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Numerical investigation of combined laminar natural-convection and volumetric
radiation with internal heat generation is presented in this paper and computa-
tions are performed for a grey gas-filled square cavity whose horizontal walls are
adiabatic and vertical walls are differentially heated. The convection is treated
under Boussinesq approximation by an approach based on finite-volumes and the
volumetric radiation by the discrete ordinates method. Flow and heat transfer
characteristics through isotherms, streamlines, and average Nusselt numbers have
been presented for an external Rayleigh number 10° internal Rayleigh number
0 to 4 - 107, optical thickness 0 to 10, and albedo 0 to 1. Representative results
illustrating the effects of the optical thickness and the internal heat generation on
the flow and the temperature distribution within the cavity are presented. The re-
sults reveal that the fluid-flow and heat transfer are influenced significantly by the
volumetric radiation and the internal heat generation. By comparing the solutions
in pure convection, the results in combined convection-volumetric radiation show
that when the medium is participating, the effect of internal source presence is very
important.
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Introduction

The phenomenon of natural-convection in a 2-D cavity is widely encountered in engi-
neering such as solar collectors, cooling of electronic components, solar energy, heat exchang-
ers, nuclear reactors, ovens, efc. Numerical works of these last years have been concentrating
more on the study of heat generating components in the electrical and nuclear industries, and
flows in rooms due to thermal energy sources [1-4]. The recurring configuration is the one of
the heated differential cavity constituted by two opposite vertical walls maintained at constant
temperatures and two adiabatic horizontal walls.

In recent years, a great number of researches have been focusing on heat transfer
study in semi-transparent medium. Among them, we can cite in particular Lauriat [5] who
studied natural-convection in the presence of volumetric radiation by considering the medium
as a grey gas in a 2-D vertical cavity with an aspect ratio of between 5 and 20. The P1 approxi-
mation of spherical harmonics method has been used for radiative part. The same problem was
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modeled by Yucel et al. [6] using the discrete ordinates method. In this study, the cavity was a
square with four black walls, the Rayleigh number was fixed to 5 - 10° and the optical thickness
was variable. Draoui et al. [7] studied the effect of the Rayleigh number using the method of
spherical harmonics P1 in a cavity where the emissivities of the adiabatic walls were zero and
the isothermal walls were black. Fusegi and Farouk [8] studied the natural-convection coupled
to radiation in a differentially heated cavity with all black walls, and filled with a non-grey gas.
The radiative model was treated with finite-volumes approach and the radiative quantities were
evaluated by the decomposition of spherical harmonics of order 1. Tan and Howel [9] examined
the influence of volumetric radiation on natural-convection. They proposed the calculation of
global radiative and convective fluxes. Colomer et al. [10] treated the coupling of natural-con-
vection with volumetric radiation in a differentially heated 3-D cavity in transparent and partic-
ipating media. Ibrahim [11] studied the influence of radiation on natural-convection flow in a
differentially heated square cavity containing ambient air and used two different configurations
with high Rayleigh number. Laouar-Meftah ez al. [12] studied the double diffusive natural-con-
vection in a square cavity filled with an air-CO, mixture with vertical walls maintained at
different temperatures and concentrations. Moufekkir ez a/l. [13] and Lari et al. [14] addressed
the analysis of the effect of radiative heat transfer on convective heat transfer in a square cavity
containing a participating gas under standard ambient conditions. Liu et al. [15] developed a
numerical model for simulating natural-convection combined to volumetric radiation in ab-
sorbing emitting and diffusing medium in a 2-D square cavity. Mezrhab et al. [16] presented
numerical solutions for the coupling radiation-double diffusive natural-convection in a square
cavity filled with an absorbing, emitting and non-diffusing grey gas. Byun and Hyukim [17]
studied the effects of secularly reflecting wall under the combined radiative and laminar natural
convective heat transfer in an infinite square pipe filled with absorbing and emitting grey me-
dium. Kumar and Eswaran [18] presented a 3-D numerical simulation of the coupled thermal
radiation and natural-convection in a differentially heated rectangular cavity. Chaabane et al.
[19] developed a new algorithm for solving natural-convection coupled to radiation in a 2-D
cavity containing an absorbing, emitting and diffusing medium. The radiative transfer equation
was solved using control volume finite element method. The density, velocity and temperature
fields were calculated using the double population lattice Boltzmann equation. Several other
studies have focused on the natural-convection combined to surface radiation by analyzing
the influence of radiative effects on fluid-flows and heat transfer in closed cavities [20-25] . A
number of studies have examined the interaction between surface radiation and heat generation
in the case of a differentially heated cavity [26-29] . However, the interaction between volumet-
ric radiation and internal heat generation has been little study although volumetric radiation is
inherent in natural-convection. Thereafter, due to its practical interest, the subject needs further
effort to improve the knowledge in this field. In the present work, and following our previous
study [30], we propose to extend the analysis performed on the coupling of natural-convection
with volumetric radiation include the effect of internal heat generation in a semi-transparent
medium contained in a differentially heated cavity. The main objective of the study consists
of examining the effect of the internal Rayleigh number, Ra;, the optical thickness, 7, and the
albedo coefficient, w, on fluid-flow and heat transfer.

