths np+q and np+q+r for 0<r < p we obtain
the following theorem, and its proof is similar to that of the previous theorem.

Theorem 8: Let d, p,g,s,t =1 and n >0 be integers. For p<q and 0<r<p, we
have

dn+d{ﬂJ n
Py s RS (p,gip)
i—0

i Fo(p.g;np+q) =S

LAl
g J+st(”")th‘,’t(|0,q;i|0+r).

i=0

Theorem 9. Let d,k,p,q,s,t>1 and Nn=>0 be integers. For p<qg and
n+p=gk+r, 0<r<gq, we have
(L‘H
q .

> SRS (p,g;n—iq) if r>p

i=0

d dn+d{
ii: Fst(p.g;np+q+r)=s

Fa(p.g;n+p) = o
t 0 > SRR (pan—ia) ifr<p

i=0

Proof. By using Theorem 3, we get that the left-hand side of the identity,
Fs?t(p,q;n+ p), counts the number of distinct ways to tile an (n+ p) -rectangle with different
colored p-rectangles and different colored g-rectangles. If we show that the right-hand side of
the identity counts the same number tilings, the proof is completed. Let us consider an
(n + p) -rectangle and place the cells, beginning to place the first rectangle from the leftmost
cell. When I < p there is exactly a tiling where all the cells are the g-rectangle, counting in
tln+p/a] tilings. In the other cases there is at least a p-rectangle. To calculate other tilings, we
consider the smallest length tilings containing only a p-rectangle, relative to the location of
the first p-rectangle. In this case, the p-rectangle that can be selected with s® different colors is
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either in the first cell, counting in S¢F%(p,q;n) tilings, or there are i times the g-rectangle that
can be selected with t different colors before the p-rectangle, counting in tisdF% (p,g;n—iq)
tilings for 1<i<[n-q+1/q]. Summing all the tilings, we achieve the desired result.

When tiling the rectangles of lengths Nq+ p and Nq+ p+r for 0<r <q we obtain
the following theorem, and its proof is similar to that of the previous theorem.

Theorem 10: Let d,k,p,qg,s,t>1 and n=>0 be integers. For p<qg and
ng+ p=gk+r, 0<r<gqg, we have

n -

2R (P i) if r>p
. i=0
i F&(p.ging+p) =

t LS sU RS (pogsig)  if r<p
i—0

n .
stt”" Fscft(p,q;iq+r) if 2r>p
" i=0
i FA(p.ging+p+r) = Lp”
n+
t

el
’ Jszsdt”'Fs‘,’t(lo,q;iq”) if 2r<p
i=0

Theorems 7, 8, 9, and 10 generalize previously obtained identities for any special
case of the generalized Fibonacci numbers given in tab. 1. For these identities, the parameters
d, p,q,s,t given in tab. 1 can be used in Theorems 7, 8, 9, and 10.

Conclusion

Generalizations of the Fibonacci numbers are related to an arbitrary integer p for ini-
tial terms, the coefficient of the added terms in the recurrence relation as well as and the dis-
tance between them. In the distance sense, while generalizing the Fibonacci numbers, one of
the terms in the recurrence relation is taken as the exactly well-known Fibonacci number, for
the other, an arbitrary integer k distance is considered.

In this study, for arbitrary integers d, p,q,s,t >1 the nth generalized Fibonacci num-
bers are obtained by adding two previous terms which are the (n — p)" generalized Fibonacci
number and the (n — g)™ generalized Fibonacci number and adding parameters d,s,t to re-
currence relation. Thus, we have generalized the well-known Fibonacci, Pell, Modified Pell,
Jacobsthal, Narayana, Padovan, k-Fibonacci, k-Pell, Modified k-Pell, k-Jacobsthal numbers
and the Fibonacci p-numbers, the distance Fibonacci numbers, the (2, k)-distance Fibonacci
numbers, the generalized (k, r)-Fibonacci numbers in the distance sense given in [1-5, 13-16,
18, 19, 21]. These numbers are expressed by tiling, combinatorial and set decomposition in-
terpretations which allow to derive properties, and generating functions, the general formulas
used to calculate the nth term and to find the sums of the first n terms with special subscripts.

It would be interesting to study these numbers in matrix theory. More general for-
mulas that allow us to calculate the nth Fibonacci number and relations like the well-known
relations between the Fibonacci and Fibonacci type numbers can be explored.
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