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In this manuscript, we study a new non-linear system which represents a Z-type
five level atom interacting with a quantized four-mode electromagnetic field. A
non-linear Stark shift is introduced, through the elimination of intermediate levels
(two and four) using the adiabatic elimination technique. By using the Schroding-
er equation we obtain the analytic solution this model. Some statistical aspects
through the effective Hamiltonian are presented such as the collapses-revivals
phenomenon, degree of purity, concurrence, and the squeezing phenomenon with
respect to study the effect of Stark shift parameters on these statistical aspects. For
small values of the Stark shift parameter, the collapse times increase and the atom-
ic inversion symmetry axis shifts upward, while the entanglement decreases sig-
nificantly. It has been noted that the system is affected by the Stark shift parameter.

Key words: Stark shift, pair coherent state, collapses-revivals phenomenon,
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Introduction

The Stark shift (SS) effect results in the separation of energy levels in constant and a
homogeneous external electric field that has been considered a classic problem for a long time.
The entanglement behavior between the parts of a cavity quantum system containing a bi-level
atom interacting with a two-photon field was studied using the von Neumann entropy formula
[1]. However, the interaction was studied and then results were obtained neglecting the effect
of the Stark shift (ESS), [2]. It is known that a field with two photons is approximate to exper-
imental achievement, so one has to taken into account the ESS dynamic on the overall evalua-
tion of the field. The effect of the Kerr-like medium on the von Neumann entropy formula was
studied in [3, 4]. A 2-level atom can be practically realized in a quantum electrodynamic cavity
as an effective interaction as in the case of cold trapped laser ions. During previous studies, the
study of the two-photon field interacting with atoms inside a cavity has been widely admired
by scholars, especially those interested in theoretical and experimental physics, which was
achieved by the experimental investigation of the two-photon cascading microwave maser [5].
The two-photon field is instrumental in forming the squeezed states of the electromagnetic field.
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It has also been demonstrated that the interaction of identical atoms with a two-photon field
within a Kerr-like medium can create a squeezed amplification state [6].

The ESS on a quantum system is considered one of the most important phenomena in
atomic physics, because of its importance in the process of measuring the amount of entangle-
ment between different quantum systems [7]. It is the split and shift of a spectral line into many
components under the influence of an electric field. The amount of splitting is called SS [8]. It
is considered to be an important role in the dynamics of the reaction. The effect of the dynamics
of the ESS on a physical model governed by a laser beam can be observed. Multi-photon tran-
sition is more realistic and accurate. The importance of SS is clear in describing a 3-level atom
with a 2-level one after using the adiabatic elimination (AE) method [9]. In this situation the
SS formalism is explained by adiabatically remove the middle levels of a multi-level atom (the
second level) [10]. The behavior of the resulting effective model was studied after deleting the
second level of the three-level atom, which becomes containing the SS terms [11]. Its effect has
been studied on some phenomena in different quantum systems. The problem of two-photon
atomic transitions in the presence of a squeezed cavity field and SS has been studied where ESS
on some quantities has been discussed [12].

The ESS on atomic-dipole squeezing in two-photon for an atom started the interaction
from a superposition coherent states has been studied [13]. Also, the influence of this shift on the
amount of the correlation between the quantum system has been investigated in the two-photon [14].
The ESS was examined for the interaction between two 2-level atoms and a single-mode radiation
field [15]. The behavior of the correlation between a bi-level atom and a bi-modal entangled field
is studied, in which the effects of a Kerr-like medium and a SS on Wehrl entropy and field purity
are discussed [16]. Fisher quantum information dynamics and entanglement for multi-level atomic
models interacting with a single-mode for the cavity field under the ESS and Kerr medium are con-
sidered in [17]. Influence of SS and Kerr-like medium have been studied for determine the amount
of entanglement between the field and the two three-level atomic systems [18]. Also, the effect of
both the SS and Kerr-like mean on the entanglement between two three-level atoms was studied.
Continuing the development process, the entanglement behavior between a multi-level atomic sys-
tem (N-levels) was studied, considering the effect of star-shift and Kier-like medium [19].

