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In this article, we address a new model for the scaling law heat conduction prob-
lem by using the scaling law vector calculus associated with the Korcak scaling
law. The scaling law heat conduction equations are discussed in detail. The scal-
ing law vector calculus formulas are proposed as an efficiently mathematical tool
to describe the Korcak scaling -law phenomena in heat transport system.
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Introduction

The theory of the classcial vector calculus [1] has played the important role in find
ODE and PDE in the mathematical quantities of mathematical physics by the fundamental
theorems, i.e., Green [2] theorem, Gauss-Ostrogradski theorem [3-5], and Stokes theorem
[6, 7]. There are many topics in mathematical physics, such as the electricity and magnetism
[8], relativity [9], elasticity [10], heat conduction [11], fluid mechanics [12-15], etc.

The scaling laws in nature [16-18] are used to describe the complex behaviors in
mathematical physics. For example, there are some scaling law models in mathematical phys-
ics, such as Darcy-like [19], telegraph [20], elasticity [21], and others [22].

Since there exist the scaling law behaviors of the heat conductions in the sheared
granular [23] and carbon nanotube [24] materials, we have to find the best way to describe the
scaling law heat conduction process. The main target of the paper is to propose the theory of
the scaling law vector calculus associated with the Korcak scaling law, and to present the
scaling law heat conduction problems.

* Corresponding author, e-mail: dyangxiaojun@163.com
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The scaling law vector calculus associated
with the Korcak scaling law

The well-known Korcak scaling law, suggested by Korcak [18], reads:
@(X)=ax P 1)
where «a € (0,+©),t € (X,+), and D €[0,+) is the scaling exponent.
Let
R ={Z, (0[Z, () = (Ee@)(x) = Z(ax )} by
Suppose that A, e R, where @ (x) = ax °.

The scaling law derivative of the function A (x) associated with the Korcak scal-
ing law (2) is [19]:

KSp(TA (%) =[— X:D i] Ay (¥) @3

D dx

D

The scaling law partial derivatives of £, =Z_ (x,y,2) =Z(ax °,ay °,az ®) as-

sociated with the Korcak scaling law (2) reads [19]:
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The scaling law differential dA_ (x) of the function A_(x) associated with the
Korcak scaling law (2) is [19]:

dA, (x) = —aDx PV KSLpUA (%) (4)

The scaling law integral of the function ®_, (x) associated with the Korcak scaling
law (2) is [19]:

b
“SL1M0,, (4 = (-aD)[ @, (x)x °Vdx (5)
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The indefinite scaling law integral of the function ®,, (t) associated with the Korcak
scaling law (2) is [19]:

“t10e,, () = (-aD) [, (x)x °dx (6)

The improper scaling law integrals of the function ®, (t) associated with the Kor-
cak scaling law (2) are:

lim %1%, (x) = lim {(—aD)J‘ @w(x)x(DH)dx:I:(—aD) | 0, ()x PYdx  (7)

b ©
lim KL Wg_(x) = lim {(—aD) | @w(x)x(ml)dx} = (-aD)[0,()x *Ydx  (8)
and

b ®©
tim {4190, 00 = lim {(—aD)J%(x)x‘(D“)dx} =(-aD)[0,(x)x *Vax  (9)
—0 —®© 0

a—0 a—0 a

For the detailed work for the scaling law calculus associated with the Korcak scaling
law (2), see [19].

