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Helical flows of generalized Maxwell fluid is researched between two infinite co-
axial circular cylinders. The velocity field and the adequate shear stress corre-
sponding to the flow of a Maxwell fluid with fractional derivative model, between
two infinite coaxial cylinders, are determined by means of the Laplace and finite
Hankel transforms. The first solutions that have been obtained, presented under
integral and series form in terms of the generalized G- and R-functions, satisfy
all imposed initial and boundary conditions. The similar solutions for ordinary
Maxwell and Newtonian fluid can be also obtained as the limit of the solution of
generalized Maxwell fluid.
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Introduction

The generalized Maxwell fluid as one of the non-Newtonian fluid is now considered
to be more important and appropriate in technological application than Newtonian fluids. For
Newtonian fluids, the transient velocity distribution for the flow within a circular cylinder can
be found in [1]. The first exact solutions for flows of non-Newtonian fluids in such a domain
seem to be those of Ting [2], corresponding to second grade fluids and Srivastava [3] for
Maxwell fluids. Later, Casarella et al. [4] obtained an exact solution for the motion of a sec-
ond grade fluid due to both longitudinal and torsional oscillations of the rod. Rajagopal [5]
found two simple but elegant solutions for the flow of the same fluid induced by the longitu-
dinal and torsional oscillations of an infinite rod. These solutions have been already extended
to Oldroyd-B fluids by Rajagopal et al. [6]. During recent years, many papers of this type
have been obtained by Khan et al. [7], Rajagopal [8], Fetecau [9], and Yang [10, 11]. The hel-
ical flow in an annular region between two coaxial circular cylindrical surfaces due to a com-
bination of their rotation and the flow along the axis. In general, the streamlines are helices
[12]. Such a motion is very important to study the mechanism of viscoelastic fluids flow in
many industry fields, such as oil exploitation, chemical and food industry, bio-engineering
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and lubrication studies [13]. Such a flow includes simple shear, channel, Couette, Poiseuille,
and pipe flows as special cases. The term helical flow was first introduced by Rivlin [14]
who derived the velocity distribution for fluids of the differential type in a concentric an-
nular space. Coleman [15] also studied the concentric helical flow and gave the funda-
mental theory for a general fluid. Using Taylor series expansion of the velocity profiles,
Wood [16] has considered the helical flow of an Oldroyd-B fluid due to the combined ac-
tion of rotating cylinders and a constant pressure gradient. Fetecau et al. [17] studied
some helical flows of Maxwell and Oldroyd-B fluids between two infinite coaxial cylin-
ders and within an infinite cylinder by means of the expansion theorem of Steklov. The
velocity fields and the associated tangential stresses are determined in form of series with
Bessel functions.

Motivated by the introduction, this paper researches the Helical flows of Maxwell
fluid between two infinite coaxial circular cylinders. The inner cylinder begins to rotate
around its axis and to slide along the same axis due to the torsional and longitudinal time de-
pendent shear stresses. The exact solution of velocity field and shear stress are obtained by the
generalized G- and R-functions.

Basic governing equations

The conservation and constitutive equations of an incompressible Maxwell fluid
with fractional derivative are given by [18]:

T=-pl+S

a T (l)
S+ A(DIS+VVS—LS—SLT) = uA

where T is the Cauchy stress tensor, pl — the indeterminate spherical stress, S — the extra-stress
tensor, A — the material constant, i — the dynamic viscosity of the fluid, A = L + LT — the first
Rivlin-Ericksen tensor with L the velocity gradient, V — the velocity vector, V — the gradient
operator, the superscript T — the transpose operation, and the fractional differential operators
Dy are defined as [19]. This model can be reduced to ordinary Maxwell model when o — 1.
Furthermore, this model reduces to the classical Newtonian model for « —+1 and 4 — 0.