The aim of this paper is to deduce ESS on five-level atomic system, which was ne-
glected in previous studies, therefore, we study this effect on some statistical aspects.

Description of the physical system and its solution

—

The model consists of a five-level atom in the E construction levels with
W, > ®, > w3 > w4 > ws interacting with four modes of radiation electromagnetic field. The
quantum model is proposed (% = 1):

4 5
R R R o R
H= > Qn, +Za)j0'jj +4 (alo'12 +a, 021)+
1 j=1

n o~ RN . A n A RN
+4 (a2023+a20'32)+23(a3034+a3 043}”14 (a40'45+a4054) (1)

where Q; (i = 1,..., 4) is the frequency of the i mode ?nd o(j = 1,..., 5) — the frequencies of the
atomic levels. ”l;he creation (annihilation) operator @, (a;) governed by the Boson commutation
relations [a;, a;] = Jy, and the operators o; satisfy the commutation equation:

(661 | = 640y~ 64,6 )

where 4;, (i = 1,..., 4) is the dipole coupling constant.
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The SS terms are derived in this quantum system. By using the AE technique [9, 20],
the second and fourth levels are eliminated and the atomic system reduced to three levels as can
be seen in the following.

We introduce the following slowly varying operators in order to eliminate the inter-
mediate levels adiabatically [9, 20]:

Oy = 6y {explile, —w )]}, kiI=1,...5 3)
and
A; = a {expliQ]}, (j=1,...4) &)

The time-dependent differential equations that derive from the quantum system are
deduced from the Heisenberg relation:

O Av QA (A A A AN A
l%:ﬂﬁl{re v (Qn—sz)"‘ﬁszze %053 ®)
.dQ N At A N W At QA A A QA A ds
’THZ%[_A@ lle“LA;re 1Q21}+12[A;e 2Q23—A;e zQsz}:’ diz (6)
,dQ nv QAL (A - A —iAE A A it A
1 dt23 = e ? (sz_Q33)_ﬂlAle PO+ Ahde 30y
do ds @
. A ifnt A P T A iAgt A ns iAat A .
1733:/12[_1426 2Q23+A;re 2Q32J+23[A3e l 3Q34_A3Tel 3 Q43}:l d?
.dQ34 B A iyt A ~t iAgt A A At A
= —hdye PO +thdze 7 (O —0hy)+Aydse * Oss
do, ds ©
. A —iAgt A ~v QAL A A it A nr QAL A .dS
’TM:%[—Ase 3Q34+“13Jre 3Q43}+/14[A4e 4tQ45—AIe 4tQ54}=l d:4
,dQ nr AL A A A it A
’745:’141416 4 (Q44—Q55)—23A3e 05 9)
with
A =(0,—0,) -, (=1,.,4) (10)

Next, we adiabatically elimination [21] the states |2) and |4) by integrating the equa-
tions Oy, O, Os4, and QOys formally. The problem is addressed by assuming that the actuators in
a quantum system change very slowly with respect to time:

ds I A 1 1 AAs A |-
i g araie @i | L U e a0, [ 2 e
dr A A, A
~d§33 _ ot ot (A A A -1 St ot By A3 A 1 1
i—== L, A Aje 03 ™ —hc+ A A Aje On A_+A_ —hc+

1

+Agl4ﬁ§ﬁiei(A3+A4)tQ53 [;_1)_}"0 (11)
4
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S Aknw A -1
i = AL AT, [—j—hﬁ
t A,
Ay ~enn i A 1 1
f B et [ L L g (12)

A, A, A,

Through the previous equations, we find that AE condition is deduced

A =-AA,=A, A;=-A and A, =

[ dSy,  dSy,
D, Bu |
’{ @ d (13)

This mean that the system of a five-level atom can be described by an effective system
of a three-level atom. Thus, the effective system of the whole Hamiltonian takes the form:

4
Heg = ZQi +Zw, G + BiiuSiy +(Bofy + Piiy ) 635 +
i1

we note that:

+ PaiyGss +~ BB (&1&25'13 +&1T&§0A'31)+\/ﬂ3ﬁ4 (&3&46'35 +&3T&IOA'53) (14)

where
2

A4
B; :ma (J=1...,4), g =B B, and g, =55,
2

Now, we use this effective Hamiltonian with the new SS terms to study the dynamics of the
system. For simplicity, we put 7 = i and 1, = ny, thus the effective Hamiltonian (14) can be cast
in the form:

2
fr = zQi Z 06 + BiiG o, + Sty + P31))5; +
i1

ei,g
+ PG g + 8 (41,6, + ] 16, )+ & (43,6, +a ]G, ) (15)
The initial conditions of a quantum system are taken:
|9(0)) = Patom (00) ®| 2514 (0) (16)

where, the atom begins from the ex-cited state |@rom(0)) = |e) and the field begins from the state
lpsaa(0)) = |&, q). The |e, g) represents the pair entangled state, it gives [22]:

|e.q)= Zm| q.1) (17)

with

=0

w |g|2] -1/2
No = [Z l!(l+q)!} (9

where ¢ is the integer positive number and ¢ — the may be a complex number. The wave function
in the general case that describes the proposed system can be formulated:
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0

lp(1)) = Z[Ul(z,t)|e,q+1,1)+U2(1,z)|i,q+1+1,1+1)+U3(1,t)|g,q+1+2,1+z)]
=0

where U(/, 1), (i = 1, 2, 3) denote statistical expressions that verify the relation
3
ool =1
i=1

By using the Schrodinger equation, the following system of differential equations is
obtained:

i%Ul(l,t) =oU,(1,1)+ KU, (1,1) (19)
z'%U2 L,y =kqU,(L,t) + a,U, (1,1) + k,U5 (1, 1) (20)
.d
15U3(1,t) =,U, (1,1 +a3Us(1,1) (21)
where
K = 4@+ +1) (22)
Ky = HJ(@g+1+2)(1+2) (23)
and
o =Q(g+D)+ Q)+, + B (g+]) (24)
o, =Q(g+I+1)+Q,(I+)+ o, + S (I+1)+ S5(qg+1+1) (25)
a3 =Q(g+1+2)+ (1 +2)+w, + S4(1+2) (26)
Now, we obtain the reduced atomic density operator X,om(?):
/%atom(t) = Trﬁeld |(/’(t)><§0(t)|
lee(t) Zei(t) leg(t) (27)
;Zatom (t) = Zie(t) Zii(t) Zig (t)
/’ng (t) /’Kgi (t) lgg (t)
where

Zee® = D U0, 200 = D UL 20 () = D |Us L0
1=0 =0 =0

Za (=D U U+1,0U3 (1) = 75(0)
=0

Zeg (=D U1 +2.0U5 (1)) = 23,(0)
=0

2 =D Uy (1 +1,0U3 (1,1) = z75,(0)
=0

(28)
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The probability density operator for an atom is obtained by taking the trace over the
field:

27 () = Tryom | 0(0))(0(0)] (29)

o o | U (m, 00U (L,0)| g +m,m) (g + 11| +U, (m,0)U5 (1,1)| g+ m+1,m+1)

v ()= 30
27 ,;),Z;‘ (q+1+1,l+1|+U3(m,z)U;‘(1,z)|q+m+2,m+2)(q+1+2,1+2ﬂ (39)

In what follows, we discuss some non-classical aspects of the present system, such as
the collapses-revivals phenomenon, degree of entanglement, squeezing phenomenon.