Theory of the scaling law vector calculus
associated with the Korcak scaling law

The total scaling law differential of the Mandelbrot scaling law scalar field
g, =2,(%Y,2)=E(ax"®,ay P,az ) associated with the Korcak scaling law (2) is de-
fined by:

dz, = (—aD){[x‘<D*1) Sz, Jaxe |y oz, dy+ | 2O KSLag”Ew]dz} (10)

The scaling law gradient with respect
to the Korcak scaling law

The scaling law gradient with respect to the Korcak scaling law (2) in a Cartesian
co-ordinate system is defined by:

KSLyD _ (—aD)[ix‘(D“) KSLol®) 1 jy (P kSl g (P KSLa(Zﬂ (12)

where i, j,and k are the unite vectors in a Cartesian co-ordinate system.
Thus, eg. (10) can be represented:

d=, = *-vP=_ndr = *StvP=_dr (12)

w

where n is the unit vector, dr is a distance measured along the normal direction, dr = ndr =
= idx + jdy + kdz with dr = ndr.
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The scaling law Laplace-like operator with
respect to the Korcak scaling law

The scaling law Laplace-like operator of the scaling law scalar field ® associated
with the Korcak scaling law (2) is:

2 2 2
KSLVZD— _ (aD) [ (D+Y) KSL} 8()(2).: +|:X—(D+1) KSL:| a(yz)EwJ{X—(ml) KSL:| a(zz)Ew (13)

The properties for the scaling law gradient and Laplace-like operator associated with
the Korcak scaling law (2) reads:

KSLADEw _ KSLVZDEw _ [ KSLy,D KSLVD]EW (14)
Syl 0,)=0, " vPE )+z, VP e,) (15)
KSLVD(GW KSLVDEW) -0, KSLAZDEw + KSLVDEw KSLVDQU (16)
where
E,=2,(%Y,2)=E(ax ®,ay®,az’") (17)
and
0, =0_(x,y,2)=0(ax ?,ay ® az’?) (18)
The element of the scaling law vector line
By using eq. (11), the element of the scaling law vector line:
I=l(ax®,ay P az®)=it, +jl, +k¢, (19)
is defined by
dl =md/
—i(- aD)[ (P+1) KsL 5(1), ]dx+ i aD)[ (D+1) KSL (1) ]dy
+k(-aD)| M5, gz (20)
in which

de= (aD)J[x(D*l) KSLag”fxde +y KSLa(yl)fydyT +[ 2O KSLa(Zl)dezT (21)
and

[ —~(D+1) KSL A(1) i, ~(D+1) KSL A(2) ~(D+1) KSL ~(1)
i| X Oy L, |OX+]|y oy, |dy+K| z 0,7(, |dz
m :ﬂ: [ } [ Y yJ [ J (22)

14
d \/|:X—(D+1) KSL@E(l)fXdXT + |:y—(D+1) KSL 6(},1)€ydy]2 + |:Z—(D+1) KSLa(Zl)fzdz}2
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where
i |:X—(D+l) KSLag(l)fx J dx
de, = (23)

\/|:X(D+l) KSLa(xl)fdeT N -yf(ml) KSLa(;)ﬂydy:r N |:Z*(D+1) KSLa(Zl)fde]Z

[, ~(D+1) KSL A(1)

iy oyt |dy

dt, = — Al 2 _ (24)
\/|:X—(D+l) KSLa(Xl)gde:| + y—(D+1)KSLa(y1)€ydy:| +|:Z—(D+l) KSLa(Zl)ﬂZdZ:|

and
K |:Z—(D+1) KSL 5(21)32 sz
dr, = (25)
\/|:X—(D+l) KSLa(Xl)fxde2 N |:y_(D+1) KSL a(yl)ﬂydyT . [z_(D”) KSLa(Zl)fzdz:|2

The scaling law arc length
The scaling law arc length:

fz_[dﬂ
0

fromt=atot=bhis:

¢ D+1 1 ox D+1 1 3)/2 D+ 1 o
(=(aD)f {x( *)KSLa(X)cXE} +[y( *)KSLa(y)fya} +[z< *>K5La§>eza} dt (26)

The scaling law vector line integral
The scaling law vector line integral of:

o, =M,(xy,2)=M(ax ", ay® ez ?)=il,, +jl,, +kI1,, (27)
associated with the Korcak scaling law (2) is defined by:
ijdl = j I, Ll (28)
L L(t) dt

where

dl . (D+1)KSL A(1), OX . —(D+1) KSL A(1
o x (P) a(x)exaﬂy(*) IRl

, ¥ (04 kst By oz (29)
ot ot



Yang, X.-J., et al.: A New Scaling Law Heat Conduction Problem Assoicated ...
1052 THERMAL SCIENCE: Year 2022, Vol. 26, No. 2A, pp. 1047-1059

