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A numerical study of boundary-layer flow past on a moving flat plate in nanofluid 
with variable wall temperature and viscous dissipation is presented. The PDE 
containing model for flow phenomena are transformed to ODE with the aid of 
appropriate similarity transformations. The transformed equations are then 
solved numerically by using the built-in bvp4c scheme of MATLAB. After the val-
idation of the scheme, numerical solutions are determined for the temperature 
and nanoparticle concentration profiles along with physical quantities of interest. 
The effects of involved parameters such as variable temperature index, Prandtl 
number, Eckert number, Lewis number, plate moving parameter, thermophoresis 
motion, and Brownian parameters are examined and reported through graphs 
and tables 
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Introduction 

Heat and mass transfer phenomena occurs in various engineering applications like 

paper production, aerodynamics extension of the plastics sheets, glass polymer industry and 

many others. Main concern of scientists and engineers in all such situations is to achieve a 

higher heat transfer rate. Enhancement in heat transfer can be obtained through several ways 

and one of the modern ways is to disperse the nanoparticles in base fluid for such purposes. 

The idea of such participles comes from the fact that metals have greater thermal conductivity 

than liquids. The progress in nanotechnology has made it possible to form such metallic parti-
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cles of very small size (nano sized). These small sized particles (1-100 nm) can be mixed in a 

fluid (called pure fluid) to form a nano-fluid. Maxwell [1] was the first who investigated the 

flow and heat transfer phenomena with micro sized particles in 1904. Although he noted some 

heat transfer enhancement, the particle dimensions include radiation absorption. Keblinski et 
al. [2] and Choi and Eastman [3] introduced the word nanofluid for such kinds of fluids. The 

flow of nanofluid is determined through two groups, single-phase and two-phase models. 

Single-phase model is discussed further in different ways on the basis of assumption between 

nanoparticles and base fluid. The most popular single-phase models for nanofluid are Tiwari 

and Das [4] and Buongiorno [5]. Researchers use these models to investigate the heat and 

mass transfer phenomena by taking various satiations for example [5-24]. 

In the present study, the boundary-layer flow of mass concentration in Newtonian 

fluid with variable conditions at geometry’s surface is investigated. The mathematical model 

is developed by using Tiwari and Das [4] model under viscous dissipation effects. The results 

of velocity, temperature distribution and mass concentration’s flow are calculated under em-

bedding parameters and displayed for discussion.  

Mathematical formulation 

A steady, incompressible, dimensional boundary-layer flow of nanofluid on a mov-

ing flat surface is considered. The velocity, temperature and mass concentration at the wall is 

taken uw(x), Tw(x), and Cw(x) and in inviscid region is taken U, T, C, respectively. The 

geometry of the problem under assumed situation is shown in fig. 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The Tiwari and Das’s governing equation under boundary-layer assumptions are: 
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Figure 1. Schematic of flow problem 
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along with the boundary conditions: 
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where velocity components are specified with u and v along the x- and y-directions, respec-

tively. The dynamics and kinematic viscosity are specified with  and . Further, density, 

thermal conductivity and specific heat capacity at a constant pressure are specified by , k, 

and cp, respectively. Next, DB, DT, and  illustrate the Brownian diffusion coefficient, thermo-

phoresis diffusion coefficient, and the ratio of the effective heat capacity of the nanoparticle 

materials and the heat capacity of the ordinary fluid respectively. 

Now, the governing eqs. (1)-(5) are converted into ODE by using the following sim-

ilarity transformations as: 
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where  is the dimensionless temperature of the fluid,  – the rescaled mass concentration, 

and  – the stream function. The velocity components in form of stream function are defined 

as u = (/y) and v = (/x) which identically satisfied the continuity eq. (1). The velocity 

components u and v can be derived by using eq. (6) as: 
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In view of eqs. (6) and (7), the eqs. (2)-(4) become: 
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represent the Prandtl number, Brownian motion parameter, thermophoresis parameter, Eckert 

number, and Lewis number, respectively. The boundary conditions (5) take the form: 
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Note that  > 0 corresponds to the downstream movement of the surface from the 

origin. The physical quantities of the interest Cf, the local Nusselt number Nux, and Sherwood 

number Shx which are described by: 
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where the quantities tw, qw, and jw are the surface shear stress, surface heat flux, and surface 

mass flux, respectively. These quantities are defined as: 
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Using the similarity transformations given in eq. (6), eq. (12) become: 
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where Rex = (Ux/ϑ) is the local Reynolds number. 

Numerical solution  

In this section, the governing eqs. (8)-(11) subject to eq. (12) are solved by numeri-

cally with the aid of bvp4c scheme of MATLAB. The validity and accuracy of the method is 

confirmed by reproducing the results of Nusselt number, Sherwood number, and skin friction 

coefficient in tab. 1. Table   shows the comparison of the values reported in [25] and the 

values obtained in the present results are in good agreement with the results of [25]. 

