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In order to solve the local fractional differential equations, we couple the frac-
tional residual method with the Adomian decomposition method via the local frac-
tional calculus operator. Several examples are given to illustrate the solution pro-
cess and the reliability of the method.
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Introduction

It is an obvious fact that fractional differential equations can describe non-differentia-
ble problems much better than classic differential equations [1-8]. Now the fractional calculus
has been developing rapidly, and it has been widely applied to physics, mathematics, engineer-
ing, and many other fields [1-5]. However, there are still many problems which are needed to be
solved urgently. The main barrier is the definition of the fractional derivative. There are too
many definitions, and new definitions always appear in literature, however, most fractional de-
rivatives are almost incompatible, and the physical understanding of the fractional models is
unclear. The aforementioned issues are worthy of further study in the future.

The local fractional derivative [9, 10] is defined in Cantor fractal space and can model
many practical problems. Fractal theory is also a powerful tool to the analysis of biologic and
material phenomena [11, 12]. How to solve such problems has become a hot topic in mathematics,
and some effective methods have appeared in literature, e.g., the variational iteration method [13-
15], the fractional residual method [16], the homotopy perturbation method [17-20], the local
fractional Fourier series method [21-23], The Yang Laplace transform-DJ iteration method [24],
He-Laplace method [25, 26], the fractional complex transform (two-scale transform)
[27, 28], the coupled method of the variational iteration and reduced differential transform method
[29], the differential transform approach [30], the asymptotic perturbation method [31], the cou-
pled method of the Sumudu transform and the variational iteration method [32], the direct alge-
braic method [33, 34], the exp-function method [35], the variational approach [36-39], the Fourier
spectral method [40] and the reproducing kernel method [41].

In this paper, we attempt to solve the local differential equation by coupling the frac-
tional residual method [16] with the Adomian decomposition method [42] via the local differ-
ential equations.
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Basic definitions of local fractional calculus

In this section, we introduce some mathematical preliminaries of the local fractional
calculus theory in fractal space for our subsequent development [6].

Definition 1. In fractal space, let u(t) e C, (a,b), the local fractional derivative of u(t)
of order « at t=t; is given by [6, 9, 10]:

d*u(t)
dt®

AU - U]

Du(ty) =u (t) = L ———
0 Y

o)

‘t:to =

where
A*Tu(t) —u(ty)] = T+ ) Afu(t) - u(ty)]

Definition 2. [6] let u(t) eC,(a,b), the local fractional integral of (t) of order « in
the interval [a, b] is defined by [6, 9, 10]:

alb(a)u(t):
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The fractional residual method coupled with
the Adomian decomposition method

In this section, we shall present the iterative process of the fractional residual method
[16] coupled with the Adomian decomposition method [42] to search for the exact solution of
some local fractional differential equations.

Firstly, we discuss the following local fractional differential equation on the fractal
set, and its form is given:

Lu(x,t) — Ru(x,t) — Pu(x,t) = g(x,t) 3)

where L, P are all linear operators, R is a non-linear operator and g(x, t) is an inhomogeneous
term.

In order to solve eq. (3), we apply the local fractional reverse operator L’l(o) on both
sides of eq. (3), then we obtain:

u(x,t) =G(x,t) + LYRu(x,t) + Pu(x,t) + g (x,t)] (4)

where G(x,t) is derived from the initial condition.
Supposing U, (x,t) is a function to be determined, we can rewrite eq. (4):

u(x,t) =0(x,t) + LUy + LUy + Ru(x,t) + Pu(x,t) + g (x,t)] (5)
If we let:

L™ [~ug + Ru(x,t) + Pu(x,t) + g(x,t)] =0 (6)
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Solving eq. (6), we can determine u,(X,t), and then substituting u, (X, t) into eq. (5),
we can get the exact solution of eq. (4):

u(x,t) = a(x,t) + Ly, 7)
According to eg. (6), we can construct the following equation:
—Ug + RIG(X, 1) + L up] + PLa(x,t) + Llug 1+ g (x,t) =0 (8)

By analyzing the process of this method, we can deduce that it is critical to get the
exact solution of eq. (3) to choose u,(x,t) =0.
Let the solution uy(x,t) of eq. (8) has the following series form:

uo(x,t):ivn(x,t), n=12,.. 9)
n=0

Substituting eq. (9) into eq. (8), we can get:

ivn (x,t) = R{G(x,t) + L‘l[ivn (X,t):|}+ P{U(x,t) + L‘{ivn (X,t):|}+ g(x,t) (10)
n=0

n=0 n=0

We let A,(u) be the Adomian polynomials, which are:

_ 1 dna ~ -1 < ia,,
A (u) T ) di [R{u(x,t) +L LZ_O:/I v, (x,t)}}l_o (11)

And we suppose g(x,t)+P[U(x,t)] can be decomposed as the following series:
g(x)+PLa(X, D)= g, (12)
n=0

According to egs. (11) and (12) and the Adomian decomposition method, we can con-
struct the following new recursion scheme:

Vo =00
Vi =0, + P(vp) + A (13)
Vi =0n + P(V,) + A,

Obviously, similarly to the classic Adomian decomposition method, we can easily
verify that:

Up =DV, (14)
n=0

converges.
Then, by virtue of egs. (7) and (14), the exact solution of eq. (4) can be easily derived.
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Illustrative examples

To demonstrate the effectiveness of the method, several local fractional PDE are pre-
sented.
Example 1. Consider the following local fractional Schrodinger conduction equation:

a(l

(x t) +ux ) [ux, )]+ E, [2i(t—x)“]=o (15)
subject to the initial condition:
u(0,t) =E, (2i"t%) (16)
According to eq. (5), eg. (15) can be transformed into the following equation:

Up (%, t) =i“E,[2i(t —x)*]+

r [62“[u(x t2)+L uo]
at a

A 1 2 pe 1
,t)+‘L [a(x,t) + L uo](x,t)‘ (L a(x,t) + L uo](x,t)}J 17)

Letting uy(X,t) =2, oV, (x,t) and substituting it into eq. (17), we can derive:

ivn xt) = F_Z_Xj:) E,(2%t")+i“E [2i(t —x)*]+i“ l:i azal‘ Vn (x,t) + Z L An(U):|
n=0

—3x%i* v v GZ“L vn
:mE L (2I1") +I7E[2i(t — x)* ] +i LZ(; (Xt)+ZL Aq(u)} (18)

where A, (u) is the Adomian polynomials for the non-linear term |u(t,x)| u(t,x) and A, (u)

is given:
Ah(u)—; - HZ&'“L‘W (x, t)}

'@+ na) di™

{i Ay (x,t)}} (19)
n=0

A=0

Obviously, according to eq. (13), the first few Adomian polynomials are respectively
given by:
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A (X, 1) = voVpvo =E,, (2it)"
(- 2|x)“
a)

Ay (X,1) = VoVoVy + VoVpVy + VoWaVy +VoVgVo +VyVVg + VoVp Vg =

A (X T) = VgV + VpVoWg + VoVpVy = E, (2it)”

(~2ix)%
I'dl+2a)
(=2ix)"*

A“(X’t):“':r(u na)

E, (2it)

In the light of eq. (12), we let:

aa

i ———E_(2I"t1) +i“E[2i(t — x)*]

n=0 a)
where

—5(ix)*
rl+a)

G, =I“E, (2it)*, G, = E, (2it)“

(ix)™

T+ ma) (@i

G, = 22%5 @it)*,..., G,=(-2)"

Using egs. (12), (13), (20), and (22), gives:

=5(ix)”
I'l+ea)

= E, (2it)

RN ot B VA _ e X
E, (2it)" —i [at—(x t)+L Ab:ldr——(Zl) ri+a)

V2:_

22 (0™ o e [aza L
I'd+2a) ot% I'd+2a)

3a

(ix)% X

I'l+3a)

(Ix)ma
r+ma) “

3T I'l+3a)

2a ma

Vi = (-2)" — = ——

'+ me)
(23)

E,, (2it)

(x,t) + L—lAi}dr:(zi)Z“—Ea(zit)“

E, (2it)* —i“ V;ﬂ( )+ Az}dr = (2 —2——E_(2it)*

(20)

(21)

(22)

E, (2it)” +i“ F@t‘z’g—l (x,1) + Am}df — (2™ X _E_(2it)

Proceeding in this manner, the rest of the components u,,(x,t) can be completely de-

termined and then, making using of eq. (7), the exact solution of eq. (15) is:

ma

u(x,t) = 2(2)’““ T )E L 2it)* =E,[2i(t - x)]*

(24)
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Example 2. Consider the following non-linear gas dynamic equation:

%o u(x,t) azau(x t)
2a

+u(x,t) —u(x,)[1-u(x,t)]=0 (25)

subject to the boundary and initial conditions:
u(0,t) =sin, (t%)

ou@.) _ o ) (26)
N “

Applying the inverse operator L™(e) = ,1,(2) (s) on both sides of eq. (25), and mak-
ing use of eq. (5), we obtain:

. x*
u(x,t) =sin_(t%)| 1+ + 41,29y, —
(x,1) A\ ){ F(1+a)} ol U

52“u(x t)

— 1,29 {u +u(xt) —u(x,t)[L—u(x, t)]} (27)

According to egs. (6) and (7), we let:

_sin (t? X (20)

u(x,t) =sin (t ){1+l_(1+05)}+olX Uy (28)

and

2a
I(Z"‘){u +u(x, t)au—(Xt)—u(x HL-u(x, t)]} (29)
Then, we suppose:

Ug +Uu(X, t)m u(x,t)[L-u(x,t)]=0 (30)

and
uo(x,t):ivn(x,t) ,n=12.. (31)

where u,, (t) are all constants to be determined.
Substituting the egs. (28) and (31) into the eg. (30), we can obtain:

a x“ _00 (2a)
nz(;v (1) —sin, (t )[1+F(1 )} EOIt v, (X, t) +

. a x“ & (2a) . a X% _
+{sma(t ){1+F(l+a)}+nz_;olx vn(x,t)}smat {1+F(1+a)}_0 (32)
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In the light of eq. (12), we let:

1 . Xa
G=)» G, =sin_(t%)|1+ 33
ng‘) " 2 ){ F(1+a)} (33)
where
G, =sin t*, G, =sin_ (t*)—*" (34)
0 a7 I+ a)
Using egs. (11), (13), (32), and (34), gives:
VEsin ((9)— b 1@y (xt) =sin_ ()] — X+ e
Ve Pt 00 O “ Fl+a) [+ 2a)
3a 4o
v, = o1 Oy (x.t) =sin_ (t%)| — 4= 35
2 =oh " (x,1) o )F(1+a) Fd+22) (39)
(m+) e (Mm+2)a
V= o1, 2N, (x, 1) = sin, (t%) ] —— R
IM+(Mm+Da] I+ (Mm+2)a]

Substituting the eg. (35) into eq. (31), and then substituting the result into eq. (30), we
can obtain the following exact solution of the eq. (25):

u(x,t) =E, (x*)sin, (t*) (36)

Conclusions

In this article, we have suggested the fractional residual method coupled with the
Adomian decomposition method for solving the local fractional equation. The test examples
show that the method is simple and feasible, and it is effective for solving some local differential
equation problems.
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