Thus,

[, di=(-aD)x { [m,, [x‘(D”) KSLa(Xl)fx}dx +
L L

gy [y Cae, Jay+ [, 0] 2 PR, sz} (30)
L L

The scaling law volume integral

The scaling law volume integral of the Korcak-scaling law scalar field
g, =2,(%Y,2)=E(ax®,ay ®,az"") is defined by:

M(E,) = [[[E2,dv (31)
Q
in which
aV = (—aD)x P (—aD)y (P (—aD)z (P Vdxdydz =

= —(aD)}(xyz) P dxdydz = do(x)dp(y)da(z) (32)
where o(x)=ax°, p(y)=ay °,and q(z) = az®.
Thus, (31) can be rewritten:

IEXE f<—“D>Z_(D“)dZ} (aD)y Yy =, (-aD)x Vo
19) w . o

Il
D e T O O ———O

b B
(~aD)x "k [ (-aD)z °Vdz[ =, (-aD)y °dy

b B
(~aD)y °dy[ (-aD)x *Vdx [ =, (-aD)z "Mz

d B
do(x) [ dp(y)| =, da(2), (33)

where x e[a,b],y €[c,d], ze[a, B].

The scaling law surface integral
The scaling law surface integral of the Korcak scaling law vector field:

H, =H_(x,y,2)=H(ax ?,ay ®,az")
is defined by:

(H,) = [[H,ds = [[H,nds (34)
S S
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where n=dS/dS with S=S(ax™®,ay™®,az"P).
We have:
_ 05 _d5 " g —as| (35)
ds| ~ ds
in which
dS =dp(y)dq(z)i +do(x)dq(z)j +do(x)dp(y)k =
= (aD)? [iy’(Dﬂ)z’(D”)dydz + jx PP gy 4 k(O y’(D”)dxdyJ (36)
in which
dp(y)dq(z) = [(—aD)yf(D*” (—aD)z*D*l)dedz — (aD)2y (P (Pgyg,  (37)
do(x)dq(z) = [(—aD)xf(D”)( aD)z (P dedz — (@D)2x PV PNy, (38)
and
do(x)dq(y) = [(—aD)x‘(D“) (—aD)y_(DJ'l)dedy = (@D)2x Py (Pgyay  (39)
It is easy to obtain
(H,) = [[H,dS = [[H, dp(y)da(z) + H,, ,do(x)dq(2) + H,, ,do(x)dp(x)  (40)
S S
where
H, =H_(x,y,2)=H(ax®,ay® az7®)=iH,  +jH,, +kH,, (41)
Itis also easy to find that:
d
[[H, .08 = [[H,, ,do(x)dp(y) = (@D)?| Dy (O Zdy:lx_(D”)dx (42)
S S c
The scaling law divergence
Let:
AS = Ao(X)Ap(Y) = (@D)2x Py (P Axay (43)
and
AV = (-a D)x_(D”) (~aD)y P (—q D)z_(D+l)AxAyAz = Ao(X)Ap(Y)Aq(z) (44)

The scaling law divergence of the Korcak scaling law vector field H is defined by:
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KSLYPH, = lim <ﬁ> H_dS (45)
AV, —0 Vm IS

where the Korcak scaling law volume V is divided into a large number of small sub-volumes
AV with the Korcak scaling law surfaces ASy and dS is the element of the Korcak scaling
law surface S.