Problem formulation

Details of the geometry are shown in fig. 1. It is a square cavity filled with a semi-trans-
parent fluid assumed to be homogeneous, incompressible, laminar, grey and non-scattering,
with internal heat generation, ¢g. The two vertical walls are black (¢;, = 1) and maintained
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at different temperatures 7c and Ty (Tc < Ty), U=v=2¢
while the two horizontal walls are reflective 1 =
(&34 = 0) and perfectly insulated. It will also be
assumed that the temperature differences in the
flow domain considered are sufficiently small to
justify the use of the Boussinesq approximation.
The modelling is based on the Navi-
er-Stokes equations coupled with energy equa-
tion and radiative transfer equation (RTE) which ) o X
. o . u=v==Lo
provides the term of radiative source to be in- o
serted into the energy equation. The set of these  Figure 1. Physical geometry and
equations is given in dimensional form as: boundary conditions
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The term div(Q,) in the energy equation representing radiative exchange rate in the
cavity is determined from the solution of the radiative transfer equation, which can be put in the
following form for an absorbing, emitting, and scattering medium:

4
oL oL T
ﬂ(§j+n(5j+1L=i[(l—a))[l+%j +w4J'LdQ] 9)
4
div(Q,)=7(1-w) [1+1J - [ ra0 (10)
90 4

where L(X, Y, Q) is the dimensionless radiation intensty at psition (X, Y) in the direction
Q= pir+ wp.
The boundary conditions for reflecting and emitting isothermal opaque walls are:
U=V=0,T=Ty at X=0, Y €[0,1]
U=V=0,T=T, at X=1, Y €[0,1]
U=V =0, a—Tzo at Y=0, X €[0,1]
oY

U=v=0T_0a v, X €[0,1]
oY
The radiative boundary conditions are:
— for vertical walls (¢, =&, =1)
4
L(o,Y):L 1+ ZOD 1 v oo, 1<0
4n 6,
1 T({,Y *
L(LY)=— 1+M at X=1, u<0
4n 6,
— for horizontal walls (&5 =¢,= 1)
L(X,0)= lQim(X,O) at Y=0, n<0
T

L(X,l):lQ.m(X,l) at Y=1,7>0
T

1]

The Qi is the incident radiation flux obtained:

Qinc (X’O):772<0|nm|me(X’O) at ¥'=0 (11)
Oe (X,1) = zo|nm|a)mL(X,l) atY =1 (12)
>

Numerical modelling

The solutions of RTE are obtained by the discrete ordinates method [31, 32], and
the angular space is discretized by the S6 quadrature. The 2-D governing equations are solved
numerically by a finite-volumes scheme using the staggered arrangement. Equations (5)-(8)
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were discretized in time by a second-order backward Euler scheme in which the diffusive and
viscous linear terms are implicitly treated while the convective non-linear terms are explicitly
treated using an Adamse-Bashforth extrapolation. The spatial discretization applied is based on
a non-uniform grid refined in the vicinity of the vertical walls by using Chebychev collocation
points. A technique derived from the classical projection method is employed to solve the cou-
pling between pressure and velocity. The Poisson equations for the pressure correction in the
projection method are solved by standard multigrid techniques [25] .