The collapses-revivals phenomenon

In this section, we study ESS on the collapses-revivals phenomenon by using the defi-
nition of atomic population, which is considered to be the difference between occupation in the
ex-cited state x..(¢) and the ground state x,(7) (28) [23]:

W(t):Zee(t)_Zgg(t) (31)

Examining the atomic population sheds light on the behavior of the interaction by de-
termining the location of the atom over time. Such as, to determine when the atom in its ground,
middle or ex-cited state.

We plot the function W(¢) against gt, where g = (5,5,)"* = (8:44)"">. We display the
evolution of W(¢) for the proposed system for some values of SS parameter r = (,/f,)"*. The
initial conditions are defined, the atom begins from the upper most ex-cited state |e) while the
field starts from the pair coherent state |¢, ¢) (17), with ¢ =5 and & = 10. Initially, ESS is almost
eliminated by specifying the values of the variable » = 1 (almost absence of ESS). The popula-

1.0 T T T T 1.0 T T T
W(t) w(t)
0.5¢ 1 0.5 8
0.0 [ 0.0 lr
-0.5f -0.5

gt

e e e o

0 5 10 15 20 0 5 10 15 20
(o] gt (d gt
Figure 1. The atomic inversion as a function of the scaled time gt with Q, = Q,=10.2, v, = 0.8,
®;=0.6,w,=04,9=5,e=10; (a) r=1, (b) r=0.75, (c) r=0.50, and (d) » = 0.10
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tion oscillates with a small upward shift of the function’s axis of symmetry. The function W(¢)
oscillates periodically and is repeated every 2n. Moreover, the phenomena of revival and col-
lapse that are formed periodically as is clear from fig 1(a). Figure 1(b), shows ESS, by adding
a variable 7 with a value different from one (» = 0.75). The amount of the fluctuations of the
function W(t) increases and the X-axis is shifted upwards, and the phenomena of collapse and
revival gradually disappears. Figure 1(c) shows that with an increase in SS parameter, both the
intensity of the oscillations and the upward shift of the axis of symmetry increase. By increas-
ing the SS parameter, the atom gains energy from the field. A noticeable activity is generated
in the oscillations, and the atom is in the ex-cited level and never returns to the ground level.
As the parameter r approaches zero, ESS increases. By setting » = 0.1, the amplitude of the
fluctuations is greatly reduced and the atom is almost in the excited state, as shown in fig. 1(d).

Degree of entanglement

In this section, ESS is studied on the degree of entanglement between the field and
the atom. It is well known that the amount of entanglement has an important aspect of quantum
systems that shows correlations that cannot be treated classically.

Purity

The purity of the system can be treated as a instrument to indicate the amount of the
entanglement between the components of the system. The mathematical formula for purity is
given by the following relationship [24]:

P(t)=Try; (1) (32)

where P(f) =1 corresponding to the pure state, while the maximum entanglement for P(¢) = 1/d,
where d is the dimension of the density matrix from eq. (30). Through the probability density
operator, the time-dependent purity function is obtained:

P) = 220+ 720+ 2% () + 2(|zel- oOf +

2o O]+, 0

the effect of x.

This part is devoted to studying ESS on the amount of purity state generated from
the interaction of the field with a three-level atom, using the conditions aforementioned in the
atomic inversion. Figure 2(a) shows the amount of entanglement after specifying the parameter
7= 1. The interaction starts from a pure state (a complete separation between the field and the
atom), entanglement is generated between the parts of the quantum system, it reaches its peak
at the middle of the revival period, while it reduces sharply at the middle of the collapse period.
When the effect of the parameter 7 is inserted with a value different from one (» = 0.75), the
maximum values of P(f) function are increased. This indicates a weak entanglement between
the parties of the proposed system as observed in fig. 2(b). Figure 2(c) confirms that the func-
tion P(f) approaches the pure state, P(f) = 1, by decreasing the amount of the SS parameter r.
Moreover, the amplitude of the oscillations is greatly reduced, therefore, a weak entanglement
is generated between the parts of the proposed system. The separation state for field and atom
becomes more pronounced with further reduction of the values of parameter ». With » = 0.1,
the function P(¢) is observed to be close to its maximum values (very close to the pure state),
see fig. 2(d).
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Figure 2. The purity as a function of the scaled time g7 ; the parameters same as the fig. 1

Concurrence

This subsection is interested to the study of entanglement using concurrence. The
concurrence is considered as an indicator to the amount of the entanglement between the sub-
system. It ensures the scale between 0 for a disentangled state and

2(d—1)
d
for the state of the maximally entangled. It takes the form [25]:
= \/2 S 202020230 i % (33)
i,j=1,2,3

where y.(?), x;(1), x{t),and y;(¢) are given by eq. (28).