The scaling law divergence (27) associated with the Korcak scaling law (2) in a Car-
tesian co-ordinate system is defined:
KSLyDy = (—aD)[ix‘<D*1) KSLoOH,,  + iy (P Kol

@,y +kz_(D+l) KSLa(Zl)Hw,z:| (46)

where

H, =H_(xy,2)=H(ax°,ay®,az®)=iH_, +jH_, +kH

@, X @,y @,z

The scaling law curl
The scaling law curl of the Korcak—scaling law vector field H_, is defined:

KSLYP xH, = lim
AV, —0 AV

<ﬂ> H_ xdS (47)

M AS,,

where the Korcak-scaling law volume V is divided into a large number of small sub-volumes
AV with the Korcak-scaling law surfaces ASp, and dS *is the element of the Korcak-scaling
law surface S.

The scaling law curl (29) associated with the Korcak scaling law (2) in a Cartesian
co-ordinate system can be expressed:

i j k
KLY xH,, =|(~aD)x (P KL (—qD)y (PHKSLA) (D)7 (P Lol (a)
Hy Ha.y H,,

where

H, =H,(x,y,2)=H(ax °,ay ®,az7°)=iH, , +jH, , +kH

@,y @,z

The Green-like theorem for the scaling law vector calculus

The Green-like theorem for the scaling law vector calculus associated with the Kor-
cak scaling law (2) reads:

CJST dl =—(aD) H[ (D+1) KSLa Q, -y —(D+Y) KSLa }(Xy) (D+1) dxdy (49)

or alternatively:

gﬁp[x‘<D“)KSLa§) }dx+Q[ (D+1) kSt 5(1) ¢ ]dy:(aD)z-

@
L
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fJlx o, -y Rt olp, | oy) (Y axay (50)
S
where
T, =iP, +jQ, (51)
di = (—aD){i [x‘@”) KSLa@ﬁX]dH j[y‘“)”) KSLa(yl)fy]dy} (52)
ds = [(—aD)x_(Dﬂ)J[(—aD)y_(D“)}dxdy = do(x)dp(x) (53)

and S is a scaling law domain bounded by a scaling law contour L.
The Gauss-Ostrogradsky-like theorem for
the scaling law vector calculus

The Gauss-Ostrogradsky-like theorem for the scaling law vector calculus associated
with the Korcak scaling law (2) is represented by:

jj j KSLyDy_dv = @wwds (54)
Q S
where
Vo =v, (X Y. 2)=w(ax P ay P, az®) =iy, , +jv,, +ky,, (59)
dV = do(x)dp(x)dq(x) = —(aD)?(xyz) (°*V dxdydz (56)
and

dS = dp(y)dq(2)i + do(x)dq(z)j + do(x)dp(y)k =

= (aD)? [iy’(Dﬂ)z’(D*l)dydz + PP gyz 4 k(O y’(D”)dxdyJ (57)

The Stokes like theoremn for the scaling law vector calculus

The Stokes like theorem for the scaling law vector calculus associated with the Kor-
cak scaling law (2) is expressed:

”(KSLVD xww)dszgiwwdl (58)
S L

where
dS =dp(y)da(z)i +do(x)dq(z)j +do(x)dp(y)k =

— (aD)? [iy_(ml)z_(ml)dydz 4+ jx (P07 (O gz ¢ kx_(D”)y_(D“)dxdyJ (59)
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dl = i(—aD)[X_(D“) KSLa(Xl)fx]dx T j(—aD)[y‘(Dﬂ) KS"agl)ﬂdey T

k(—aD)[z‘(D“) KSL oWy, sz

and

D

Vo =Vs (Xr Y, Z) = \II(OZX_ !ay_DiaZ_D) = il//zy,x + j Yoy +kl//w,z

The Green like identities
: KSL D )
Taking @, =0, ">~V-®_ such that:

KSLVD(®W KSLVD(DW) — @w KSLAD(Dw + KSLVD(DH KSLVD®W

and
KSLVD((DW KSLVD®w) — q)w KSLAD@W + KSLVD(DW KSLVD®W
where
O, =D, _(xY,2)=D(ax °,ay P, az )
and

