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A time-fractional heat equation arising in a quiescent medium is established, and
its approximate analytical solution is obtained by the fractional power series
method. The results show that the method performs extremely well in terms of ef-
ficiency and simplicity.
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Introduction
In this work, we study the following time-fractional non-linear heat equation:

a 0 Au ou
D u xt)=a—|e" —|, O<a<l 1
! ( ) i?X( (9Xj < ( )

with the initial condition:
u(x,0) = f(x) (2)

where A and a are constants. The fractional power series method (FPSM) [1] is used to study
eg. (1), which governs an unsteady heat transfer in a quiescent medium in the case where the
thermal diffusivity is exponentially dependent on temperature [2-4].

In eqg. (1), D{u denotes the Caputo fractional derivative of u defined as [5-7]:

DAu(x,t) = I+ [augt(,t)} 3)

where J1™* is the Riemann-Liouville fractional integral operator given by [5-7]:

t
JFMu(xt) = ﬁj(t —8)™u(x,s)ds @)
0
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The following properties hold true [5, 6]:

ey = LUHD 50 s (5)
I'(y+1+a)
JEDfu(x t)=u(xt)—u(x,0), O<a<l (6)

It is generally difficult to solve non-linear fractional partial differential equations.
In the last two decades, some analytical methods for solving non-linear differential equations
can be extended to solve fractional differential equations, for example, the variational method
[8-13], the variational iteration method [14-18], the homotopy perturbation method [19, 20],
the direct algebraic method [21, 22], the exp-function method [23], the Fourier spectral meth-
od [24], the reproducing kernel method [25]. The FPSM was proposed by El-Ajou et al. [1],
and recently, many researchers [26-31] have obtained the series solution of fractional differ-
ential equations by using FPSM.

Fractional power series

The fractional power series and its applicability for various kinds of partial differen-
tial equations are given in [1, 26-31]. It is an extension of the well-known Taylor series meth-
od [32] to fractional calculus. For the convenience of the reader, we will recall some basic
concepts.

Definition 1. A power series representation of the form:

ch(t_to)na =C+C(t—t))* +Co(t—tp)** +-+- (7
n=0

where 0<m-1<a<m,meN" and t >t is called a fractional power series (FPS) about t;,
where t is a variable and c,, are the coefficients of the series.

Theorem 1. We have the following two cases for the = jc,t"*, t>0:

- If £ ¢, t" converges when t =b >0, then it converges whenever 0 <t <b.
- If £ ¢ t" diverges when t=d >0, then it diverges whenever t >d.
Theorem 2. For the series X c,t"*,t>0, there are only three possibilities:
— The series converges only when t =0,
— The series converges for each t >0,
— There is a positive real number R such that the series converges whenever 0<t<R and
diverges whenever t > R.
Theorem 3. The series = ¢ t"* —oo<t<oo has a radius of convergence R if and
only if the series = ,c,t"*,t >0 has a radius of convergence RY“.
The following property plays an important role in the next section:
Theorem 4. Suppose that the FPS has a radius of = _,c,t"* convergence R>0. If
f(t) is a function defined by on 0<t<R, f(t)=%,c,t" then for m—1<a<m and
0<t<R,we have:

D% f (t) — ch F(na +1) t(n—l)a

i Tlh-Da+1] ®)
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Solution of the problem
In this section, we solve the initial problem:
Du(x,t) = ag(eiu 6_u)
OX OX 9
u(x,0) = f(x)
We will derive the algorithms of the FPSM for solving the problem.
Firstly, let:
w(x,t) = e (10)
Then the initial problem becomes:
82
D In[w(x,t)]=a—-
ox? (11)
w(x,0) =exp[Af(x)]
Now, suppose that the function In[w(x, t)] takes the form:
Infw(x,t)]=">" a (x)t* (12)
k=0
Then the solution of eq. (11) is decomposed:
w(xt) =Y H, ()t (13)
k=0
where
H (X) = explag (X)]
H; (x) = a (x) exp[ag (X)]
1d S k
H,(x)=— exp| D a ()T (14)
nldr" k=0
T=0
and so on.
Thus, we obtain:
D (Inw) = Zak( )Mt(kfba
Ik -Da +1]
and

© g2
a—w Zd— [H, (01t



Deng, S., et al.: Approximate Analytical Solution of Time-Fractional ...
2640 THERMAL SCIENCE: Year 2022, Vol. 26, No. 3B, pp. 2637-2643

So, by (11), we can conclude that:

S, Lka+D) e 50 0 ka
kZ:;ak Tk —Da +1]t = akZ:;‘) ™ [H, ()Tt (15)

Hence:
al'(ka +1) d?

Mk +Da g g Ol (k=012-n) (16)

a-k+1(X) =

By the initial condition, we have:
ay(x) =11 (x) (17)
Ho (X) =exp[A f (x)] (18)

Therefore, from egs. (14) and (16), we can obtain a,(x) and H,(x), successively.

For example, we have:

d2
—exp[Af (X
Tt a) e plAf(X)]

H; (x) =&y (x) exp[ A (X)]

3 (x) =

_ar(a+1) d?

%200 = 20 o

[H1(x)]

H, (%) =%[af(x)+2a2(x)]exp[zf(x)]

al(2a +1) d?

'L+ 3a) g el

(X)) =

and so on.
Finally, we get the solution of the initial value problem (9):

u(x,t) :%iak(x)tk“
k=0

Application
Now, we study the following problem:
Du(x,t) = ag(e2u a_uj
OX OX
u(x,0)=In(x+1)

(19)

Following the algorithm presented in the previous section, we have:

ay(x)=2In(x+1)
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4
%200 = 20

2
ay(x) = 4 I'2a+1)+2I'(a+1)

I'(1+3a) (a+1)

and so on.
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Figure 1. For the problem (19), FPSM result for u(x, t) is, respectively, (a) a =1, (b) @ = 0.8, (¢) @ = 0.5,

and (d) exact solution
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Thus, we obtain:

u(x,t) = InL+ x) + ! oy 2 o (20)
I'l+a) I'l+2a)
When a =1, we have:
u(x,t) = In(l+x) +t +t2 +gt3 +--=Inl+Xx) —%In(l— 2t) (21)

which is the exact solution.
The exact solution (21) and FPSM solution (20) for different particular cases of «
are presented graphically in fig. 1.

Conclusion

In this paper, we presented the application of FPSM to a time-fractional non-linear
heat equation. The results show that FPSM is a powerful tool for solving non-linear differen-
tial equations having wide applications in science and engineering.
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