Heat transfer parameters

The non-dimensional heat transfer rate in terms of local convective and radiative Nus-
selt numbers, Nu,, and Nug, are given [30]:

oT
R (Y):_(gjx—m (9

0 net
NuR(Y)zp—Ol[ Rt:|X=0,1 (14)

where Qz%|y-0.1 is the dimensionless net radiative flux density at the hot or cold vertical walls
defined [30]:
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The total average Nusselt number is calculated by summing the average convective
Nusselt number and the average radiative Nusselt number [30]:
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Grid sensitivity and validation

The mesh sensitivity test was performed for six uniform meshes comparing the av-
erage total and radiative Nusselt numbers on the hot wall in steady-state. The studied con-
figuration is characterized by the following calculation parameters: Ra; = 4 - 10%, Rag = 10°,
7 =1, Pl =0.02, and 6, = 1.5. The medium is initially at rest and at a uniform temperature
T, = 300 K, for which Pr = 0.71. Table 1 shows the results obtained in a domain where the
meshes vary from (33x33) to (257x257). We notice that as the mesh gets finer, the values of
the average radiative and total Nusselt decrease. For the meshes (161x161) and (257x257), the
results give almost similar values which testifies that the solution becomes independent of the
mesh beyond (161x161). The latter is considered the best compromise between accuracy and
computation time and is used to validate our code.

Table 1. Grid size effect on the average total and radiative Nusselt numbers
Mesh 33x33 57x57 97x97 | 129x129 | 161x161 | 257x257

Nuy 17.32 17.32 16.98 16.96 16.21 16.21
Nuy 10.566 10.563 10.481 10.470 10.44 10.44
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0.965 In order to check on the accuracy of the
% 9604 Y «  numerical techniques employed for the solu-
0.955 56 / tion of the problem considered in this study, we
\ —a— Crosbie-Schrenker // . . .

0.950 ’ performed two test cases given in the literature.
0945 ‘\\ '///I First, we validated our radiation gode to verify
os0| Va the accuracy of the discrete ordinate method.

’ N j/ The simulations were performed on a square
0933 AN ] cavity containing a grey participating medium
0930 \ﬁiﬁ:\.%.i.ﬂ .//.2;z in radiative equilibrium. The walls are assumed
0.925 R to be black and they are held at zero intensity
0.920 (cold walls) except for the top surface which
00 02 04 06 98 x 10 has unit intensity (hot wall). The curves in fig.
Figure 2. Dimensionless radiative flux on 2 compare the predictions of the flux on the hot

the hot wall for quadratures S4 and S6,

7= 025 and o = 0 wall, given by quadratures S4 and S6, with the

exact solution of Crosbie and Schrenker [33]
for an optical thickness v = 0.25. Both quadratures give accurate predictions, but it can be
noted that the S6 quadrature is slightly more accurate than S4. A mean deviation of 0.4% was
observed for the S6 quadratures compared to 0.5% for the S4 quadratures. It is also interesting
to note that El Kasmi [34] showed in his study that the three quadratures S4, S6, and S8 give
accurate predictions and that if we use a mesh larger than 40 x40 elements, the S4 quadrature
loses accuracy and the S6 quadrature is the most accurate.

The second test case consists in verifying the natural-convection code by comparing
our results with those available in the literature, in the case of internal heat generation, for
Pr=0.71, Ra; = 10° and Ra; = 10°, 10". Average Nusselt along the hot wall and extreme values
of the stream function ., and y,;,, are compared with those given by Shim and Hyun [35]
and Oztop et al. [36], as shown in tab. 2. Outcomes of the present work are within those given
in the literature. A good agreement was found between the present calculations and those re-
ported in the work of Oztop et al. [36] with a maximum deviation of 2.9% obtained for ., at
Ra, = 10 and 2.3% for Nuat Ra, = 107. Compared to the results of Shim and Hyun [35], except
for the average Nusselt number which shows quite large differences with respect to our results
and those of Oztop et al. [36], low differences are also noted for ., and Wi, 1.86% and 1.12%
for Ra;= 10° and 0.006% and 2.8% for Ra;= 10’.