0, =0_(x,y,2)=0(ax?,ay® az’?)
Let us denote:
KSLyPp n=oPo,

With the aid of (54) and (62), the Green like identity of first type can be given:
J'J'J‘ KSLVD(®w KSLAD(Dw + KSLVD(DE, KSLVD®w)dV — %@w(KSLVD(Dwn)dS —
Q S

=fpo, oo, ds
S

In a similar way of (66), we obtain:
J‘J‘J‘ KSLVD(ch KSLADGw + KSLVDch KSLVDGw)dV — C'ﬂ)q)w(KSLVDGwn)dS —
Q S

=fpo, oo, ds
S

which reduces to the Green like identity of second type:

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

I.” KSLyD (@ KSLAD @ KSLAD@ ydv = #[@maf)@m _q)ma&D)G)mJndS (69)
o

S
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or alternatively:

J‘J‘J‘ KSLVD(('DW KSLADq)w _ch KSLAD®w)dV - @(®w KSLchDw _(Dw KSLVDGW)dS (70)
Q S

Modelling a scaling law heat conduction problem

Suppose that T(x, Y, z, t) is the scaling law temperature field.
The First law of thermodynamics reads:

F(xy,z2,t) +F(x,y,2,t) =0 (71)
in which

F(xy,z,t)= <ﬂ>q(x, y,z,t)dS (72)
S

is the heat entering unit time, and:
Fy(X, Y, Z,t) = ﬂjpc MSLoIT (x, y, , t)dV (73)
\
is the change unit time in storage energy, where p is the density and c is the specific heat.
We now define the non-Fourier law, given by:
a(xy,z,t) =—2AvPT(x,y,2,t) (74)

where 2 is the thermal conductivity.
The First law of thermodynamics implies that (71) is rewritten:

”Ipc MSLAOIT (x, y, 2, t)dV + <J‘:'f>q(x, y,2,1)dS =0 (75)
\ S

By using (71), we find that:

<ﬁ>q(x, y,z,)dS = —#Q( KSLYPT (%, y,2,1)dS
S S

- _<_j;‘jf>91 KSLYPT (x,y,2,t)dS
S

:_m' KS"VD[Q(KS"VDT(X,y,z,t)]dV (76)
\
Collecting (75) and (76), we have:

[[] e MSLoOIT (x, y, 2, t)dV — f[Jre-ve [91 KSLyDT (x, v, z,t)]dv -0 77)
\Y \Y

which leads to:

j”[pc VSLAT (x, y,2,8)  SLVP [ ALV OT(x,y, z,t)ﬂdv -0 (78)
\%
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This implies that:

peMStoMT (x,y, 2,t) — KSLv P [Ql KSLYPT (%, y, z,t)} =0 (79)
When 2 is a constant, we get:
ML AT (x,y, 2,t) — A(KSLVP KLy PYT (x, y,7,t) =0 (80)
or alternatively:
Mt (x,y,2,t) - A KSLV2PT (x, y, 2,t) =0 (81)
Thus:
MSLAIT (x, y, z,t) = % KSLY2PT (%, y,2,t) (X, Y, Z,t) (82)
From (82), we obtain:
MSLAOT (x,t) = % St K alTx | (83)
subject to the initial condition:
T(0,t) =J;(t) (84)
and boundary conditions:
T(0,t)=J,(1) (85)
And:
limT(x,t) =0 (86)
X—>0
Conclusion

In the present work we have proposed the scaling law vector calculus associated
with the Korcak scaling law. The scaling law heat conduction equation associated with the
Korcak scaling law was suggested in detail. The obtained result is proposed as a efficiently
mathematical tool to give the scaling law behaviors of the solid meterials in complex media.
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Nomenclature

c — specific heat capacity, [JkgK] T(x, Y, z, t) — temperature field, [K]

q(x, y, z, t) — local heat flux density, [W] P — density, [kgm-3]

t —time, [s] A — heat conductivity, [WmK-1]

XY, Z — co-ordinates, [m]
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