The initial conditions mentioned previously are used to examine the amount of the
entanglement between the subsystem. When taking the least ESS (= 1), the process of interac-
tion between the subsystem starts from the pure state (separable state) followed by the genera-
tion of entanglement significantly. The entanglement increases in the periods of collapse, while
it decreases in the periods of revival, by comparing the figs. 1(a) and 3(a). When considering
a value close to one (» = 0.75), the entanglement between the subsystem improves slightly
and reaches its peak at the centre of the revival periods as seen in fig. 3(b). This result is fully
consistent with purity. At the setting of (» = 0.5), the entanglement between the field and the
atom decreases, and thus gradually moves away from the pure state as observed in fig. 3(c).
Emphasizing the role of SS by causing an increase in the separation of the field from the atom.
The entanglement collapses obviously by increasing the parameter 7, and the quantum system
approaches the pure state, see fig. 3(d).
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Figure 3. The concurrence as a function of the scaled time g#; the parameters same as the fig. 1

The Squeezing phenomenon

The squeezing phenomenon is one of the non-classical phenomena in quantum optics.
The atomic variables squeezing and the squeezing in entropy are basic instruments to measure
this phenomenon. This method is based on the uncertainty principle as shown in the following.
Squeezing of the atomic variables

As we know, the uncertainty relation for the three-level atom can be defined as the
form [26]:

(34)

fan oo Lya
AjAG, = EKJz)
where A*(j?) - ()%, (i =x, y, z) with j,, j,, and j, satisfy the relation [}, j,] = ij.. Fluctuations in the
component j; of the atomic variables are said to be squeezed if Aj; satisfies the condition:

)

V) =|aj - T <0, i=xory (35)

where

(3:)=

[ 20O+ 2O+ 2,0+ 20 ] (36)

Sl

(1) =[x O+ 2= 2,0+ 24 0] 37)

(2.)= Zee = 2450 (38)
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The initial conditions mentioned in the atomic inversion are used to define the periods
of squeezing by the relation eq. (40). When the parameter » approaches one, the squeezing in-
tervals are not formed at all in both variables V(j) and ¥(j,). In fact, the variable V(},) is close to
fulfilling the condition of squeezing at the middle of the revival period, as seen in figs. 4(a) and
4(b). Figure 4(c) describes the squeezing intervals for small value of the parameter (» = 0.1).
When parameter  approaches zero, the squeezing intervals are formed repeatedly for variable
V(j.), while they are never formed for variable V(j,). Squeezing periods are more pronounced
when the parameter r is very close to zero, see fig. 4(d). Therefore, the greater ESS, more
squeezing periods appear in the variable V().

1.2 T T T 1.5 T T T T T T

8L ETTTTLLLTVPTIYL LTS MR
iiﬂwﬁﬂwﬁﬂhﬂ oo i M

0 5 10 15 20 0 5 10 15 20
(© gt (d) gt
Figure 4. The variance squeezing components V(j,) and V(j,) as functions of the scaled
time gz, V(j,) is represented by the red curve, and V{(j,) is represented by the blue curve;
(@) r=1,(b) r=0.75, (c) r=0.10, and (d) » = 0.05; the other parameters same as the fig. 1

The entropy squeezing

The entropic uncertainty relation for d + 1 observables has been defined by the in-
equality [27, 28]:
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d+l1