Table 2. Comparison of the average Nusselt number with other studies for Pr = 0.71 and Ra; = 10°

[35] Present results [36]
Ra[ l//max ‘//min I\E l//max ‘//min I\E l//max l//min I\I_u
10¢ 1.56 -17 —-0.01 1.531 —-16.81 0.096 1.488 | —16.720 | 0.098
107 16.4 —24.5 —66 16.401 | —23.813 —43 16.286 | —23.711 —44

Results and discussions

The fixed parameters of simulation are P1=0.02 and Rag = 10°. However, we consider
different values of internal Rayleigh number varying from 0 to 4 - 10'2. The effects of external
heating and internal heat generation on the natural-convection of a transparent and semi-trans-
parent fluid in a differentially heated cavity can be seen in figs. 3-9. In the presence of internal
heating, the fields of flow and temperature take a different structure from the case where Ra; = 0.
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For a low internal Rayleigh number (Ra; < 4- 10%), the results show that there is no
effect of internal heat generation. Isotherms and streamlines are almost similar (figs. 3 and 4
for case w = 0.25 and 0). Analysis of the figures shows that internal production is relatively
low. The flow is assigned to the presence of one cell circulating clockwise, it occupies a large
part of the cavity, and secondary and tertiary eddies appear inside the cavity for « = 0.5 and
o =0.75. In the absence of internal heat generation, isotherms and streamlines are little affected
by the diffusion coefficient with a slight acceleration of the flow field in the cavity. When w
reache 1, pure natural-convection profiles are found. Moreover, the radiation effect decreases
with increasing o value and the isotherms are similar to those of the pure natural-convection
(CP). It is deduced from the comparison between the non-scattering case and the case of the
absorbing-scattering medium that there is less radiation absorbed in the latter case. Thus, the
temperature distribution is the same in the case of a non-diffusing fluid (figs. 3 and 4) but
affected by variations in Albedo. For a participating medium (@ > 0), we notice that cavity
nucleus is more heated in comparison with pure CP, which indicated a strong deformation of
the temperature gradient near the cold wall. We note that the effect of the internal generation
in the cavity (Ra; = 4 - 10*) is more remarkable when the albedo coefficient becomes important
(w=0.5and w =0.75).

Ra=4x 10

Ra,=4x10"

Ra,=4x 10"

w=0.5

Figure 3. Streamlines as a function of Ra; and » for 7 =1

When the heat production increases (Ra; > 4 - 10%), the overall thermal energy in the
cavity increases too. Its small vortices are merged to the primary vortices with relatively higher
circulation intensity than the lower value of Ra;. Thus, a small counter-clockwise cell appears
on the left side and moves to the left with increasing Ra,. The resistance in this new cell in-
creases also as the internal heat production increases in amplitude. For a large internal Rayleigh
number, the whole cavity is occupied by two recirculating counter-clockwise and clockwise
cells near the hot and cold walls, respectively, due to the negative and positive buoyancy ef-
fect, respectively. The sinking motion near the cold wall is intensified compared to that near
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Ra,=4x10"

Ra=4x 10"

Figure 4. Isotherms as a function of Ra; and w for =1

the hot wall due to the differential buoyancy effect. With increasing Ra,, the circulations take
on an irregular shape due to the vigorous sinking motion caused by the higher interior tem-
peratures. Thereby, the presence of the internal heat generation causes an enhancement of heat
exchange leading to an increase in the average total Nusselt number up to 609.2 for @ = 0 and
Ra; = 4- 10", tab. 3. Isotherms have a tendency to be horizontally uniform and vertically lin-
ear in the upper part of the surrounding wall (Ra; > 4 - 10'?). However, in the lower part of the
cavity, isotherms are divided in two groups. The maximal temperature between the hot and
cold surfaces can exceed 42, which explains why the fluid rises in the central regions of the sur-
rounding wall and falls along the hot and cold walls. The relative strengths of the re-circulation
flow are related to the thermal gradients, which are weaker near the hot wall than near the cold
wall. Along the vertical walls, the isotherms become tighter and the thermal boundary-layers
get thinner as the effect of internal heat generation increases.