In cylindrical co-ordinates (7, 9, z), the helical flow velocity is:

V =V (r,t)=o(rt)e, +v(r,t)e, 2

where ey and €; are the unit vectors in the - and z-directions. For such flows, the constraint of
incompressibility is automatically satisfied. Since the velocity field (2) depends only on r and
t, so the extra stress tensor S is also independent of # and z. If the fluid is assumed to be at rest
at the moment t = 0, then V (r,0) =0, S(r,0) =0, introducing (2) into the constitutive equation
(1), we find that:

L+ AD{)S, =0, @+ AD{ )z (r,t)= y(aﬁ —lja)(r,t), 1+ AD{ )z, (r,t) = yw (3)

rr r

where 7;=S,,and z,=S,, are the shear stresses, which are different of zero. In the absence of
body forces and pressure gradient in the axial direction, the balance of the linear momentum
leads to the relevant and meaningful equation:
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» () ov(r,t) _(g 1)
A+ ADF )z, (r,t) = u pry p g 7, (r,t) 4
where p is the constant density of the fluid.

In this paper, we are interested into the helical flow [20] of a generalized Maxwell
fluid between two infinite coaxial circular cylinders of radius Ry and R, (R, > R;). Suppose
that an incompressible Maxwell fluid at rest is situated in the annular region between two
infinite coaxial circular cylinders. At time t =0"the inner cylinder begins to rotate around its
axis due to a time dependent shear z; (r,t) and to slide along the same axis due to a time de-
pendent shear 7, (R;,t):

A (R, =%R0,1_2 (%t) RO=IR, (_71‘[) O<a<l ®)

where f and g are constants and the generalized Rap(c, t) function is defined by [21]:

o0 Cnt(n+1)a—b—1

Ra,b (c,t)= ngom (6)

Due to the shear, the fluid is gradually moved. Its velocity is of the form (2) and the
governing equations are given by egs. (3) and (4). The appropriate initial and boundary condi-
tions are:

ow(r,0) _ ov(r,0) _

o(r,0)=v(r,0) = 0, 7(r,0)=7,(r,0)=0, re[R,R,] @)

ot ot
L+ ADf)7y(Ft) | = ft, t>0 ®)
L+ D)z, (rt) g =0t t>0 )
o(Ry, 1) =0,v(Ry,t) =0, t>0 (10)

Calculation of the velocity field

Applying the Laplace transform to (4) and using the Laplace transform formula for
sequential fractional derivatives, we obtain:

L+ As%)zy(r,s) = y(g —lji)(r, ), (L+As*)7,(r,s)= ym (11)
or r or
pso(r,s) = (ﬁ + Ej?l(r, s), psv(r,s)= (E + lj 7,(r,s) (12)
o r o r
Eliminating 7, and 7, among (11)-(12), we obtain the ODE:
2
(s+ s NHa(r,s) =v(%+%§—%}a_}(r,s) (13)
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(s + AS“ )7 (r.s) = v(a—+l£]\7(r,s) (14)
or? ror

where v = i/ p is the kinematic viscosity of the fluid, the image functions have to satisfy the

conditions:
o 1)— f ov (r,s) f
_—— Cl)r,S p =, p=— 15
(Yot alr e (15)

In the following, let us denote the Hankel transforms of o(r,s) and v(r,s) [22]:

R

oy (1y,8) = f ro(r,s)B, (rr)dr, p=123, 17
R
R,

Vi (1g,9) = I rv(r,s)B,(rry)dr, q=1,23, (18)
R

where 1, and rq are the positive roots of the transcendental equation B,(R,,)=0and
B, (R, ) =0, and:

B, (rry) = J1(rry)Ya (R ) — 35 (Ryr )Yy () (19)
B, (rry) = Jo (rrg)Y1(Ryry ) — I (Ryrg )Yo (1 ) (20)

where J,(-),Y, (-) are the Bessel functions of the first and second kind of order v. Multiplying
both sides of (13) and (14) by rB,, (rr,)and rB,(rr,), integrating with respect to r from R to
Rz and taking into account the conditions (16), we can obtain:

R (2= -
0w low o 2 (0 1)\ 25—
r—+-——-—|rB,(rry)dr=—| — == |o(r,S) |,.g —T 21
E!; (arz ror rzj a)( p) TCrp (ar rja)( )|r,R1 p(UH ( )
R 2— _ —
¢ [0V 1ov 2 ov(R;,S)  o—
rf—-+=— |B,(rr,)dr = — -V 22
F{ [arz rarj (o) nr, o a°H (22)
and
RZ
[ r(s+as*)a(r,s)B, (rr,)dr = (s+15 )y, (23)
R
RZ
[ r(s+as* U (r,5)B, (e dr = (s+4s™), (24)
R
S0 we can get:
_ 2v (o 1)\— _ 2v f _
s+ A5 :—[———) r,s) g —VIi@y = ———vr? 25
( )wH nrp o r a)( )lrfR1 Vpa)H nrp ,uSZ prH ( )
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2v ov(Ry,s _ 2v _
(s+ As* M)y, _ 2 V(Rus) VIZTy = Y9 e, (26)
2 VN
o or Ty us

in order to determine &(r,s) and V(r,s) froma, (s)and v, (s), we first write (25) and (26)
under the suitable form:

_ RZ 4 fRE 2f 1+ As”
; R? nrs 2R3 us? nyl’s s(s+/15“*1+vr§)
_ 2 9gR, 2 1+ As%
v O s eI T @)
anq us? Tury S(S+AsTT +viy)

and use the inverse Hankel transform formula [23], one gets the expression for w and v in the
form:

a(r S)_ n’ i erl (Ry1p)B,, (l’l’p) — _ =n_ Z 0y J1 (Rzrq)B (rr )_ 28)
' 1‘] (Rrp) - ‘]1 (R, P) 2 J (er )— ‘]1 (R, q)

Due to:

R, R,
J 3u(rmy)er = o (Rurg) = o (R )], [V, )i =30 Riry) = Jo(Rarg)] - (29)
p

R p R
and
J‘ 2 R R
revy(rr, )dr— Yz(Rzr )——Y2(Rr,) (30)
R, p
SO
R, 2 Rp2 2
[“=Rep (myar-2 2 (31)
R r R; i,
Since:
R,
[ r3orrar =223, (Ryr) ~ 2 3, (Ryry) (32)
R Iq I
R,
j rYO(rrp)dr:&Yl(Rzrp —&Yl(erp) (33)
R Iq g
R
¢ R, InR R InR 1
Irln rJo(rry)dr = —=2—=2J; (R,r,) —— 1\]1(R1rq)+r—z[\]O(R2rq)—‘]O(erq)] (34)

R, q q q
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g R,InR R INR 1
jrlnrYO(rrp)drz 22V, (Ryry) ———2Y, (Riry) + = [Yo (Ryry) - Yo (Riry )] (35)
R, q q q
that is
R,
Irln[ jB\,(rr r=——+ (36)
R erq
Indeed, taking into account (30) and (35), we can obtain:
2_R? 2 2 JZ(R,r,)B,(rr a
s =" RZ sz1 2_£ 21( 21p) wg o) 1+jj _ @
r 2Ryus H g lplIs (Rirp) =37 (Rorp)] s(s + As“ ™ +vry)
and
J2(R,r.)B_(rr o
V:g—R;In r Z 1 (R ) o ( ) 1+/1§ (38)
us > y o} p[J (Rirp) — J2 (Rarp)l s(s + As“ ™ +vr, 2)

In order to avoid the burdsome calculations of residues and contour integrals, we
apply the discrete inversion Laplace transform method, we can get:

K
1 1 ( vr ] S—k—Z
s(s+ s +vr?) 280 1) atisr)kt

k
15 ~ 0 qu2 Sa—k—2
a+l 2y Z n Y -1

s(s+ st +vid) i3 (A7t 4 5%k

For this we use the expansion:

k-
1”1 i( v ] S Co (39)
S(S+/Isa+l+vr ) /’L = _(A—l+sa)k+1 (/1—1 +Sa)k+l_
2\ —k-2 k-2 ]
1445 o1& v s As” 40
a+l 2 __Z T T okl T 500 nankdd (40)
s(s+ s Hvry) Ao\ A [(ATH+sY) (A7 +s%)" ]

Introducing (37) and (38) into (39) and (40), applying the discrete inverse Laplace
transform and using the known result:

-1 Sb
L @ _dF =Gypc(di1)

where the generalized G-function and (c); is the Pochhammer polynomial [24]:

I(c+jydd  tUreab
Gape (A1) = z €+))

(41)
—T©I(j+D I[(j+c)a-b]
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we obtain the following expressions for the velocity field:

k
& 2 © 2
w(r,t)zﬂR_lzzE_i ‘]21 (Rgrp)ngrrp) (_ﬁ\]
r 2Ry o Ao [3;(Riry) = 31 (Rorp)]iso

[Gy ok (A D+ 4G, 4 ppa(—A0] (42)

k
2 J2(R,r)B,(rr 0 r2
v(r,t)=ﬂln(L)—ﬂ 20( 21a) g a) z(_V_QJ
H Ry ) Apgarg[If (Rirg) — Jg (Ror)lio\ 4

and

[Ga,fk72,k+l (_ﬂ'_l ' t) + /’i'Ga,afk72,k+l (_ﬂ’_ll t)] (43)

In view of the definitions (41) of the generalized function G, the shear stress «(r,t)
and v(r,t) clearly satisfy the initial condition (7). We can easily obtain that ©(R,,t) =0,
V(R,,t)=0.

Calculation of the shear stress

Applying the Laplace transform to (3)-(4), and using the initial condition (7), we
find that:

_ 7, 0 1)_
r,s)= ———|o(r,s 44
A= ay (44)

_ u o ov(r,s)
(r,s)=———"*~ 45
2(1:9) 1+As* or @)

S0
IZR B 2B
(i_éj_( ):ﬁ lez _ﬂw l( 2rp)[rp a)(rrp)_? w(rrp)]
or 2 2Rius’  ppd S (RG) -3 (Rry)]
1 (24
e (46)
S(s+As“ +vry)
and
(rs) R g 193 JZ(Rory)B,, (rTy) 1+ As% )
or rous®  u a3 IL(RG) =I5 (Rory) s(s+ As“™ +vrl)
Introducing (46) and (47) into (44) and (45), we can obtain:
= 2
B RZf 1 2 I RarpIpB, (M) =B, (M) 1, jee
a(rns)=—5— P 2 2 w1 o2y (48)
r<s<1+A1s P Mo[37 (Rirp) — 31 (Rorp)] S(s+ A8 +vry)
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_ R 2. I3 (R1y)B,, (rry) 14 25
rz(r,s)=—1% o Z 2 : 2 : ail 2 (49)
rs1+A1s a=191 (Riry) =35 (Rory) s(s +As“™ +vry)

Applying again the discrete inversion Laplace transform to the obtained results, we
find the expression of shear stress in the following form:

) R12 " ( A ) nf i ‘]1 (R2r )[rp w(rr ) B (rr )]
rt)=—fMR, ,(-4"t)——
n a7 A rp[‘]Z(erp)_‘]l (Rer)]

" 2\
Z[_ij o,—k— 2k+1( ﬂ' t) (50)

and

k
_ 4 ng 3 0 (Rarg )B (rry) [ _qzj e
7, (r,t)= gR 24T 0+ 2—‘131 Z (Rurg)— 32 (Ro, )kZ;,) n G, k-2kun(=47,1) (51)

In view of the definitions (11) and (41) of the generalized functions R and G, the
shear stress z;(r,t) and z, (r,t) clearly satisfy the initial condition (7) and the boundary condi-
tion (8)-(10).

In the special case when o —1, egs. (42), (43), (50), and (51) can be simplified as
the Classical Maxwell fluid. By letting A — 0 into egs. (52) and (55), we can also obtain the
corresponding conclusion for the Newtonian fluid.

Acknowledgment

Ping Wang is supported by the educational research projects of young and middle-
aged teachers in Fujian Province in 2020 (Science and technology JAT200837). Fang Wang is
supported by the National Natural Science Foundation of China (No. 12001064), the Hunan
Provincial Education Department Project (No. 20B006).

Nomenclature

t —time, [s] X, Y, Z - co-ordinates, [m]

T — Cauchy stress tensor, [Pa] \ — velocity vector, [ms™]
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