Results and discussion 

The effects of the involved parameters such as variables temperature index n, 

Prandtl number, the plate velocity parameter , thermophoresis parameter Nt, Brownian mo-

tion parameter Nb, Eckert number, and Lewis number on temperature  and mass concentra-

tion  are reported through graphs and tables. Figures 2-5 show the temperature profiles for 

the involved parameters n, Prandtl number, , Nt, and Nb. Figure 2 shows the effect of varia-

bles temperature parameter n on the temperature profile. It shows that the temperature profile 

decreases by increasing n. The effects of Prandtl number on the thermal boundary-layer 

thickness are shown in fig. 3. The temperature profile decreases as Prandtl number increases. 

Figure 4 shows the effects of the plate velocity parameter  on the temperature profile. By 

increasing , the temperature profile decreases. Practically, the increment in  increases ratio 

velocity differences between the plate and the fluid which enhance the fluid to move away 

from the surface region rapidly. Figure 5 shows the effects of the Nb and Nt on the temperature 

profile. The temperature profile increases as Nb and Nt increase. Figures 6 and 7 illustrate the 

behaviours of mass concentration for various values of involved parameters. Figure 6 shows 

Table 1. Comparison of values of Nusselt number, Sherwood number, and skin coefficient number 
with [25] for various values of  by fixing Pr = 7, Nb = Nt = Ec  = 0.1, and Le = 10 

 Nux Shx Cf 

 [25] Present [25] Present [25] Present 

0 0.3747 0.3746  . 672  . 670 0.4696 0.4696 

0.  0.4705 0.4704  .3379  .3367 0.4625 0.4625 

0.5 0.7875 0.7874  .8657  .8655 0.3288 0.3287 

   .07 7  .07 7 2.3805 2.3805 0 0 

2  .2994  .2990 3.3099 3.3090 − .0 9  − .0 9  
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 the effects of Nb and  on the mass concentration flow. As Nb increases, the mass concentra-

tion flow decreases. The parameter  also affects the flow of mass concentration in similar 

way. Figure 7 shows the effects of the Nt and Lewis number on the flow of mass concentra-

Figure 2. Effects of variable temperature parameter n on the thermal 
boundary-layer thickness () by fixingPr = 7,  = 0.5, 

Nb = Nt = Ec = 0.1, and Le = 10 

Figure 3. Effects of Prandtl number on the thermal boundary-layer 

thickness () by fixing n = 1,  = 0.5, Nb = Nt = Ec = 0.1, and Le = 10 

Figure 4. Effects of plate velocity parameter  on the thermal boundary-layer 

thickness () by fixing n = 1, Pr= 7, Nb = Nt = Ec = 0.1, and Le = 10 
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tion. Both parameters effect the flow of mass concentration oppositely. The mass concentra-

tion flow increases as Nt increases and decreases by increasing Lewis number. The effect of n, 

Prandtl number, , Lewis number, and Eckert number parameters on the local Nusselt number 

are shown in tabs. 2-4. The values of (Rex/2)
1/2

Nux is increased by n parameter but decreased 

by Eckert number as seen in tab. 2. In tab. 3, it is found that (Rex/2)
1/2

Nux increases and de-

creases by increasing of Prandtl and Lewis numbers, respectively. The behaviour of 

(Rex/2)
1/2

Nux is increased with increasing of  as displayed in tab. 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. Effects of Nb and Nt on the thermal boundary-layer thickness 
() by fixing n = 1, Pr = 7,  = 0.5, Ec = 0.1, and Le = 10 

Figure 6. Effects of Nb and  on the nanoparticle volume fraction () 

by fixing n = 1, Pr = 7, Nt = Ec = 0.1, and Le = 10 

Figure 7. Effects of Nt and Lewis numberon the 
nanoparticle volume fraction () by fixing 

n = 1, Pr = 7,  = 0.5, and Nb = Ec = 0.1 
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Conclusion 

In current study, the behavior of heat and mass distribution is discussed by Tiwari 

and Das model under variable boundary conditions when mass concentration is exited in 

Newtonian fluid. The physical model is solved by numerical method and results are displayed 

for distribution of temperature and mass. From the result, it is found that the distribution of 

temperature is increased with the effects of Nb and Nt and decreased by n, Prandtl number, and 

. The flow of mass concentration is enhanced by Nt and Prandtl number, but declined by 

Lewis number, Nb, and . 
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Table 2. Values of Nusselt number for various values of n by fixing 

Pr = 7,  = 0.5, Nb = Nt = 0.1, and Le = 10 

 Ec = 0 Ec = 0.1 Ec = 0.3 
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x
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0 0.8148 0.7874 0.7324 

1 2.2199 2.2032 2.1697 

2 3.1626 3.1492 3.1224 

Table 2. Values of Nusselt number for various values of Prandtl number by 

fixing n = 1,  = 0.5, Nb = Nt = 0.1, and Ec = 10 

 Le = 10 Le = 20 Le = 30 

Pr 
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9 2.3452 2.1326 2.0115 

30 2.8666 2.3831 2.1233 

50 2.9821 2.4112 2.1168 

Table 4. Values of Nusselt number for various values of  by 
fixing  n = 1, Pr = 7, Nb = Nt = 0.1, and Le = 10 
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0 0.9553 0.9003 0.7897 

1.0 3.0340 3.0340 3.0340 

2.0 4.2271 4.1327 3.9431 
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