In the presence of relatively low internal heat generation, the non-linearity of the
radiation with temperature breaks the central symmetry and the flow becomes unicellular occu-
pying the entire cavity. The total thermal energy in the cavity is on increase. It should be noted
that the thermal boundary-layer behavior at the hot and cold walls is affected as the albedo
increases. Generally, temperatures levels for a radiative fluid are lower and more uniform than
for a non-radiative fluid because radiation gives a supplementary mechanism for transferring
the generated heat inside the cavity. Thus, the flow near the heated wall decays and weakens
considerably. The characteristic counterclockwise flow prevails on the active cavity walls.

The variation of global, radiative and convective average Nusselt numbers as a func-
tion of albedo and Ra; is presented in tab. 3. A general view of the results show that the global
and radiative Nusselt numbers decrease with increasing Albedo and increase with Ra; increas-
ing. The minimum values of Nuy and Nuy are obtained at @ = 0.75 and Ra;= 0, and are, respec-
tively equal to 2.83 and 6.203. We can see that for low heat generation, the convective Nusselt
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number has positive values, and from Ra; = 4 - 10" the values are negative. This means that,
due to the internal heat generation, heat is transferred from the fluid to the hot wall. The latter
absorbs the heat from the fluid at internal temperature. Generally, for diffusing environments,
Albedo effect on flow field is limited to a slight acceleration of the velocity field of the cavity
nucleus. Since the order of magnitude of the external heating is comparable to the internal
heat generation, the positive value of the global average Nusselt number indicates that there
is upward movement near the hot wall although the circulation experiences a slowdown due
to the buoyancy effect generated by the internal heat generation. Therefore, as Ra; increases,
the average convective Nusselt number, Nu.,, decreases. It increases in the negative direction
indicating a downward motion near the hot sidewall, which means that the hot wall absorbs
heat from the higher temperature interior fluid. Comparing the case of a non-scattering fluid
(w = 0) with an absorbing-scattering fluid (@ # 0), it appears that the latter case has the least
absorption of radiation. That is, the temperature distribution is somewhat similar to that of an
optically thinner non-scattering fluid. However, when the effect of internal heat generation is
taken into account, the core of the cavity is found to be more heated than the case (Ra; =0). It is
interesting to note that the effect of the internal heat generation is more visible for @ = 0. We can
observe the effect of the contribution of the internal source term on flows. When the medium is
participating, the internal source effect is important.

Table 3. Variation of average convective, radiative and total
Nusselt numbers on the hot wall as a function of @ and Ra,
CcP w=0 o =0.25 0=0.5 o =0.75
Ra; | Nuy | Nuy | Nug | Nur | Nug | Nug | Nur | Nug | Nug | Nup | Nug | Nug | Nuy
0 8.875|5.775 (10.44 | 16.21 | 4.534 | 7.924 | 12.46 | 3.264 | 4.515 | 7.779 | 3.374 | 2.830 | 6.203
4-10%| 8.875(5.775 | 10.44 | 16.21 | 10.22 | 29.61 | 39.84 | 15.67 | 51.80 | 67.47 | 18.70 | 68.19 | 86.89
4-10"|-131.8/-20.14| 77.82 | 57.68 |-14.22| 34.43 | 20.21 |-13.10| 138.9 | 125.8 |-198.3| 259.0 | 60.7
4-102]-1399 |-195.9| 805.1 | 609.2 |-182.2| 639.5 | 457.3 |-183.5| 517.5 | 334 |-225.6|412.8 | 187.2

The analysis of figs. 6-8 shows that the influence of the optical thickness, 7, on the
maximal velocity (vertical and horizontal) is relatively important. One cannotice that there is
an increase in these velocities as a function of 7. The vertical velocity peaks are significantly
affected by the Albedo coefficient w. For 7= 10, they decrease from 4.4-1.26 for @ =0 and 0.5,
respectively. The boundary-layers move closer to the active walls and their thickness increases
with increasing 7. The temperature profiles at the median line for different values of T are shown
on figs. 5 and 8. Analysis of these figures shows that the temperatures on the horizontal mid-
plane decrease with increasing optical thickness. Indeed, on the vertical median (X'=0.5) and for
w = 0.5, the temperature goes from 43.3-2.35 for =0 and 5, respectively.