. 1
ZH(jp)Zdln[E(d+l):| (42)
p=1
where d is a prime dimensional Hilbert space and H(j,) — the Shannon-entropy, it is defined:

H(),)= —Zd:Ga (J,)InG,(J,), p=xy.z (43)

where G,(j) are calculated [29]: -
Gi(3) = 5 2 0~ 2ReL 1 01+ 700 (44)
Go(3) = 4 20+ Rl 2O+ 10+ 3 Re 2, 0]+ o Re[ 1, 0]+ 10 (49)

. 1 1 1 1 1 1
G3 (.]x) = Zzee (t) _ERe[/’{ei (t)] + E//{ii (Z) + ERe[zeg (t)] _ﬁRe[zig (t)] +Zlgg (t) (46)
G(3) =5 [ 2ee®)* 2050+ 2Rel 2, 0] “7)

Ga(3,) = 220+ 3 20+ 2 ) +%1m [£(0]- 3 Rel 2 0] +%Im[z,»g 0] @y

| 1
Gy(7,) = e+ 240 —%lmm 015 Re[ 2050 —%Im [2:0]+ 320 49)
Gl (jz) = Xee (t)a G2 (jz) = Xii (t)a G3 (jz) = Z‘gg (t) (50)
By using the in eq. (42), H(j,) must achieve:
H()+H(,)+H(j.)=3In2 (51)

Thus the fluctuation in j, (p = x or y) indicts squeezing if H(j,) achieves the condition:

22

E(GG,)=|86HG,)-
(J,) [ (J,) 5HG)

]<0, pP=Xy (52)

when 6H(j,) = exp[H(j,)]. In this subsection, ESS on entropy squeezing is studied with the same
conditions mentioned in the atomic inversion. Figure 5(a) shows the entropy squeezing in the
least ESS, the squeezing is achieved for the quadrature y while it is not for the quadrature x. The
squeezing is also monitored before and after the centre of the revival intervals, while the func-
tion E(j,) reaches its minimum values at the centre of the collapse intervals. When considering
ESS with a value of the parameter r that is different from one adjust (» = 0.75), the squeezing
is satisfied for both variables x and y. At the beginning of the considered interaction period, the
squeezing is satisfied with respect to variable x and the end is satisfied with respect to variable y,
as shown in fig. 5(b). The squeezing decreases by increasing the influence of a SS (by decreas-
ing the parameter ). The maximum values of the function £(j,) decrease while the minimum
values increase, and this confirms that the Stark shift causes a decrease in the squeezing inter-
vals, see fig. 5(c). With more ESS, the squeezing intervals decrease significantly. The squeezing
is achieved in both variables x and y alternately at different intervals, as seen in fig. 5(d).
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Figure 5. The entropy squeezing components E(j,) and E(j,) of the scaled time g#; E(j,)
is represented by the red curve, and E(j)) is represented by the blue curve; the other
parameters same as the fig. 1

Conclusion

In this manuscript, the SS terms for a quantum system consisting of the interaction of
a three-level atom with a bimodal field are derived. An atom with five levels was considered,
by using the AE method, the levels number was reduced to three. The general solution (wave
function) was obtained by solving the Schrodinger differential equation. ESS on the atomic
inversion, the entanglement between the subsystem by purity and concurrence, the variance
and entropy squeezing were studied. The results showed that the SS significantly affected the
atomic inversion when the parameter » takes a small amount close to zero. When parameter »
approaches one, ESS decreases, and the collapses and revivals phenomena appears repeatedly.
When ESS is small, a clear entanglement is generated between the parts of the quantum sys-
tem, while this entanglement dissipates with an increase in ESS (» — 0). Squeezing periods are
more pronounced when the parameter 7 is very close to zero. Therefore, increasing parameter
r leads to more realization of the squeezing periods in the variable V(j). Entropy squeezing is
achieved in the variable x and not in y when ESS parameter is small. Increasing ESS parameter
is achieved in both variables x and y interchangeably.
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