The variations of the total and radiative Nusselt numbers as a function of the optical
thickness for Ra; = 4 - 10! are shown in tab. 4. Regarding the variation of the average Nusselt
numbers, we observe, in general, that increasing the optical thickness leads to a decrease in the
average Nusselt numbers. Similarly, in the case of an absorbing-diffusing fluid, the increase of
the optical thickness leads to a decrease of the heat exchanges within the cavity. This indicates
that radiation affects flow even in the presence of internal heat generation.
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=0 T=5
Figure 5. Isotherms for @ = 0 (top), = 0.5 (bottom) and Ra, =4 - 10"
7
=5 =10
Figure 6. Streamlines for o = 0 (top), @ = 0.5 (bottom) and Ra, =4 - 10"
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Figure 7. Horizontal velocity at the vertical cross-section according to = for Ra; =4 - 10"
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Figure 8. Vertical velocity at the horizontal cross-section according to z for Ra; =4 - 10"?
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Figure 9. Temperature profiles at mid-height according to z for Ra, =4 - 10"

Table 4. Variation of average convective, radiative and total Nusselt numbers
on the hot wall as a function of optical thickness 7 and w for Ra, =4 - 10"

w=0 w=0.5
‘ Nu.. Nux Nur Nu.. Nux Nur
0 -1399 7.736 1406 -1399 7.736 1406
0.2 -266 749.8 1016 -282.3 4443 726.6
1 -195.9 805.1 1001 —149.2 336.2 485.4
5 -227.1 778.9 1006 -55.74 47.62 103.4
10 -273.5 742.1 1016 -13.63 27.70 41.33

Conclusion

Coupled natural-convection and volumetric radiation in presence of internal heat gen-

eration source is studied numerically in a differentially heated square cavity. The 2-D flow is
described by the Navier-Stokes equations coupled with energy equation and radiative transfer
equation. The present study shows the effects of the internal Rayleigh number, albedo coeffi-
cient, and optical thickness on the flow and heat transfer. In view of the results presented, the
points to be considred are as follows.

Internal heat generation significantly alters flow and temperature fields.

Increase in the value of the heat generation parameter translates into an increase in the flow
rates in the secondary cell as well as an increase in its size until it occupies half of the total
space of the cavity. A further increase in the heat generation value causes the development
of more cells and an increase in the temperature of the fluid in the cavity.

As the effect of internal heat generation increases, the isotherms appear to be tighter and the
thermal boundary-layers get thinner along the active walls.

Presence of the internal heat generation causes an enhancement of heat exchange leading to
an increase in the average total Nusselt number.

Increase in optical thickness leads to a decrease in temperature and heat exchange within
the cavity.
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Nomenclature
C, - specific heat capacity, [Jkg'K™'] Greek symbols

g  — gravitational acceleration, [ms~]
H - dimension of the enclosure, [m]
k  — thermal conductivity, [Wm'K™]
L - dimensionless radiation intensity, [—]
Nu — Nusselt number, [—]
Pl - Planck number (= k/4HoT3), [-]
Pr - Prandtl number (v/a), [-]
P — dimensionless pressure, [-]
Qi — dimensionless incident radiative flux, [—]
O, - dimensionless radiative heat flux, [-]
Rag — external Rayleigh number
[= (BATH) (va)], [-]
Ra; —internal Rayleigh number
[= (@BATH)/(vak)], [-]
T - dimensionless temperature, [—]
t  —dimensionless time, []
U, V- dimensionless velocity-components, [—|
u, v — dimensional velocity-components, [ms™']
X, Y — dimensionless co-ordinates, [—]
x, y — Cartesian co-ordinates, [m]

a  —thermal diffusivity, (k/pC,), [m?s™']

S —thermal expansion coefficient, [K']

& —emissivity, []

6, — dimensionless reference temperature , [—]
u, n — direction cosines

v —kinematic viscosity, [m?s™]

p  —fluid density, [kgm*]

o — Stefan-Boltzmann constant, [Wm=K*]
7 — optical thickness (= Hk,), [-]

® —albedo coefficient, [-]

®,, — weight in the direction Q,,

Subscripts

! — dimensional variables
0  —reference state

¢V — convective

C —cold

H —hot

R —radiative

T —total
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